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SYMBOLS USED IN THIS CIRCULAR 

B=magnetic induction. 
c=velocity of light = 2.9982 X 1010 -

cm per second. 
C=electrostatic capacity. 
d = diameter. 
e=instantaneous electr~motive 

force. 
'E=effective electromotive force. 
E.=maximum electromotive force. 
tB'=electric field intensity. 
!=frequency. 
F=force. 
T= magnetomotive force. 
H=magnetic field intensity. 
i=instantaneous current. 
I = effective current. 

I.=maximum current. 
;=../-1. 
l:=coupling coefficient. 

K = dielectric constant. 
l=length. 

L=seH-inductance. 
m=Dl&88. 
M = mutual inductance. 
p=_lDStantaneous power. 
P=average power. 

Q=quantity of electricity. 
r=distance from a point. 

R = resistance. 
,=length along a path. 
8= area. 
t=time. 

T=period of a complete oscillation. 
11= velocity. 
V=potential difference of a oon-

denser. 
1D = instantaneous energy. 
W=average energy. 
X = reactance. 
Z = impedance. 
&=logarithmic decrement. 
e=base of napierian logarithma= 

2.71828. 
9=phase angle. 
~=wave length. 
,,=permeability. 
p=volume.resistivity. 
<fI=magnetic flux. 
.p=phase difference. 
Col = 2r X frequency. 

"j=microfarad. 
",,/=micromicrofarad. _ 
"k = inicrohenry. 

S~cial symbols are defined where used, in part III and elsewhere. 

ERRATA 
Pap 

4 References to appendixes should be omitted; see symbols above and note below. 
120 Par. 2, line next to last should end "microinicrofarads." 
156 Fig. 111 (facing p. 156) legend should read "mounted thermoelement, etc." 
160 Fig. 112, legend, last word should read "thermoelement." 
174 Fig. 125, legend\ last word should read "thermoelement." 
193 Par. 1, after comma, read: "the resistance at constant frequency is approxi

mately inversely proportional to the -square of the setting, except near 
zero setting." _ 

212 Par. 1 and legend to figure 148 are in error in stating that the coupling 
shown is electrostatic. The coupling is direct inductive. 

226 Fig. 165, the direction of winding of 8 1 should be reversed. 
248 Eq 143, omit l after 0.002. 
265 Eq 167, sign before 0.447 should be plus. 
273 Eq 182, second plus sign in second line shodd be minus. 
298 In first example omit 3d and 4th paragraphs. Number of turns is 25~. 

aoo Par. 2, line 2. Parameter should be multiplied by ~ 10~0· 
300 Par. 6, eq 208. Constant should be 0.0107003. 
301 Eq 210. Divide right-hand member by d. 
311 Table 19, heading. Constant in equation should be 0.0107003. 

NOTII.-This Circular Is reprinted to meet a continuing demand. The errata above are referred to also 
In the mqlns at the proper points. Appendix. 1 and 2 are omitted. 
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RADIO INSTRUMENTS AND 
MEASUREMENTS· 

PART I-THEORETICAL BASIS OF RADIO 
MEASUREMENTS 

• 
INTRODUCTION 

IIi. the rapid growth of radio communication the appliances 
. and methods used have undergone frequent and radical changes. 
In this growth progress bas been made largely by new. inventions 
and applications, and comparatively little attention paid to 
refinements of m~ment. In consequence the methods and 
~truinents of measurement peculiar to radio science have devel
oped slowly and have not y~tbeen carried to a point where they 
are as accurate or as well standardized as some other electrical 
meaSurements. 
. This circular presents information regarding the more important 

. instru1nents .a.p.d measurements actually used in radio work. . The . 
treatment is of interest to Government officers, radio engineerS, 
and others. Many of the matters dealt with are or have b~ 
under investigation in the laboratories of the Bureau of Standards 

. and are not treated in previously existing pUblications. No 
attempt is made in this circular to deal with the operation of 
.apparatus in sending and receiving. The Bureau's pUblications 
on that and other radio subjects are listed in Appendix 2. The 
Bureau will appreciate suggestions from those who use this publi
cation for improvements or changes which would make' it more 
useful in future editions. 

The methods, formulas, and data used in radio work can not 
be properly understood. or. effectively used without a knowledge 
of the principles on which they are based. The first part of this 
circular, therefore, attempts to give a summary of these principles 

-The fin\. ediu- oi this c:in:uIar, iaued liar. 23. 1911, ... prepared by ll-.s. J. H. DcIliDp:r. J. M. 
JIiDer, ad F. W. Grover. usiated by G. C. Southworth ad other members oi the radio laboratory. The 
reviIiaa. 'or the IeCUDd. editioa wu doae by lIeurs.. J. H. DeDiDp:r. L. E. Whittemore, ad R. S. 0IIJd. 
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in a fore that is as simple as is consi!:tent with accuracy. A large 
proportion of this publication is devoted to the treatment of 

, fundamental principles for the reasons, first, that however much 
the methods and technique of radio measurement may change the 
same principles continue to apply, and secpnd, that this will make 
the present circular serve better as a basic treatise and an intro
duction to other publications on radio subjects. 

A familiarity with elementary electrical theory and practice 
is assumed. IntrOductory treatment of electrostatics and mag
netic poles, electric and magnetic fields, the laws of direct currents, 
and descriptions of the more common electric instruments and 
experiments may be found in many books. A list of pUblications 
suitable as an introduction' to the theory given in this circular 
may be found in the bibliography (P. 325). The common explana
tion of electric current as similar to the flow of water in a pipe, 
while adequate for moSt of the phenomena of direct current is not 
suitable for alternating currents and particularly for radio. The 
explanations here given attempt to give a better insight into the 
behavior of electric current. Most of 'the treatment of principles 
is a presentation of the simple theory of alternating currents, 
arranged with its radio, applications in mind. There is little in 
the way of special theory before sectiOt;l 24, which deals with 
damped waves, and yet the underlying principles of the chief radio 
phenomena are covered. Furthermore, damped waves are of less 
importance than formerly, since modern practice tends toward the 
exclusive use of continuous or Undamped waves. The principles 
of radio measurements are thus in considerable part identical 
with· those of any other alternating-current measurements. 

THE FUNDAMENTALS OF ELECTROMAGNETISM 

1. ELECTRIC CURRENT 

Electric current is the rate of flow of a quantity of electricity. 
The most familiar and most useful properties of an electric cur
rent are (I) the heating effect produced in a conductor in which 
it flows, and (2) the magnetic field surrounding it. The latter is 
by far the most important property in radio work. The study 
of the combined effects of electricity and the magnetism accom
panying an electric current constitutes the subject of electro
magnetism. 

When a current flows continuously in the same direction, as 
the current from a battery, it is called a direct current. When the 
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cunent periodically reverses in direction, it is an alternating cur
rent. The alternation of current is accompanied by a reversal 
of direction of the magnetic field around the CUlTent. On this 
account alternating currents behave very differently from direct 
currents. The uses of alternating currents may be divided, 
roughly, into three groups, separated according to the frequency 
of alternation of the CUITents used: 

Electric power applications, 20 to 100 per second. 
Telephony, 100 to 20000 per second. 
Radio, 20 000 to 2 000 000 per second. 
Displacement C'Urrents.-Direct cUlTents can flow continuously 

in conductors only, while alternating currents flow also in insula
tors. Suppose a circuit contains a condenser, consisting of two 
large metal plates separated by air or some other insulating me
dium. If a battery is connected into the circuit, a momentary 
flow of current takes place, accompanied by an electric strain in the 
insulating medium of the condenser. This strain is opposed by 
an electric stress, which soon stops the CUlTent flow. The action 
is much like the flow of gas under pressure into a gas tank, as 

. described below in the section on capacity. The flow of gas stops 
as soon as· the back pressure of the compressed gas in the tank is 
equal to the applied pressure. The flow of electric current stops 
as soon ai the back electric pr~ure (called" potential difference ") . 
of the electrically strained medium is equal to the electric pressure 
(" electromotive force") of the battery. 

If there is a source of alternating cUlTent in a circuit containing 
a condenser, the electric strain in the insulating medium reverses 
in direction for every altern~tion of the CUlTent. The electric 
strain of which we have been speaking is called eleCtric displace
ment and its variation gives rise to a so-called displacement cur
rent. The electric strain is of two kinds: First, there is the 
strain in the actual material dielectric. Thi$ part is ~ movement 

, of electricity in the same sense as the transference of a definite 
quantity of electricity through a wire is a movement of elec
tricity, the only difference being that in the insulator there is a 
force (which we called electric stress) which acts against the 
electric displacement. Second, there is the strain whic:;h would 
exist in the ether if the material dielectric were absent. Some 
prefer to think of this as a sort of electric displacement in the 
ether, of a kind similar to that in the matter; but a knowledge of 
the physical nature of electric displacement is unnecessary for 
practical purposes; all that is necessary is a statement of how the 
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displacement current is to be defined or measured, and of the rela
tion - of the quantity so -measured to other electromagnetic 
quantities. -

The effect of electric displacement at any point in a medium is 
handed on to -adjacent points and so spreads out through space. 
Under certain conditions a considerable quantity of this moving 
displacement and the magnetic field accompanying it become 
detached from the circuit. This process is what constitutes the 
radiation of electromagnetic waves, which makes radio commu
nication possible. 

Eiectr'ons.-The flow of an electric current in a conductor is not 
opposed by electric stress as in an insulator. A current in a con
ductor is believed to consist of the motion of immense numbers 
of extremely small particles of electricity, called electrons. All 
electrons are, so far as known, strictly identical, and, for ease of 
calculation, are assumed to be spherical in shape, and h,ave the fol
lowing dimensions, etc.: Radius, I X 10-11 centimeter; mass, 8.8 X 
10-a gram; electric charge, I.59X 10-18 coulomb. -

An electron is thousands of times smaller than any atom. 
Views as to the transference of the electric current by the motion -
of electrons -in a conductor have undergone considerable changes 

-during the last few years. Some of the electr~ns in a conductor 
are bound to the molecules while others are free to move about. 
The latter are in constant motion between the molecti1es, in zigzag 
paths because of repeated cOllisions with /the molecules. The 
motion of the free electrons is thus very similar to the heat mo
tions of the molecules; in fact, the average kinetic energy of an 
electron is equal to that of a molecule at the same temperature. 
The average Velocity of the electrons is about 100 km per second 
at 0° C, This increases with temperature. Until recently it was 
supposed that conduction in a solid takes place almost entirely 
through the agency of the free electrons. The electric current 
was nothing more than a slow drift (a sort of electric wind) super
pOsed upon the ~dom motions of the electrons by the eleCtric 

_ field. This view, although suggestive and fruitful, is attended 
with many difficulties, and the present tendency is toward some 
form of theory in Which the conduction is brought about by the 
spontaneous discharge of electrons from one molecule to another, 
the function of the field being to influence the orientation of the 
discharge, which would, in its absence, be perfectly random. 
The study of electrons has recently led to great improvements in 
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apparatus for producing and detecting currents of radio frequency. 
(See sec. -56.) 

When eleCtricity is in equilibrium in a conductor, the electric 
charge is in a very thin. layer upon its surface; thus the phenom
ena of electrostatics arise. An insulator is believed to contain 
no free electrons. The electrons are. bound to' the molecules in 
such a way that they can be slightly displaced by an electric force 
but return to their positions of equilibrium when it is removed. 
This motion of the bound electrons, together with the electric 
sti-ain in the ether itself, constitutes the electric displacement in 
the insulator, and determines its dielectric constant. Another
type of motion of which the electrons attached to molecules are 
capable is vibration about their positions -of equilibrium. They 
thus give rise to waves that travel outward in the form of light 

, and heat radiation. 
2.~GY 

Most useful operations in ·physics involve the movement of 
something from one place to another; and in general, as for 
example when the body moved is held by a spring, or when its 

. velocity changes -during the motion, force has to be exerted to 
-cause the motion. A useful quantity which figures in the discus
sion of such motions is the quantity called "work." Th~ work 
done upon a body is defined as the product of the force which 
'acts upon the body into the distance moved; or (when the force 
varies during the motion) as the sum of such products for each 
element of path described by the body. When a body or system 
of any kind possesses the power to do work in virtue of its posi
tion, velocity, chemical constitution, or any other feature, it is 
said to possess energy; and the measure of the change of energy 
which it experiences in doing such work is the amount of work 
done. One of the fundamental principles of science is the "con
servation of energy." The amount of energy in existence is con
stant; energy can not be created noll.destroyed; it can only be 
transformed from one form into another. It is often very helpful 
to the understanding of a process to consider what energy changes 
are taking place. The transfortllation from one form into another 
is always accompanied by a dissipation of some of the energy-&8 
heat or some other form in which it is no longer available for the 
use desired. Thus while none of the energy is lost during an 
energy change, more or less of it becomes no longer available. 
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Kinds of Energy.-The familiar kinds of energy are mechanical 
energy, heat, chemical energy and electrical energy. To these 
may be added radiant energy, but this is considered to be a form 
of electrical energy. Mechanical energy is of two kinds, kinetic 
energy and potential energy. When an object is in motion it is 
said to possess kinetic energy. If the motion is stopped the 
kinetic energy of the object changes into some other form. For 
example, if the moving object is stopped by suddenly striking an 
immovable obstacle its kinetic energy is converted into heat. If 
when stopping it starts another object nloving, the second object 
then has kinetic energy. Any object of mass m moving with 

velocity 1) has a kinetic energy =!. m 'If. 
2 

The energy which an object possesses in virtue of its position is 
called potential energy. A stone, lifted a certain distance above 
the earth, will fall if released. It then acquires kinetic energy in 
falling. It had. a certain amount of potential energy when at the 
highest point, Simply in virtue of its position above the earth. 
As it falls this potential energy is being changed into kinetic 
energy ,. and when it is just about to strike the ground the potential 
energy has all been converted into kinetic. This is a simple exam
ple of the pnnciple of ~onservation of energy. , 

When a change of energy from one form into another occurs, 
work is dOne. When an object falls to the earth from a height 
there is a change of potential energy _into kinetic and work is 
done upon the object by the force of gravity, the amount of 
which is equal to the product of the force by the distance through 
which the object falls. Again, when a body is moved against a 
force tending to oppose the motion, work must be done by the 
agency which moves the body. The product of these two factors, 
the force acting and the displacement ()f the object, is the amount 
of work done in an energy transformation. 

Electrical Energy.-Thew are two kinds of electrical energy, 
similar to the two kinds of mechanical energy. Corresponding to 
potential energy there is electrostatic energy, which is the energy 
of position of electricity at rest; this is the form in which electric
ity is stored in a charged condenser. Corresponding to kinetic 
energy there is electrokinetic energy (also called magnetic energy) , 
which is the energy of electricity in motion. The latter is the 
energy of the electric current, and is associated with the mag
netic field accompanying the current. In accordance with the 
law of conservation of energy the sum of· the electrostatic and 
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the magnetic energies in any electrical system is constant if the 
system as a whole does not receive or give out any energy, or if 

. energy is being supplied at the same rate at which it is being 
dissipated. 

Electrical energy can readily be converted into other types of 
energy; if this were not so it would not be the important factor 
in the life of man that it now is. As far as radio science is con
cerned, the two principal forms of energy into which electrical 
energy is transformed are heat and electromagnetic radiation. 
From any electrical system there is a continuous dissipation or 
loss of electrical energy going on, and in general the evolution of 
heat in the circuit plus the energy radiated as electromagnetic 
waves equals the diminution of the sum of the electrostatic and 
magnetic energies. The energy of electromagnetic waves is a 
form. of electric energy, being a combination of electrostatic and 
magnetic energies. Inasmuch, however, as it travels through 
space entirely detached from the sending circuit. it represents a 
loss of energy from- that circuit. 

3. RESISTAl'fCB 

The dissipation or loss of electrical energy is expressible in terms 
of resi~~. - The rate of evolution of energy at any instant in 
a conductor is the product of the electromotive force acting in . 
the conductor by the current flowing. -This energy usually mani
fests itself in the form of heat. The time rate of energy is called 
power. Thus, . 

'W e2 1>-, =-e i=R 1.".1.= R 

Resistance is d~ed by R - ~. Power (P) is generally expressed 
- " in watts, energy (w) in joules, electromotive force (e) in volts, 

current (r.) in amperes, and resistance (R) in ohms, unless other-
- wise stated. The resistance of a conductor depends on the mate

rial of which it is made, the size and shape of the conductor, and 
the frequency of the current. The characteristic property of the 
material is called its resistivity. Denoting by p the ordinai-y or 
volume resistivity, by l the length, by S the cross section of the 
conductor, and by Ro the resistance to direct current, 

l 
Ro="S 

The resistance of a system of conductors is r'eadily found by the 
rsimple laws of series and parallel cothbination. for direct currents. 
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With alternating currents, however, the calculation is more diffi
" cult, and it is usually found convenient to utilize the relation 

- p 
R=";i" 

J 
(I) 

The resistance of a single conductor to alternating currents is 
found by the aid of the Same relation. It may be shown that 
the distribution of direct current in a system of conductors or 
over the cross section of a single conductor is such as to make 
the production of heat a minimum; and it results that in a single 
uniform conductor the current is uniformly distributed over the 
cross section. When alternating current flows in a conductor, it 
tends to flow more in the outer portions of the conductor than 
in the center. In consequence of this change oi"current distribu
tion, the power which is converted into ,heat increases. The 
higher the frequency the farther does the current distribution 
depart from the direct-current distribution, and the greater does 
the power p become. It follows, in accordance with equation (I), 

" that the resistance increases as frequency increases. 
Radio-Frequency Resistance.-With alternating currents the 

departure from uniform'distribution of the current is spoken of 
~ the skin effect ..... " At high frequencies the current flows in a thin 
layer at the sUrfaces of conductors, and the skin effect is thus large " 
in all except very thin wires; the l:eSistances of ordinary con
ductors at radio frequencies may be many times their low-fre
quency resistances. The ratio of resistance at any frequency to 
the direct-current or low-frequency resistance can be calculated 
for certain simple forms of conductors. Formulas for this are 
given below in sections 74 to 76. In most practical cases, how
ever, the" radio resistance can be ootained only by measurement. 

In addition to the resistances of conductors, resistance is intro
duced into radio circuits by three other causes, viz, sparks, dielec
trics, and radiation. Dielectric resistance is treated in section 34, 
below. The energy radiated from a circuit per unit time in elec-

" tromagnetic waves is proportional to the square of the current in 
the circuit. It is thus analogous to the energy dissipation as heat 
in a conductor, and, therefore, the radiation increases the effective 
or equivalent resistance by a certain amount. This added resist
ance is conveniently called radiation resistance. It can be cal
culated for a few simple types of circuit. It is, in general, large 
enough to be appreciable only when the circuit has the open or . 
antenna form, or when a closed circuit is of large area and the 
frequency is high. 
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4. CAPACITY 

13 

Electrostatic energy may be stored in an arrangement of con
ductors and insulator called an electrical condenser. The action 
of a condenser is somewhat similar to that of a gas tank used for 
the storage of gas. The amount of gas a tank will hold is not a 
constant, fixed amount; it depends on the pressure. If the pres
sUre is doubled, twice the mass of gas is forced into the tank. The 
internal or back pressure of the gas opposes the applied pressure. 
If the applied pressure is re1ea~ and an opening is left in the 
tank, the gas rushes forth. _, 

The amount of electric charge given to a condenser depends on 
the electric pressure, or potential difference; and in exact simi- , 
larity to the gas, the charge is proportional to this potential dif- -
ference. The constant ratio of charge to potential difference is 

called the ca;acity of the condenser. In symbols, e -C. The 

capacity of a condenser depends on the size and distance apart of 
its plates, and on the kind of dielectric between the plates. (Vari-
0us kinds of condensers 'are described in sec. 32, etc ... and formu
las for calculating capacity are given in sees. 63 to 65.) The 
applied potential difference is opposed by a'- sort of elastic re
action of the electricity in the condenser, just as the internal 
pressure of'the gas'in'a tank opposes the external applied pressure. 
If the plates of a charged condenser are connected by a conductor, 
with no applied electromotive force, the condenser discharges. 

The Dielectric.-The insulating medium in a 'condenser is called 
a dielectric. The process of charging causes electric displacement 
in the dielectric. When a body is moved against a force tending 
to prevent the motio~, work is done, and similarly, when a con
denser is charged against the quasi-elastic reaction of the dielectric, 
work is done upon the condenser. The energy of the charging 
source is stored up as electrostatic energy in 'the dielectric. The' 
two factors upon which the energy depends are the charge and the 
potential difference, 

Since ~-C,~ haveaIso-

I (!' 
W--V'C--

2 2C 
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The pressure upon the gas in a tank can not be increased 
indefinitely, for the tank will ultimately yield and break. Simi
larly there is a limit to the potential difference which can be 
appJied to a condenser, for the dielectric will be broken down, or 
punctured, if the limit is exceeded. The potential difference at 
which a spark will· pass and the dielectric be punctured is called 
the " dielectric strength." 

Capacity is cine of the two quantities of chief im~ce in 
radio circuits. The other is inductance, treated in the following 
section. 

LnmU'CTANCB 

Magnetic Flux.-The physical quantity called inductance is 
dependent upon the magnetic field which surrounds every electric 

current. The intensity of this 
magnetic field at any point is 
proportional to the cur r e n t. 
The direction of ,the magnetic 
field around a straight wire car
rying a cuiTent is given by Am
pere's right-hand rule: Close the 
right hand with the thumb ex

~o. 1.-Dim:tiDn oj mtJ9ne,icfokl aroaM tended; point the thumb in the II·" CMrying CI ",rrm' direction of the current:flow;· the 
magnetic field is then in the direction in which the fingers point, 
in circles in planes perpendicular to the wire. The magnitude of 
the magnetic field intensity can be e8si1y computed for some sim
ple forms of circuit from the principle that its line integral 1 in a 

path completely around the current is equal to 411" times the cur· 
, 10 

rent in amperes. 
As an example, suppose a current i :flowing in. a very long 

solenoid of N turns, radius r and length I. The magnetic field 
intensity H is parallel to the 
axis and of constant value in
side the solenoid; it may be 
shown to be zero in the space 
outside, and the effects of the 
ends may be neglected. The 
line integral of H along any 
path completely around the current is HZ inside the solenoid 

1 The 1iDe iDtqral 01 • quantity alone any liDe« path is the sum 01 the products 01 the ~ ~ eacl1 
element 01 the path by the value 01 the quantity alone that element. If the quantity has. caastant YaIue 
alaaI the whole path, the IiDe iDtqral is limply the product 01 this value by the Jeqth ol the path. 



and is zero for the rest of the path. The path incloses the current 
f, N times. Hence 

'42' ' 
HZ=-- Ni, or 

10 

H ... 42' Ni 
10 I 

The magnetic field in the mediUm SUlTOunding a conductor 
ca.nying a current produces a magnetized condition of the medium. 
This condition is a sort of magnetic strain in the medium and is 
analogous to displacement produced in a dielectric by electric 
potential difierence The amount of this magnetic strain through 
any area is called the magnetic flux. This quantity (for which 
the symbol q, is used)' is equal to the product of the three factors, 
magnetic ,:field intensity, area and the magnetic permeability. 
Permeability is a property of matter or of ,any medium which 
indicates, so to speak, 
its magnetizability. 
Its numerical value, 
is equal to unity for 
~pty space and for 
air and most sub
stances. Iron may 
have a permeability 
as high as 10 000 or 
even more. 

Self - inductance.-

-

Inductance is a quan- -

----, -'-

tity introduced as a 'FIO·3·-Mag1Ulicjl1&zG1otulilasolnwitlin.whicha",,"nd 

convenient means of is jlowing 

dealing with magnetic fluxes associated with currents. The self
inductance of a ,circuit is simply the total magnetic flux linked 
with the circuit due to a CUlTent in the circuit, p& unit of cur
rent. In symbols, 

L-t w 
J 

The magnitude of L depends on the shape and size of the circuit 
and is a constant for ,a given circuit, the surrounding medium 
befug of constant permeability. If the circuit has N turns each 
traverse,d by the same magnetic flux t/>, then when L is expressed 
in terms of the usual unit, called the " henry," 

L- Nt/> (4) 
10' i 

486861 0-58-2 
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Analogy of Inductance 10 Inmia.-The magnetic flux ass0-

ciated with a current is analog~us to the momentum associated 
with a moving body .. Because of its inerq.a or mass (m), a body 
in motion with velocity (11) opposes any change in its momentum 
(m'V). Inertia is obviously a very different thing from friction, 
which always resists the motion and tends to decrease the velocity 
or momentum. Inertia only opposes a Change in momentum, 

V -'---I"'~ 
and hence does not afiect a 
motion with constant velocity • 
Inductance may be spoken of 
as electrical inertia or mass. 
The inductance (L) of a cir
cuit in which a current (10) is 

FIO.4.-A bodyha-vingamass(m)and GWlocity flowing opposes any change in 
('It) OppOSd anycluingllin itsmome1ltum (.v) theflux (q,). Electrical resist-

ance and inductance are very different, for resistance behaves like 
mecbanical friction, opposing even a constant current, while in
ductance only opposes a change in the current. Thus inductance 
bas no effect on constant direct currents but is one of the deter
mining factors in the flow of alternating currents. . The analogy 
of inductance to inertia, of cUrrent to velocity, and of flux to 
momentum, will be brought out further in. the next section. 

Mutual Inductance.-A part of the magnetic flUx from a ~cuit 
may pass through or link with a second circuit. The amount of 

----

PIG. S.-LiMing of flUl9'"Al: jI.td of ou AmI,t 'IIIi4 GrID"'; u. bariI of 
1M t:tIffUfJliofI of ..m.al indudafIU 

this flux linked with circuit 2, per unit of current in circuit I, is 
called the mutual inductance of the two circuits. If q,ll denotes 
the flux mentioned and ~ - current in circuit I, the mutual 
inductance -
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It is also true that if 41", - the flux from circuit 2 linked with 
cit'cuit I, and ~ - current in circuit 2, -

M_q,.'J1 
S, 

The magnitude of any mutual inductance depends on the shape 
and size of the two circuits, -their positions and distance apart, 
and the permeability of the medium. If there are N1 turns in 
the first circuit and NJ turns in the second and the same amount 
of flux from one passes through every turn of the other, then using 
the q,'s to denote that part of the flux from one turn of either 
circuit _which passes through each turn of the other circuit, and 
using the usual units, 

. M _ NtN,q,tl 
lOti,. 

if, howe~, the 41 's- denote the tot~l flux from either circUit pass
ing through each turn of the other circuit, this becomes 

M _N,q,tJ (5) 
Io'i,. 

For any of the definitions 'of 41, the ratio tP.'J1_ ~u, and is a quan-
. ~ - ~ 

~ty depending only on geometrical configuration. 
Calculation o/Inductance.--It is frequently convenient to deal' 

lYith the self-inductance of a particular coil or with the mutual 
inductance of limited portions of two circuits. Inductance is 
strictly defined only for complete circuits. The self-inductance 
of a part of a circuit is understood to be such that the inductance 
of the complete circuit is equal to the sum of the self-inductances 
of all the parts and the mutual inductance of every part with 
every other part. 

Inductances are computed by the aid of equation (3), together 
with the principle given above that flux is field intensity times 
area times permeability. For example, to :find the inductance of 
the long solenoid of Fig. 2, -

L- No'.XHXSXI' I , 

.' 
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in which S = the area of the circular cross section of the solenoid 
and 11= I, the permeability of air. Substituting the value of H 
from (2), and putting S=1f'r, 

L- N .x 41f'Ni x 1f'r'X I _4rN'r 
10'~ 10 I lOll I 

Change of Inductance with. Frequency.-When it is desired to 
calculate inductance with great accuracy, account must be taken 
of the magnetic flux within,the conductor carrying the current, 
as well as the flux outside the conductor. The flux in a wire is 
greatest at the circumference and zero at the axis of the wire, 
because the flux is due only to the current which it surrounds. 
Any change in the distribution of current within the wire changes 
also the flux distribution and hence the inductance. As has 
been stated in the section on resistance, the current distribution 
is different for different frequencies. Consequently inductance 
varies with frequency. As the frequency is increased, less cur
rent flows near the axis of the wire and ;mor~ flows in the surface 
portions. The flux in the central parts of the wire is thus dimin
ished, and the inductance decreases as frequency increases. This 
effect is small, because the whole flux within the wire is a small 
part of ~e total flux. (See formulas (131) to (138) in sec. 67.) 
There is a similar change of mutual inductance with frequency, 
but it is so small as to be wholly negligtole. 

Series and Parallel Arrangement of Inductances.-Inductances in 
series add like resistances. When the coils or conductors which 
are combined are so far apart that mutual inductances are negli
glole, inductances in parallel are combined like resistances. in 
parallel. Taking account of mutual inductance, the total induc
tance of any number of inductances in series is 

L-L1 +L,+La+ . .. +2(Mt , + MI. +M2I + ... ) 

Some or all of the mutual inductances' may be negative. For 
two coils in p"raUel, the total inductance is 

L _. LIL,-MI 
L 1 +L,-2M 

The last term in the denominator changes sign if the coils are so 
connected that M _ is negative. This expression applies at radio 
frequencies, but at low frequencies the resistance of the coil may 
have to be taken into account. For more than two inductances 
in parallel, the expression for the total inductance is complicated. 

-. 
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THE PRINCIPLES OF ALTERNATING ClJRRENTS 

6. INDUCED ELECTROMOTIVE :FORCE 

When the magnetic flux through any circuit is changing, an 
electromotive force is produced around the circuit, which lasts 
while the change is going on. The change of flux may be caused 
in various ways; a magnet may be moved in the vicinity, the 
circuit or a part of it may be moved while near a magnet, the cur
rent iI1 a second near-by circuit may be altered, or either circuit 
or a pari thereof may be moved. The electromotive force thus 
caused is called an induced electromotive force, and the result
ing current in the circuit is an induced current. The direction of 
the induced emf and current is given by Lenz's law, viz, an 

. induced current always. flows in such a direction as to oppose 
the action which produces it. For example, if the current is 
induced by bringing a magnet near a circuit, the current in the 
circuit will be such as to repel the magnet. The energy of the 
induced current results from the work necessary to bring up the 
magnet against the. repelling force. 

The xnagnitude of the induced emf at any instant is in every 
case equal to the. rate of change of the magnetic flux through the 
circuit. This is expressed by the formula 

dtp 
e=dt (6) 

where e represents the instantaneous value of the induced emf 

in a circuit consisting of a simple loop or single turn, and ~~ is an 

exp~an called the derivative J of flux with respect to time 
~d which tells the instantaneous rate of change of the flux. 

This quantity ~ is the change of flux during a very small inter

val of time divided by the time, and its value xnay vary from 
instant to instant. If it remains constant for a certain length 
of time, then its value -is the whole change of flux during that 
interval divided by the interval. 

If the changing flux through the circuit is the flux tP21 from a 

second circuit, e =-~21. This flux is expr~ble in terms of mil-

I WhIle derivatives are UHd in a few PW:es in this circular, it Is believed that the treatment CIlD, Dever' 
tbdI.. be lUldentood by a penoa DOt familiar with calc:u1us. To avoid the 1Ue of derivatives entire1, 
-sci reqaize circumloc:u.tiOll such that the treatment would doubtleta be even less clear. 
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tual inductance and the current in the second circuit, thus, q,n = Mi, . 
. Co;nsequently, 

d(MiJ. 
e- dt 

If the circuits are :fixed in position, M remains constant, so this 
becomes 

" di,-
. e-M at 

Thus the electromotive force induced in a circuit by variation 
of current in another" circuit is equal to the product of the mutual 
inductance by the rate of chan~ of current in the second circuit. 
An emf may also be induced in one circuit by a variation of the 
current in the circuit itself. Since the :flux associated with a 

_ current is q,-Li, it follows that the self-induced emf is given by 

di-
e-L

dt 
(8) 

That is, the emf hiduced in the circuit is equal to the product of 
the self-inductance by the rate of change of the current. 

When the:flux q, through a coil of N turns is changing, the total 
emf e induced in the whole coil is N times that induced in one 
tprn. The simple equation (6) becomes, in terms of the usual 

" units, "- -
Nd,q, 

e--
10' at 

Equations (7) and (8) are correct when emf is expressed in volts, 
inductance in henries, current in am.peres, and time in seconds. 
They were obtained from the simpler equation (6) for induced 
emf, but they need no modification on this account, because equa
tions (4) and (5) for self and mutual inductance also contain the 

"factors N and 10' which cancel those in (9). 
Mechanical Analog.-The fact that a change of :magnetic :flux 

gives rise to an electromotive force which opposes the change 
may be understood by recalling that a change of mechanical 
momentum of a body is opposed by the force of inertia. This 
force is equal "to the rate of change of momentum. The elec-

. trica1 and mechanical cases are strictly analogous. Flux corre
sponds to momentum, -electromotive force to mechanical force 
(F), current to velocity (11), and inductance to mass (m). If 
the mass is constant, we have 

- d1l 
F=mdt 
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as the expression that force eq~ rate of change of momentum, 
analOgous to 

The ordinary dynamo is the :moSt familiar application of the 
priJJ.ciple of induced emf. The field magnets give rise to mag

A 

netic fl ux, an d 
co-ils of wire 
(constituting the' 
armature) are 
caused to move 
across this flux 
-by some outside 
source _of power. 
- The simplest 
type of dynamo 
generates an, al- FIG. 6.-Simp" dytWmD illwstlGH1I9 IuntJ 1M l'evolW1l9 con

- dwetol' cuts ffJG9fWtic linu 
ternating current _ 
and is sketched in Fig. 6. The single turn of wire shown is in 
such -a position that maximum magnetic flux passes through it. 
When it is rotated in either direction, the flux- passing through it 
is changed,_ and hence an- _ electromotive force is induced in it. If 

Flo. 7.-Svcussiw fJositiom 
of I'nolw1l9 coMwetor; 1M 
emf gmerGWtl is 1"01'0'
~l to 1M si,..of tMG1I9k 

forYMfl 6, 1M I'nol71i1l9 cox-
dwelof' GM POP 

the tum of wire is continuously rotated. 
at constant angular speed CIJ, the rate of 
change of magnetic flux through it will be 
greater in some positions than in others, 
and the electromotive force at the slip
rings AA will vary in a certain manner, 
this variation being repeated each revo
lution. In Fig. 7 let POP r~present the 
end view.of the tum of wire. As the 
wire revolves to the successive positi()ns 
PPPu P,OP" etc., the emf is propor
tionat to the sine of the angle formed by 
the revolving wire with POP. The mag
nitude of the emf at any instant may, 

therefore, be represented by the vertical lines P 1M 11 P,M" etc .• -
drawn from the horizontal axis to the end of a line revolving with 
the angular velocity CIJ. 

A diagram may be drawn, taking the distance along a hori
zontal line to I'e1)resent -time and the vertical distance from 
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this line to represent induced electromotive force. This emf 
curve has the mathematical form of a sine wave. Many dyna...; 
mos in actual use generate electromotive forces very nearly of 
this form, and on account of its mathematical simplicity the sine 
wave is assumed in most of alternating-current theory. It should 
not be forgotten, however, that sine-wave theory is in many prac
tical cases only an approximation because the emf is not rigor
ously of sine-wave form. 

Letting e=emf at any instant, Eo-maximum emf (that at the 
crest of the wave as shown in Fig. 8), , - time, '" = angular velocity 
of the turn of wire in Fig. 6, 

e == Eo sin "" (10) 

This emf alternates in direction. Starting at a, Fig. 8, it passes 
through a set of positive values, then through a set of negative 

,." -w:---------
#", . --------

I 
I . 

. \ 
' .. , ", ""---_ ... 

lL 
~ 
l&J 

FIG. S.-Sine 'IlKrN developed/rom circle diagram 

values, and at b begins to repeat the same "cycle. " In the time 
of one complete cycle, represented by the distance a b, the revolv
ing radius OP makes one complete revolution, or passes through 
the angle 2r radians. The time required' for one complete cycle 
being represented by T, it follows that 

2..-
"'=1' 

The time T is called the "period" of the alternation. It ·is the 
reciprocal of the "frequency I" which is the number of times per 
second that the electromotive force passes through a complete 
cycle ~f values. It follows, denoting frequency by f, that 

(II) 

f 
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In considering the effect of frequency in electrical phenmnena the 
quantity 6) is found more convenient and appears oftener than I. 

Effecti'V6 Values of Alternating Quantities.-The instantaneous 
rate at which heat is produced in a circuit is proportional to the 
square of the instantaneous current. According to the equation 
p..l.R~', the average rate of heat production must be proportional 
to the 'average value of ",'. The average heating effect deter
mines the deflection of such an ,instrument as a hot-wire ammeter, 
which thus indicates a current 1 fulfilling the condition, average 
power = RP. 'The indicated current 1 must' therefore be the 
square root of the average value of ",'. The square root of the 
mean square of an alternating current or emf is called the" effec
tive" or cc root-mean-square" current or emf. All ordinary amme
ters and voltmeters used in alternating-current measurements 
give effective values. 

When an electromotive force has the sine-wave form, e=Eo 
sin 'IJI)t, the mean square value is proportional to the average 
value of sin' IJI)t during a half cycle, which is equal to 0.5. The 
effective value is proportional to the square root of this, so that 
the effective value is .JO.5 Eo, or 

E=0·707 Eo 

, : Similarly in the case of current, 

1=0.7°7 10 

8. cmcUlT HAVING RESISTANCB AND nmUCTANCB IN SERIES 

When an emf is sUddeilly impressed on a circuit containing 
inductance as well as resistance, say by closing a switch, a cur
rent begins to flow but does not rise to its full value instantly. 
The magnetic flux accompanying the current causes a self-induced 
emf which by Lenz's law opposes the increase of current. There 
are then acting in the circuit two em£'s, the ilnpressed emf e and 

the emf of se1f-hlduction, which by equation (8) is - L ~!. The 

minus sign is used to indicate that the induced emf opposes the 
impressed emf. 

This is-simjJar to the action of a mechanical force on a mate-
, rial object; the applied force is opposed by the force of inertia 
and some time is required before the body moves with the final 
velocity determined by the applied force and the friction. The 
opposing force of inertia in the mechanical case is given by the 
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product of mass by the time rate of change of velocity. The force 
of inertia corresponds to induced emf, the mass to inductance, 
and velocity to current. 

The total emf acting to produce current through the resistance 
is the sum of the impressed emf and the emf of self-induction, 
thus: 

- L di R· e- - ...... dt 

This equation gives the relation between current and applied eInf 
at any instant. It is usually convenient to consider this equation 
in the form , 

L
di R· dt+ ~=-e 

which indicates that the applied emf is opposed by the resistance 
and ,the inductance. When R is relatively large or L relatively 
small ,the current comes very quickly to its :final value. 

R 

FIo. 9.-Circait 'lllith ,uistGnce ond indtICtGnce in ItI1ia 

Impedance.-In alternating-current and radio work the most 
common and the simplest type of electromotive force is the sine 
wave. Such an emf is expressed by equation (10). Supposing a 
sine-wave emf to be impressed on a circuit, equation (12) becomes 

L
di R· E .. dt+ 1.= 0 sm ",t 

The solution of this differential equation (neglecting a term which 
represents the transient phenomena when the current is started) is 

, 01' 

(IS) 
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where I is defined by 
tan 8_II)L 

R 
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(i6) 

The current which flows in a circuit containing constant resistance 
and inductance due toa sine emf is also a sine wave. The emf 
varies as sin (II)t), the current as sin (II)t-8), hence the current 
lags behind the emf by the angle I. This angle is called the phase 
angle. The instantaneous current becomes a maximum (/0 ) when 
sin (~-8) -I, 

and, ~ce the effective values 1 and E are equal to 0.707 10 and 
0.707 Eo, respectively, 

E 
1 = ~RI +tJJ'LI (17) 

This has the form of Ohm's law, the quantity ..JRI +tJJ'LI occuning 
in place of R. This, quantity is for this circuit the value of the 
impedance, which is defined as the ratio of emf to current. Since 
II) - 21(' times the frequency it is clear that impedance is a 'function 
of frequency as well as of resistance and inductance. 

pO'IIJer.-The power expendect in the circuit is at any instant 
the product of the instantaneous electromotive force and current; 
p -ef. ' The average power is the 'mean taken over ,a complete 
cycle of this instantaneous' product. Performing the calculation, 
the average Power is found to be ' 

P-EI cos 8; 
where E and 1 are effective values and 8 is the phase angle, defined 

by equation (16) above. The ratio ~ "'" cos 8 is called the power 

factor of the circuit. 

t. CIRCUIT, HAVIKG RBSISTAKCB, nmUCTAKCB, AIm CAPACITY 
Jlf SERIES ' 

When a circuit contains a condenser in series with resistance 
and inductance the applied electromotive force is opposed by the 
potential dDference of the condenser in addition to the opposition 
of the resistance and inductance. The potential dDference of the 

condenser equals g, which may be written f~, so that equation 

(12) becomes 

(IS) 
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Taking e = Eo sin ClJt, and differentiating the equation, 

,pi di i 
L dt" + R dt + C .-Eo CIJ cos ClJt 

The solution (neglecting terms representing the transients, which 
die out very quickly after the current is started) is 

• ';'.J t I )' sin ("".:. 8) . R'+ ClJL--, CIJC 

The phase angle (J is given by 

(19) 

R 

c 

FIG. Io.-Circwitwitil resistance, inductance, and capacity in..seriu; a typicol radio circuil 

. The maximum value of the current is 

The impedance is 

The relation between effective current and emf is 
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It is to be noted tluit the terms in Land C have opposite signs 
in this equation. Thus one tends to neutralize the other, and 
comparing with equation (17) for a circuit with resistance and 
inductance only, the impedance of an inductive circuit can be 
reduced and the current increased by putting a condenser of 
suitable value in series with the inductance. This increase of the 
current has sometimes been called resonance or partial resonance, 
but the term" resonance" is usua!ly reserved for the production of 
a maximum current, as treated in section II, below. 

Special Cases.-It is of interest to consider the following special 
cases:' 

I. L =0 and C = =. 
II. C==. 

III. L=o. 
Case I represents a circuit with resistance alone." The equations 

just above ~ve for tms case 1= ~, B = 0°. The impressed electro

motive force and the current are in phase, and their ratio is the 
resistance, just as with direct current. 

R 

c 

FIG. II.-Circuit with resistance and capacity in series 

Case II is that of a circuit with resistance and inductance, 
which has already been treated in section 8. ' 

Case III is that of a circuit with resistance and capacity in 
series. Equations (20) and (:19) ,give 

E 1 
I =-_""'i= 1==' tan B = --Rr£-

V R'" + ",2~2 
• Puttiq C-a:> is mathematically equivalent to the statement that the OOIld_ is short-circuited. 

M the distance between the plates of a coademer is decreased the capacity increases without limit. We 
may coasider, then, that when the plat", touch toaether and the coad_ is short-circuited the capacity 
is infinite. 
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The case ,is of special importance when the resistance term is 
entirely due to energy lo~ within the condenser. It is 
frequently convenient to deal with the "phase difference" "', 
which = goO - (J, rather than with the phase angle. The phase 
difference is ~ven by 

tan '" = - Rc£ 

If R is very small tan '" = "', and the phase difference = - R~. 
10. "VECTOR" DIAGRAlIS 

Writing equation (17) in the form E = .JR'I' +w'L'I', it is evi
dent that E has such a value as would be given by the diagonal of 
a rectangle having sides equal to RI and ",LI. It is therefore pos
sible to determine the value of E by the aid of a vector diagram 

r--"'~----

wLI 

RI 
FIG. 12.-V «tol' COfIIbinatiMI 

01 ,l«l1'omotiw 10t'CU 

~R~I~~----------'I 

FIG. I3.-V«tol' diagt'am 101' l'esistance and in· 
ductance in senu 

such as is used for calculating the resultant of mechanical forces. 
",U is represented as a vector perpendicular to RI, and their re
sultant is E. The current I is represented as a vector in the same 
direction as RI; since. from equations (10). (IS), and (16). the 
ctirrent and electromotive force differ .in phase by the angle 

whose tangent is t. and this is equal to the angle (J in FIg. 13. 

If equation (20} is written in the form 

E =~(RI)' +( ",U - !cr. 
it is evident that E is calculable as the result of adding the three 

vectors RI, ",LI. and :C. drawn as in Fig. 14. 
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These three quantities are the emf's acrOss the resistance, induc

tance, and capacity~ respeCtively. The emf :c is drawn downward 

from the origin, opposite in directio~ to {J)U, corresponding to the 
minus sign in the equation. The phase angle between I and the 
resultant E is I. From the Fig. 14, 

1 
fAL-

lI1C 
tanl.... R 

in agreement with (19) above. When {J)L is greater than ~, E 

is above the horizontal line as shown, 1 is positive, and the cur-

wLI ' 

A 
t 
I 
I 
t 

wLI!-L -
,GJe 
I 
I 
I 
I 

.J.. 
cue 
r--~ ..... ----I:"'-... 1 

PtG. I40-V.ctor dUlgramfor ,uiltaflU, ifulvc(:JflU, and capacity in sen.. 

rent is said to lag behind the electromotive force. When ~ is 

greater than {J)L, 1 is negative, and the current is said to lead the 
d.ectromotive force. The component of emf in phase with the 

current is RI. The component at 90° to th~ current is ( ",L - ~) I. 
The ratio of this componeI1t emf to the current is called the: 

reactance. Its value here is ("'L-:C) The ratio of the re

sultant emf to the current is called the impedance, which is here 

equal to ~ RI +( ",L - ~ y. 
If all the electromotive forces in Fig. 14 be divided by I, the 

component vectors then become resistances and reactances and 
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these combine vectorially to give the impedance as a resultant 
It is sometimes convenient to speak of resistance and reactance 
as impedance components. Reactance (usually denoted by the 
symbol X) is expressible in ohms just as resistance is. The 
reactance in the case under consideration consists of two parts, 
the "inductive reactance" ",L and the "capacitive reactance " 

~~ These may be denoted, respectively, by XL and Xo. From 

the expression (21) above it is Seen that the tangent of the phase 
angle is a ratio of impedance components. 

When the capacitive reactance is greater than the inductive 
reactance, the total reactance X and the phase angle have negative 

R 

I 
" Ie 

----E---~ 
FIo. IS.-Ci"",iI 'Wi4 ,uida1lCfl and "'pad" in paraluZ 

values. In any case the ratio of reactance to resistance is the 
tangent of the phase angle. 

Phase Dif/erence.-In a circuit consisting of resistance and capa
city.only, or resistance and inductAnce only, in series, it is more 
convenient to deal with the phase difference than with the phase 
angle. The tangent of the phase difference is the reciprocal of the "
tangent of the phase angle. When an angle is small it is equal to 
its tangent, and consequently the phase difference is equal to the 
ratio of resistance to reactance, in a series circuit in which the re
sistance is small compared with the reactance. This is in agree
ment with the case discussed above on page 27, where it was shown 
that the phase-tiifferense of a condenser with resistance in series 
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- - R",c. S;nU1arly, the phase difterence of an inductance with 
. . . R 

reslstance m senes - fA)L· 

VectM AGdition of C'Urrents.-For series circuits the emfs and 
the components of impedance combine vectorially just as, with 
direct current,' the emfs and resistances combine algebraically. 
With direct current in parallel circuits, on the other hand, the 
currents and conductances add up algebraically. For parallel 
circuits with alternating current, the currents combine vectorially, 
and so do the components of the ad
JDittance (reciprocal of impedance). 

Suppose, for example, a condenser and 
resistance in parallel (Fig. IS). Current 1 is ..cE 

E 
the vector sum of the currents 1. - Rand l 

10 ~",cE. The impressed emf and the _ 6 V ..... - d" .r. E . .r£? I .- _",r ~mJorr.-
current R are in the same direction" .ri#tJflUtJfIdCtJpaci'y"'fHJrtz1r.1 

while the current ",cE leads the impressed emf by 90°. The 
resultant current 1 leads E by the angle 8, where tan O ... R",c. 

From Fig. 16, 

I-E- /.!.+WC2' . "VR' . 

and the admittance (ratio of resultant current to emf) is ~ ~2 + ~C'-. 
11.RESORANCB 

In a circuit consisting of inductanCe, capacity and resistance . 
in series, the eftective current has been shown to be 

1= E 
. ~R2+(WL-:Cy. 

When fA)L - ~, the impedance is a minimum. and the eftective 

current is a maximum. This condition for maximum current is 
called resonance. The ratio of the current at resonance to the 
current in the circuit w.ith the condenser removed has been called 
the .. resonance ratio"; this quantity is practically the same in 
radio circuits as the "sharpness of resonance" defined below. 

At a' given frequency resonance may be brought about by 
varying either the capacity or the inductance. On the other 

486861 0-~8-3 
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'hand, for a circuit of given L and C, there is some particular 
frequency at which reSonance occurs. The condition 

is _equivalent to 

, I 
ClJL-;;C 

. CIJ-ic I 
or, j- 211'Jrc 

The relation (24) is of the greatest importance in high-frequency 
work.. It is the fundamental equation of the wave meter, for 
instance. A number of other important ways of expressing the 
same relation are given in -section 78. 

Simplified Current Equation at Resonance.-At reSonance the 
indu~ve reactance is equal to the capacitive reactance, the total 
reactance is zero, and the impedance equals simply the resistance. 
That is, at resonance, equation (22) reduces to 

." -

This_means that the impressed eDlf is strictly equal toRIr •· The 
potential difference across the condenser and that across the 
inductance may be greater than this, and in fact may be many 
times the impressed emf. Being equal and opposite, they 
neutralize each other and contribute nothing to the resultant 
emf opposing the applied emf. 

Mechanical IUustration.-The phenomenon of resonance is well 

FIG. 17.-Simpk mecha1JicGls11tmJ. which CG1J 

e%IJibit u.. p~1J oj '"OM"" 

illustrated by the vibration of a spring with a mass attached. 
When a force F acts on the mass m, it is opposed by the stiffness 
of the spring, by the inertia of the mass, and by friction. The 
analogy to the electrical case is not perfect, since friction due to 
sliding is not proportional to the velocity. If the force is applied 
periodically, there will be a certain particular frequency for 
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which a more vigorous oscillation is produced than for any other. 
When the frequency of the applied force is just equal to the 
frequency of resonance, the applied force is all used in overcoming
friction; the-elasticity of the spring and the inertia of the mass 
constitute two equal forces opposing each other. These two 
opposite forces may be much greater than the applied force. 
For instance, the vibration may become so violent as' to break 
the spring although the impressed force is far too small to do so. 

Magnification of Voltage.-5inillarly, in the case of the electrical 
circuit, there is danger _of breaking down the condenser in a 
resonant circuit because the potential difference across the con': 
denser is much greater. than the applied electromotive force. 
.The· ratio of the voltage across the condenser to the applied 
voltage· is greater the smaller the resistance (including under 
resistance not only the ordinary "ohmic" resistance of the con
ductors but all sources of energy loss, such as dielectric loss in 
the condenser). . In cOInparing the electrical circuit with the 
vibrating spring, one should remember that the mass is the analog 
of the inductance and the spring the analog of the condenser. It 
is wlfortunate that the diagram generally used for an inductance 
is the same as that used above for a spring. 

Vector Diagram of Resonance.-ResOnance phenomena are 
shown in an mteresting manner by means of vector diagrams. 
In Fig. 14, which' illustrates the vector diagram of emfs for a 
circuit with resistance, inductance, and capacity in series, the 
inductive reactance _ ~L is taken to be greater numerically than 

the capacitive reactance ~ so that the resultant vector E has a 

direction corresponding to a positive rotation from the direction 
of RI.through an angle 9. Suppose that the frequency is de-

creased; ~L decreases and ~ increases numerically. When 

. they become equal, the total reactance ( ~L -l ) and the ~gle 
o become zero, and E equals RI. The diagram then becomes 
Fig. 18. . 

Resonance Curves.-As already stated, in a circuit of given L 
and C there is some frequency at which resonance occurs, given 

by ~L - ~. At all other frequencies the inductive reactance 

and the capacitive reactance are unequal, and their difference 
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enters the expression for impedance. At frequencies less than 
the frequency of resonance the capacitive reactance is the larger, 
and consequently we may say that at low frequencies the capacity 
keeps down the current, while at high frequencies it is the induc
tance that keeps the value of the current clown. For any depar
ture from the condition of resonance, whether by variation of fre
quency, of inductance, or of capacity, the current is diminished. 
The process of varying either the capacity or the inductance to 
obtain the setting at which the circuit is in resonance with the 
frequency of the applied electromotive force is called cc tuning" 
the circuit or tuning the circuit to resonance. 
, The reduction of the current on both sides of resonance is 
shown in Fig. 19, in which the square of current is plotted against 
capacity, the emf being constant. Such curves are called reso-. 
nance curves. 

cuLl 

E
~R~I-----------------'I 

FIG. 18.-Vector'diagrafIJ of series circuit in resonance 

The three curves shown are for an actual circuit, with its normal 
resistance of 4.4 ohms, with 5 ohms added, and with 10 ohms 
added. The inductance is 377 micro henries and the frequency 
169 100 cycles per second. The curves show theoretical values 
as obtained from the formula 

12= E' 
R2+( wL- :e)' 

The theoretical values were closely checked by actual observa
tions, using a pliotron as a source of alternating current and a 
thermocouple and galvanometer to measure the current. The 
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square of current is plotted instead of cUlTent, simply because 
the galvanometer deflections were proportional to the square of 
CU1Tent. The ordinates are thus in terms of galvanometer deflec
tions. 

The value of the constant impressed emf is given by E = RIr , 

. where 1 r = CU1Tent at resonance. In tne arbitrary units resulting 
from the expression of current-square in galvanometer deflections 
and R in ohms, for curve A the value of E=-4·4x{i9=-19.2. 
The emf across the inductance=CIlLI, so that at resonance its 

z 
A 

11\ 4.411 

I' 
I \ 

J 

'j \ ~:-..... 
.. :="" 

!:1 
/. .\ 
v/ \ 

/ ~ ~ 
I~ c.. 

~ ~ ~ -'200 
FIG. 19.-RuonanuJ cu.rvu for snUs ci"cu.it 

with dijfe'fent "uistances 

value is 211" X 169 100 X 377 X 10-1 X {i9 = 1750. The emf across 

. the condenser at resonance = :Cr' which equals the same value. 

1750. Note that this is much greater than the applied emf, 19.2. 
In the case of curve B, the applied emf is the same, but the emf 
across the inductance and the equal emf across the condenser at 
resonance - 211" X 16g 100 X 377 X 10-1 X -v'4.16 = 818. In the case 
of curve C, the equal emfs across inductance and capacity at 
resonance each equal 534. The applied emf having the same 
value, 19.2, for each curve, this clearly illustrates the statemeI\t 
previously made that the ratio of condenser voltage to appJj~ 
voltage is greater the smaller the resistance. 
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Sharpness of Resonance.-One of the principal applications of 
'the phenomenon of resonance is the detemiination of frequency. 

Since the current is a maximum when (a) = . J 1 , the frequency 
• . -yLC 

is determined when L and Care known. The precision with which 
frequency can be determined by this method depends upon the' 
sensitiveness of the current indication to a given change in C or 
L at resonance. This sensitiveness is obviously greater the 
sharper the peak (Fig .. J.9). The precision of determination of 
frequency, therefore, depends. upon what may be called the 
sharpness of resonance, a quantity which measures the fractional 
change in current for a given fractional change in either C or L 
at resonance. (This quantity has also been called selectivity; 
see also statement on p. 31 regarding the term resonance ratio.) 

The sharpness of re5!)nance is an important characteristic of a 
circuit and is very simply related to the phase differences and 
other constants. It may be defined in mathematical terms by 
the following ra:tio 

± Cr.,....C) 
·C 

where the subscript r denotes value at resonance, and 11 is some 
value of current corresponding to a capacity C which differs from 
the resonance value. The numerator of this expression is some
what arbitrarily taken to be the square root of the fractional 
change in the current-square instead of taking directly the 
fractional change of the first power of current. This is done 
because of the convenience in actual use of this expreSsion (since 
the deflections of the usual detecting devices are proportional to 
the square of the current) and also because of its mathematical 

- conveDience. It is readily shown that the sharpness of resonance 
thus defined is equal to the ratio of the inductive reactance to 
the resistance. Since 

'the relation 

1 
(a)L-~r 
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I' ES 
1- (I -IJ .R2+ --~ wCr CIll... 

This, together with 

gives 

;( 1 I_J 
I' I' ---~ r - 1 _ C. C 

11' _ R' 
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The right .. hand member of the- equation is the ratio of the capaci
tive reactance at resonance to the resistance. In virtue of equa

'non (25), it is also equal to the ratio of the inductive reactance 

to the resistance; thus sharpness_of· resonance - ';f. 
It is of interest to note the relation -of the sharpness of res0-

nance -to phase difference. As shown above on page 31, the phase 
difference of a series combination either of resistance and induct
ance or of resistance and capacity is equal to the ratio of resist
ance to r~ce. If in a circuit having an inductance coil and 
a condenser in series the only resistance is that of the inductance 
coil, it follows that the sharpness of resonance is equal to the 
reciprocal of the phase difference of the coil. If, on the other hand, 
the resistance of the circuit is all due to energy loss in the con
denser, the sharpness of resonance is equal to the reciprocal of 
the phase difference of the condenser. A measurement of the 
sharpness of resonance thus gives the phase difference directly. 
If the resistance is partly in the coil and partly in the condenser, 
each has a phase difference and the sharpness of resonance is 
-equal to the reciprocal of the sum. of the two phase differences. 
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It has been lllentioned that there is danger of. breaking down a 
condenser in a resonant circuit because the potential difference 
across the condenser may be many times higher than the applied 
electromotive force. This danger is directly in proportion to the 
sharpness of resonance, or inversely as'the phase difference of the 
condenser. For if the applied emf is RI, the condenser voltage 

at resonance. is - :c. The ratio of the condenser voltage to the 
. r 

applied emf is - R:C / which is the sharpness of resonance or the 

reciprocal of the condenser phase difference. 
Application to Radio Resistance Measurement.-Formula (26) 

above, which gives the relation between the sharpness of resonance 

R 

e 

FIG. 2o.-Simpk circuit/or ffUaSUremenu 0/ resist
/Jnt:# or 'UJ/J1JB length 

and the phase difference of the condenser, has been shown to have 
important applications to the precision of frequency llleasure~ 
ment and to the rise of voltage on the condenser. Another appli
cation of great importance is the llleasurement of resistance. 
This is seen by writing the equation in the form 

R=- ± (Cr-C) fir (27) 
c£ r C -V v=-t? 

Thus thi resistance of a simple circuit as in Fig. 20 is llleasured 
by observing deflections of the indicating instrument A for two 
settings of the variable condenser, one setting at resonance C r 
and any other setting C. This is one of the principal lllethods 
of llleasuring high-frequency resistance, and lllay be called the 
• • reactance variation" method. Other ways of using the prin
ciple of r~ce variation are described in section 50 below . 

.. 
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The 'method is rigorous, involving no appro:x:im3.tioDS, provided 
the applied emf is undamped. The resistance so measured is the 
effective resistance of the entire circuit, including that due to 
condenser losses and radiation. 

12. PARAT.LBL RESOllAl'lCE 

When a coil and a condenser are in parallel in a circuit, the 
phenomena are strikingly dif
ferent from those of the series 
arrangement. The total cur~ 
rent 1 is the vector sum of the 
currents in the two branches, 

L 

1L and 10 , The current I 
through the coil depends on 

c 

its resistance and inductance, 
thus, ------E ----~ 
Also 

E 
1L

- .JR'+~V 

10 - -lICE 

FIG. fu.-ParalZ.lci,cui, having caPacity in 
~l 'lllith indf4C#ance and ,uis#ance; "ft

, tin certain conditio7U tM cu"ent in ritlwr 
of tIw b,afIChu nueds that in the tllGin li"" 

assuming the condenser loss to be negligible. Taking the sum of 
. , the two currents, with due regard to their 

It ' phase relation, the total current is 

· · · . 

the total current is in phase with the emf, 
and has the value, 

This is the minimum current for varying 
values of C and is very nearly the minimum 
current for varying values of L or (a). 

Equation (28) is the condition for what 
PIG. 22.-V«Io, diagr_ may be called inverse resonance or parallel 

for paro.ll.l ci'ctlU resonance. At parallel resonance, the 
total current in the external circuit is less than the current in the 
coil. This is because the currents in condenser and coil are in 
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opposite directions as regards the external circuit, and thus tend 
to neutralize each other in that circuit. 

Simple Case.-When the resistance of the coil is very small 
compared with its reactance, as is usual at radio frequencies, 
equation (28), the condition for parallel resonance, becomes 

(using (0). to denote the value of (0) at parallel resonance), or 

The total current at this frequency is 

ER 
Ir- (o)o3L3 

Ie 

I---+E 

L 

(3°) 

FIo. 23.-Vlj:lor diagram illustrating 
ruofCG,," in simp,- porallel circuit 

FIo. 24.-Resononce curve showing the con
dition of parallel ruononce 

The current in the condenser is very closely equal to that in the 

coil, the value being ~. The total current is the vector sum 
, (o)oL-

of the currents in coil and condenser, and is thus smaller than the 

current in either by the ratio (o)~. As suggested by a compari

son of Fig. 22 and Fig. 23 the resultant current may be vanish
ingly small. The combination of coil and condenser acts like a 
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very large impedance in the main circuit, the value of this im-
~3L3 , 

pedance being T. For any variation of frequency, induc-

tance, or capacity, from the condition of parallel resonance, the 
total current increases. 
At low frequencies the inductance carries the greater part of the 
current, and at high frequencies the condenser is the more im
portant. 

Comparison of Series and Parallel Resonance.-It is interesting 
to compare the resonance phenomena in a series circuit with the 
phenomena of parallel resonance. In the former case the indi
vidual voltages across the coil and condenser exceed the result
ant voltage across both, whereas in the latter case the separate 
currents exceed the resultant current. The impedance intro
duced into the circuit by the series combination is vanishingly 
small, and the impedance due to the parallel combination is very 

large. Comparing, equation (29) with 1- ..JR'¥ !~3V' the ratio of 

the total current at parallel resonance to the current in the circuit 

with the condenser removed is ..JR' :~3L.3~ Thus the current is 

reduced in parallel resonance in the same ratio that it is 'increased. 
in series resonance. The two kinds of resonance are discussed 
further in the next section. 

RADIO CIRCUITS 

13. SDlPLB ClRCtJlTS 

A typical radio circuit comprises an inductance coil, a con
denser, and ,a source of electromotive force, in series. 

The source E may be a small coil in which an alternating electro
motive force is induced by the current in a neighboring circuit. 

, Some of the phenomena in such a circuit have already been treated . 
under .. The principles of alternating currents." What is there 
given applies to high as well as low frequencies. Some of the 
phenomena and their mathematical treatment are much simplified 
at high frequencies. Electromotive forces of sine-wave form are 
assumed in this discussion; the results obtained apply equally to 
slightly damped '!aves. 

It will be recalled that the reactance of an inductance is ~L, 

and the reactance of a capacity is ~. It is essential to remember 
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that w is 211' times the frequency, In fact, the physical meaning 
of w in reactance expres$ions is the same thing as frequency; the 
211' is a factor resulting from the way the units are defined. The 
expression wL tells us that the reactance of an inductance is pro
portional to frequency. 

Series Circuit.-The simple circuit of Fig. 25 is, in fact, the 
principal circuit used in radio transmitting sets, receiving sets, 
and wave meters. Some of its chief properties are conveniently 
brought out by a graphical study of the variation of its reactance 
with frequency. Advantage is taken of the fact that resistance 
is a negligible part of the impedance (except at resonance); to 
obtain very- simply an idea of the way the current varies with 
frequency. Small current corresponds to large reactance (either 
positive or negative), and vice versa. 

c 

----E 
FIG. 2s.-Simple series circuit 

The reactance of the circuit is ( wL - ~) The inductive react

ance, wL, is the predominating portion of this at high frequencies. 
It is represented by the line wL in Fig. 26. The capacitive react
ance P!edominates at low frequencies; it is represented by the 

line ~. The sum of these ,two is represented by the line marked 

total reactance. At the point CIJ' where this reactance curve 

crosses the axis-i. e., where wL = ~-the current is a maximum. 

The resonance curve, showing variation of the current with fre
quency, would rise to infinity at the point w', where the total 
reactance is 0, if it were not for the resistance in the circuit. 
While the current at resonance is determined by the resistance, 
the frequency of resonance is given accurately by the reactance 
curve which takes no account of resistance. The most important 
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aspect of resonance phenomena is thus shown by the simple react
ance curve, the plotting of the current curve being unnecesSary. 

Use oj Reactance Curves.~omplex circuits can be studied and 
much uSeful information easily obtained by the use of reactance 
curves. The effect of any auxiliary circuit upon a wave meter or 
a transmitting apparatus can be determined, as will be shown 
later. In any such diagram the points where the reactance curve 
crosses the", axis give the frequencies at which the current is a 
maximum. 

~~--------------~----------------------~'---~2 

FIG. 26.-ReactafIU diagram for Simple .series circuit, .showing the capacitive and induc
tiw reactaru:u and their ,uwlt4nl at different freqwnciu. The cu"ent in the circuit 
is a maximum at w' 

Parallel Circuit.-An inductance and a capacity placed in paral
lel in a circuit behave v~ differently from the series arrangement 
of inductance and capacity already discussed. As shown in Fig. 
27, the same electromotive force is impressed upon the terminals 
of both L and C by the source E, which'may be a spark gap, 
another condenser, a coupling coil, etc. The total current I is the 
sum of the currents in Land C, or 

E 
1-wL -CI1CE 

The ratio, f. is equal to the reciprocal of the impedance, and when 
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resistance is negligible this is a quantity called the susceptance. 
The total susceptance is here made up of two parts, the inductive 

susceptance 1""1 which predominates at low frequencies, and the 
_ WLJ 

L 

c 
I 

E----;.J 
FIG. Q7.-SimPle parallel circuit 

capacitive susceptance C1JC, which predominates at high frequencies. 
Each of these two susceptances is the reciprOcal of the correspond
ing reactance, but this is true only when resistances are negligible. 

, 
.\ 

\,
\\ 
\' 

- ,', -, ........... 1 ' 

L.6??Ah 
C ...,66""1 _ 

~ ?50 

l '... ..... i--~_ 
"' I -----------'ow" 

FIG. 28.-R.act4nu diagram for simple parallel circuit, slwwing tIul capacitive and 
indt4Ctive nucePItJ_ al differenl frequencies, together with their resulltJnt and tIul 
".stdltJnt reacltJnu 

The curve marked "Totalsusceptance" in Fig. 28 was obtained by 

addition of the tw~ curves, w~ and C1JC. The curve .. Reactance" 

was obtained by taking reciprocals of the points on the curve of total 
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susceptance. The reactance of the circuit is small at very low and 
very high frequencies, but at (1)0, the point of parallel resonance, 
both branches of'the reactance curve go to infinity. The current 
in the circuit is a minimum at (1)0 and would be strictly zero if 
there were actually no resistance in either branch of the, circuit. 

Thus it is seen' that while- a series combination of inductance 

and capacity has zero reactance when (l)L =- (I)~' a parallel arrange

ment bas infinite reactance under the same condition. A· series 
arrangement is therefore' used when it is desired to make current 
of a given frequency a maximum, and a parallel arrangement is 
used when it is desired to suppress the current of that frequency. 

14. COUPLED CIRCUITS 

, Circuits which are 11l0re complex than those already discussed 
may be considered as combinations of simple circuits. The 
component simple circuits in g~eral have certain parts in com-

C2 = 
FIG. 29.-Simplfl cas. 'of coupled circuits in which CI 

parallfll circuit is combined with a'series circui' 

mon, and these parts are said to constitute the coupling between 
the circuits. Suppose, for example, the simple series circuit and 
the simple parallel circuit are combined as shown in Fig. 29. 

~, The Coil L is the coupling between the circuit ·ClL and the circuit 
CJ... 
, Elimination 'of Interference.-A great deal of information about 

coupled circuits may be obtained from their reactance diagrams. 
A curve of the variation nf reactance with frequency tells in a 
very simple way at what frequencies the current is either large 
or small. The reactance of C, and L in parallel (Fig. 29) is as 
shown in Fig. 28 and designated by X" in Fig. 30. This com
bination is in series with Cl • Adding the curve of condenser 
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reactance ~l t~ the curve X", the curve X is obtained, giving 

the reactance to current flowing through the ammeter. At the 
frequency corresponding to ",', the reactance is zero and the 
current a maximum.. At "'0 the reactance is infinite and the 
curren.t is a minimum.. It is easily seen, therefore, that such a 
circuit is very useful where it is desired to have current of a 
certain frequency in a circuit but to exclude current of a certain 
other .frequency. For example, if it is desired to' receive radio 
messages of a certain wave length from a distant station, and a 

L =377,Jr 
~=O.00235p.f 
C.=O.OO300p, 

FIG. 30.-R.actafIU diagramfor CMniJination circuit of Fig. 29; curve X is tire resultant 
reactafIU of the system 

near-by station operating on a different wave length emits waves 
so powerful as to interfere with the reception, the interfering 
signals can be greatly reduced by using this kind of circuit. The 
circuit C,L is first independently tuned to resonance with the 
waves which it is desired to suppress. The setting of condenser 
C1 is then varied until the main circuit is in resonance with the 
desired waves. If the resistances in the circuit are very small, 
interference is readily eliminated in this manner. The same thing 
is accomplished by other types of coupled circuits, as explained 
below. 

Suppression oj Harmonics.-Such a circuit is useful also in 
sending stations or in laboratory set-ups, where certain wave 

-
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len~ need to be eliminated. For example" the emf from an 
arc generator is nGt a pure sine wave but contains harmonics in 
addition to the fundanlental frequency. Some harmonic may 
be especially strong and it may be desired to suppress it. This 
can .be accomplished in some cases by connecting a condenser 
across a loading coil (which is not a coil used to introduce the emf 
into the circuit) either in the closed circuit or the antenna and 
tuning the comblnation of loading coil and condenser to the. ob
jectionable frequency . Various modifications of this simple 
scheme can be used, which may be more convenient under certain 
circumstances. - Thus, instead of a condenser only, a condenser 
and coil in series can be connected around the main inductance 
as in Fig. 31. The circuit L~C., is independently tuned to 

L., 

I 

FlG .. 3I.~OtIPW circuill inwlving two simp" ItJriR "r
cuill; -variotU fMaijicatiom of thu circuit are tUed in trans
mitting lell i~ 'II1hic1t i' u duir" to emi' certain freqtuncW 
and IUpprul oUwrI 

the harmonic which is to be suppressed. The main circuit 
is then tuned to the frequency which is to be emitted. The 
reactance to the emitted frequency is thus made zero, while 
the reactance to the objectionable frequency is made very 
large, as, shown in Fig. 32. The reactance of the parallel 
combination of M with Lb and C., is found by the method used 

'before to be the curve X" with two branches. The condenser 

reactance ~1 is added to this, giving the heavy curve X of react

ance to current flowing through the ammeter. 
One of the characteristic properties of coupled circuits is 

brought out by Fig. 32, viz, the reactance is zero at two frequen
cies. That is the current is a maximum for two different fre-

486861 0-'8-4 
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quencies. Between these two, indicated by 6)' and 6)", is the 
frequency of infinite reactance or :minimum current, indicated by 
6)0' Thus, it is possible to suppress a certain frequency and tune 
the circuit to a different frequency either larger or smaller than 
the one suppressed. There will be current maxima at both fre
quencies (corresponding to 6)' and 6)") in the circuit if the source 
of emf supplies these two frequencies siID.u1taneously. The current 
will have a minimum at the intermediate frequency of infinite 
reactance only provided the resistances of the circuits are small. 

FIo. 32.-R.actafICII diagram fM u.. simp" coupkd circuits of Fig. JI; tM curve X of 
rUtlUa"t reacto.fICII is !ler0 for two values of frequency 

15. xnms OF COtJPLIl'fG 

Circuits may be connected or coupled together in a number 
of ways. When there are two circuits, the one containing 
the source of power is called the primary, the other circuit the 
secondary. These are generally coupled in one of the follow
ing ways: (a) By direct connection across an. inductance coil; 
(b) by electro-magnetic induction; (c) by direct connection 
across a condenser. In the :first kind, call~d "direct coupling," 
an inductance coil is common to the two circuits as illus
trated in Fig. 33 (a). In the second kind, "inductive coup
ling," shown in (b), the two circuits are connected only by mu
tual inductance. An example of the third kind, "capacitive 
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coupling," is shown in (c);, a condenser is common to both cir
cuits in place of the coil M of Fig. 33 -(a). 

It is characteristic of coupled circuits that the impedances in 
each circuit affect the current flowing in the other. This reaction 
of the circuits upon each other is the more marked when the 
common portion of the two circuits is a larger proportion of their 
impedances. When this is large the coupling is said to be "close" 
and when small the coupling is "loose." In the case of extremely 
loose coupling, the back action of the secondary on the primary 
circuit, is 'negligible, and the considerations of coupled circuits do 
not apply; the two circuits act practically as independent circuits, 
the primary merely applying an electromotive force to the 
secondary. 

La 

(b) ) 
FIo. 33.-TyPU 0/ c01lpling; (a) direct coupling, (b) ifldvcliw c01lPling, (c) capacitiw 

coupling 

Coupling Coefficient.-The closeness of coupling is specified by a 
quantity called the coupling coefficient. This is defined as the 

X ' 
ratio -JX1~2' where Xm i~ the mutual or common reactance 

(either inductive or capacitive) and Xl is the total inductive or 
capacitive reactance in the primary circuit and X 2 the total 
similar reactance in the secondary. Thus, in the case of direct 
coupling, Fig. 33 (a), the coupling coefficient is 

",M 
-J",(L..+ M)",(Lb+ M)· 

Denote the total inductance of primary and secondary by Ll and Ls 
respectively, and the coupling coefficient by k; then 

k-~ 
- -JL1L 2 
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This also gives the coupling coefficient for inductively coupled 
circuits, as illustrated in Fig. 33 (b), Ll and L, being the respective 
total inductances of primary and secondary, each measured with 
the other circuit removed. As suggested by the identity, of 
expression for coupling coefficient, inductive1y coupled circuits 
may be considered as equivalent to direct-coupled circuits having 
the sameM, Cu and C" and in whichL.-=L1 -M and Lb-.L,-M. 

The coupling coefficient in Fig. 33 (c) is: 

1 

CaCm 

Denote by C1 the total'capacity of the primary circuit, and by C, 
the total capacity in the secondary. 

whence, 

I 1 I 1 1 1 
--=-+-and---+C1 C. Cm C, Cb C. 

k- .JCt C,. 
Cm 

----E------------

La, 

FIG. 34.-Sptci41 case of capacitive coupling 

From these expressions the coupling coefficient may be obtained 
for particuiar cases. Thus, for Fig. 31, which is a special case of 
the kind of coupling shown in Fig. 33 (a), , 

/ M 
k='VLb+~l 

Similarly, Fig. 34 shows a special case of capacitive coupling. 
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The coupling coefficient is readily found to be 

1e~.JCb ~bC.· 
Use of Coupled Circuits to Select Frequencies.-Any of the 

systems of coupled circuits which have been mentioned may be 
used for the purpose of suppressing current of one frequency while 
responding to current of another frequency or wave length. This 
was discussed above in connection with the simple case of direct 
coupling in Fig. 29. It may be shown that each of the more 
general circuits in Fig. ~3 will accomplish the same thing. This 

FIG. 35.-R/fGCtance diagram/or case of caPaciti'lJe covpling slurum in Fig. 34 

is also true of the simple case of capacitive coupling in Fig. 34, 
as may be seen from its reactance diagram Fig. 35. The curve 
X" gives the reactance of the parallel combination of Cm with 
L J and C b. Adding the reactance of Ll to this, the heavy curve 
X is obtained, showing' the total reactance to current in the 
primary circuit. As before, the reactance is zero at· two fre
quencies and is infinite at one intermediate frequency 

Thus any of these arrangements of coupled circuits may be 
used to remove an objectionable frequency while tuning to some 
other frequency either higher or lower than the one suppressed, 
provided the resistances of the circuits are not large. In every 
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case, ClJo corresponding to the frequency suppressed in the primary 
circuit is given by 

where L3 =total inductance of the secondary circuit and C2 = total 
capacity. 

16. DIRECT COUPLING 

The above discussion shows how a qualitative comprehension of 
the action of coupled circuits may readily be obtained. The exact 

c. 

frequencies to which a coupled 
system responds may be obtained 
by calculation in the manner here 
shown for direct coupling, upon 
the assumption that resistances 

I can be neglected. 
The emf E in the primary (Fig. 

E-~I.-...L..--r----' 36) is opposed by the impedance -.. , 

FIG. 36.-CUcuits in'Vc;Z'Ving diTect coupling of La, of C 1, and of the parallel com
bination of M with Lb and Cz• 

,Denoting. by 11 anci 13 the currents in prim~ and . secondary , re-
spectively, the current in M is 11 -lz: ' 

The emf across M is the same as that across Lb and Cz in series, 
hence 

Therefore, 

The last term is X", the reactance of the parallel combination of 
M with Lb and C2 , which may be shown, as before, to vary with 
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frequency according to the curve marked X" in Fig. 32. Adding 

to this the curve of rAL. - ~/ the total reactance curve X is 

obtained (Fig. 37). This curve is the graph of equation (33). 

The value of ~ at which f is 00. or the current in the primary a 

minimum, is obtainedwhen the denominator of the last term is zero, 

Cd(Lb+M) - . .!- -0. Thus ~- ..J I • The symbol ~ is 
- ~I (Lb+M)C, 

used to indicate that this is the value for resonance in the sec
ondary circuit C,L~ when the primary circuit is open. 

'The values of Cd at which the primary current is a maximum 
are given by equating (33) to 0 and solving for w. A similar ex
pression involving the secondary current may be treated in the 
same way, and it is found that the secondary current has maxima 
at the same values of W as the primary current. Expressed in 
terms of the inductances and capacities, the solution is rather 
complicated. It is more convenient to express it in terms of k, 
the coupling coefficient, -and Wl and ~, the respective values of 
Cd for resonance in the primary circuit ClLaM alone and in the 
secondary: circuit C,L~ alone. 

Using the'relations,. 

M 'I 1 

k= ..J(L.+M)(Lb+M)' WI = ..J(L .. +M)C/ Wa = ..J(Lb+M)Cz' (34) 

the following two values are f011!ld for which the currents have 
maxima, 

Cd' = WI' + w2' - ..J(w1' - w,:·)2 +4k'Wl2W2Z 

2(1 -k') 

Emmple.-The theory was experimentally verified in the fol
lowing case. Two circuits were direct-coupled as in Fig. 36. The 
following capacities and inductances were used: 

Cl =0.002 3 X 10-1 farad 
C, ""'0.()()()93 X 10-1 farad. 
L .. = 56 X 10-1 henry 
Lb := 209 X 10-1 henry 
M .. 241 X 10-1 henry 



54 CircUlar of the Bureau of Standards 

The coupling coefficient and the values of ~ for resonance in the 
primary circuit alone and in the secondary circuit alone are found 
by (34) to be 

k=0.659 
~l = 1.210 X 10' 
~2 = 1.545 X 10' 

The frequencies for maximum current in the coupled system are 
found by (35) and (36) to be 

~'= 1.037 X 10' 
~" = 2.392 X 10' 

FIG. 37.-Reactances and cu"ent in case of direct coupling 

C .. =am2!J.,II 
C.a~ 
J..: 66""," 
L6:.Z09"MII 
Ha:U~"M1t 

It is thu~ evident that the effect of coupling is to spread. out or 
separate farther the two independent frequencies. Values of 
primarY reactance were calculated by equation (33) for a number 
of values of ~, giving the curve X of Fig. 37. It will be noted 
that it crosses the ~ axis at the values just given for ~' and ~", and 
that it goes to + and - infinity at 1.545 X 10', the value of ~2. 

Current was produced in the primary circuit by induction from 
a buzzer, the buzzer circuit being varied to supply difierent fre
quencies. The coil L. was inductively coupled to the buzzer 
circuit, the coupling with that circuit being so loose that the emf 
could be considered as applied at one point of ~he circuit La Mel" 
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CU1Tent was measured by a galvanometer and a crystal detector 
attached to a circuit, inductively coupled to the secondary circuit 
Lb MC,. The galvanometer deflections were approximately pro
portional to the square of the current. As shown, the curve of 
observed galvanometer deflections for varying frequency has two 
maxima corresponding closely to (I)' and (I)". The slight discrep
ancies are probably due to inaccuracies in the values used for Ll . 
and L,; the inductances of these coils were later found to vary 
slightly with frequency, whereas a constant value was assumed 
for each in computing the reactance curve. 

SPecial Cases.-In the special case when (1),-"", equations (35) 
and (36) become 

, (1)1 

(I) =:b+1I 

" (1)1 
(I) =";1 _II (38) 

When II is very small; that is, when M is very small compared 
with L.. or Lb , . 

In this case, where the coupling is very loose, the system responds 
to only one :frequency instead of two, and this is the frequency of 
.resonance of either circuit by itself. 

When, on the other band, L.. and Lb are very small compared 
with M, the coupling is said to be very close, and II approaches 
the value unity. As II increases to this value, the two frequencies 
become more widely separated and in the limit 

Practically this means that when (1)1 ="" and L. and Lb are 
negligible in comparison with M, there is only one frequency and 

this is giyen by (I)' - :b~ C l' The reactance curve- of such a sys

tem is of the type shown in Fig. 30. The curve X crosses the (I) 

axis at (I)', a value less than (1)1 (called (1)0 in the figure), and 
touches the (I) axis again at infinity. 

A particularly interesting special case of direct coupling is that 
in which (I). -"" and L,-La. This is obtained when L.. -Lb and 



Circular of the Bureau of Standards 

C1 ~CJ' The values of", for maximum current in the primary are 

1 
6)"- ........ == 

~ .JLa C1 

In this case one of the frequencies is constant, not varying when 
La is kept constant and M is varied. In the reactance diagram, 
Fig. 37, the point "," remains fixed, and 6)' moves farther to the 
left as M is increased. When M is extremely small, the two fre
quencies are equal, and the equations (42) and (43) reduce to (39). 
When M is very large in comparison with La, the equations reduce 
to (40 ) ansi (41). 

17. INDUCTIVE COUPLING 

The applied emf E in the primary of two inductively coupled 
circuits must satisfy: 

E =( ",L1 - :c) 11 -",MIJ (44) 

The primary current and reactance can he found by writing down 
a similar equation for the secondary circuit and solving. This is 
not necessary, however, as the solution already obtained for direct 
coupling applies to this case alsO. . Consider Ll to be made up of 
two inductances in series, M and La,. the latter being giv~ by 
La = Ll - M. Similarly consider L J to consist of two parts in 
series, M and Lb = L.., - M. Then Fig 38 is replaced by Fig. 36, 
and equation (44) becomes 

or, 
E=( ",La +",M - ~) II -",MIa 

E=( ",La ~ Cd~)Il +CdM(I1 -IJ 

r-------~M~----~ 

c. 
La 

Ca 

FIG. 38.~ircuit.s involving inductive coupling 

This is the same as equation (32) for direct-coupled circuits. 
The two cases are, therefore, equivalent. 
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equivalent Direct Coupling.-Thus, an' inductively coupled 
\ system may be considered to be replaced by the direct-coupled 

system. of Fig. 36, in which 

The reactance curves are the sam~, and the frequencies of maxi
mum current, given by",' and ",II, (35) and (36), are the same. 
Equations (34) are more convenient in the following form: 

M I I 

k- ~L1L,' "'1- ~L1C/ "',- ~L,C, 

The exantp1e given in Fig. 37 was actually for direct-coupled 
· circuits, but corresponds also to a case of inductively coupled 
circuits in which 

La - 297 X 10-1 henry, 

L, - 450 X 10-1 henry, 

· and Cu C" and M are the same as before. 
The special cases treated above, in which "'1 = "" may be con-

· sidered as special cases of inductive coupling as well as of direct 
'coupling, except that the last case, where Ll ~ L" is of no par
ticular interest when the coupling is inductive, because when M 
is varied [... is not usually kept constant. With inductive coup
ling, M is usually varied by moving the coils with reference to 
one another, La and L, remainjng constant. 

Example.-A test of this theory of inductively .coupled circuits 
was made by a set of measurements upon two circuits arranged 
as in Fig. 38. The coupling was varied by changing the distance 
apart of the two coils Ll and L,. The effect of varying coupling 
is shown in Fig. 39. As the coils are brought closer together, 
increasing the coupling, the resonance points ",' and "," be-
come more widely separated. The constants were as follows: 

C1 =0.000244 microfarad, 
C, = 0.{)()()()98 microfarad, 
La =- 103.5 microhenries, 
L, =- 246.9 inicrohenries, 
M -0.6,2.0,5.1,25.0 microhenries, successively. 
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The reactance curves were calculated from these data and the 
preceding formulas. The curves of current squared were plotted 
from observations of deflections of a galvanometer connected 

+2 n 'ReaetOl1C1 GCllvcmOl1leteT 20 
M-a.6 

+100 k=o.00374 10 

:II 

5.& sa ~ I.' 6.81101-w " 
-100 
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k. O.lst& - \ ! ' 10 

!w. 
6.2 &.41 

-200 

FIG. 39.-Effect of varying the coupling upon reactance and resonance curves for induc
tively coupled circuits 

to a thermocouple loosely coupled to the secondary circuit, as a 
function of the frequency of the current which was induced in 
the primary by coupling loosely to a pliotron circuit. Each 
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mutual inductance was measured by two measurements of the 
self-inductance of the two coils connected in series, the connections 
of one coll being reversed for the second measurement. While 
there are slight discrepancies in the agreement between the' 
points of zero reactance and maximum current, due to slight 
changes of the inductances with frequency, the agreement is 
considered very good. 

Effect of Coupling on Currents.-To calculate the current in the 
coupled circuits requires that account be taken of the resistances. 
A specially important case is that in which the primary and 
secondary circuits are both tuned, so as to be separately in 
resonance with the applied electromotive force, 

I I 

6)- :tjL
1
C

1 
= ..jL,C, 

Letting Rl = resistance of primary. circuit and Rt = resistance of 
secondary, it may be shown' that 

I . ER, 
1-R1R, +6)'M2 

E6)M 
"-RR +~M' 1 , . 

H .. 
FIG. 40.-Vanatio" of CII""" 12 'With cOIlPling itS 

tuned ci,cuitsinductiwly coupW 

M in these formulas is suppcsed to be in henries. For varying 
values of M the current in the secondary is a maximum when 

~M2=R1R2 

This also holds for maximum ~t for a variation of 6), pro
vided the relations (46) are maintained by variations of the 
capacities. Other cases of this sort are solved in the reference 
cited below.' 

• See reference No.. IS and 24. A.ppendix 2. 
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18. CAPACITIVE COUPLING 

The phenomena in a pair of coupled circuits joined by capaci
tive coupling may be shown in a manner similar to the above 
discussion of direct coupling.· Denoting by 11 and 13 the currents 
in the primary and secondary, respectively, the current in C... is 
11 -13, and 

Therefore, 

I. I. 

I ( I ) -- wL3--
wC... WCb I 

. I I 1 

wL----
3 wCb wCl[Il 

FIG.·4I.-Circuits in.vol'Ving capacitive coupling 

This is the expression for reactance to cUrrent in the primary 
circuit. A curve of its variation with frequency is shown in Fig. 

42. The total reactance is X: the sum of (wL1 - ~) and X", 
the last term in (47). 

The values of w' and W U at which the currents have maxima 
are readily found by equating (47) to 0 and solving for w. It is 
convenient to express them in -terms of the coupling coefficient 
and the respective values of w for resonance in the primary cir
cuit Ll C a C... alone and in the secondary circuit Lz C b C ... alone. 
Using the rela,tions, 
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it turns out that the currents have maxima at the two frequen
cies given by, 

c.=~"~ u-tIY? ",. 
c...0I/D6",1' 
~a~'4AfA> 
Co =dtNlllAI. 

FIG. 42.~RlGCta"" diagram/or capacitive coupling $~ in Fig. 'II 

special Cases.-When ~1 = ~2' these expressions simplify to 

~' = ~1 ,[I"'+ii 

. ~" == ~1,fi"=li 

When the coupling is very loose, k approaChes 0, and 

~' -~" - CI1t 

'rhe system responds simply to the frequency of resonance of 
either circuit by itself. When, on the other hand, C. is small in 
comparison with C. and Cb, the coupling is close and in the limit 
(48) and (49) reduce to 

~"-o 
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Practically this means that the system responds to only one fre

quency, given by ",' =.JLl~m' It should be noted that ",' is 

greater than "'I' while in the similar case of direct coupling ",' is 
less than "'1' 

When "'t = "'3 and Ll - ~ (of course also C. = C b) , 

",' = /2C. +Cm 

, L 1C.Cm 

"," =~ 1 
LtC • 

. As in the similar case of direct coupling, one of the frequencies is 
constant, not varying when C. is kept constant and Cm is varied. 

More General Cases.-The kind of capacitive coupling treated 
in the foregoing is 'a simple case of the more general type of capaci
tive coupling shown in Fig. 43. The expressions for coupling 

c:.. 

L, c· c· 

Flo. 43.-e-aliUd eM, uf C4paci'iv. Flo. 44.-Special 'yp. 0/ eM. slurum i1l 
coupling Fig. 43 

coefficient, etc., which are complicated in the general case, are' 
treated by E. Bellini (La Lumiere Electrique, 33, p. 241; 1916). 
Another simple case which has been found useful is that shown 

. in Fig. 44. For this kind of capacitive coupling, 

k- Cs 

-V(C' +CJ (C" +CJ 
Here again, in the special case of "'1 =Ct>, and C' =C", one of the 
frequencies is constant, not varying when C' is kept constant 
and Cs is varied. . 

For further information on coupled circuits, calculation of the 
currents, transformation ratios, etc., the reader is refeiTed to 
Fleming's The Principles of Electric Wave Telegraphy and Te
lephony, Chapter III. 

19. CAPACITY 011' INDUCTANCE COILS 

The small capacities between the turns of a coil are of such im
portance in radio design and measurements that a coil can seldom 
be regarded as a pure inductance .. The effect of this distributed 
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capacity is ordinarily negligible at low frequencies, but it modi
fies greatly the behaVior of a coil at radio frequencies. For most 
pUrposes a coil can be considered as an inductance with a small 
capacity'in parallel as shown in Fig. 45. This fictitious equiva-
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PIo. 4s.-Circv.i' 'IIIhW. " .i1lGlftl to a FIo. 46.-Coil having capfM:ity, with "'" i1l 
coilllavi1lg didribvt«l caPfM:iI, smu; a cas, of parallel rU01lllfIU 

lent capacity is called. the capacity of the coil. Investigations 
have shown that in ordinary coils its magnitude does not vary 

- - with frequency. Thus a coil may in itself constitute a complete 
oscillating circuit even. when the ends of the coil are open. 

Flo. 47.-RlIICIafIU ditJgnMflfor coil having capat:i'Y _th "'" i1llmu 

Emf in Series with the Coil.-If such a coil is placed in a circuit 
with an electromotive force in series, the case is one of parallel 
resonance. The reactance curve will be as shown in Fig. 47, 
which has the same shape as the left branch of the resultant in 

486861 0-58-5 



Fig. 28. The right branch is of no interest and is not shown 
. here, because for higher frequencies than Calo (at which the react
ance becomes infinite) the coil no longer functions as an induct
ance.' If the resistance is negligible, the current due to the elec
tromotive force E is 

l-(CaI~ -c.Co) E 
E I CalL 

... T- I - I -6i'CoL 
CalL -CllCo 

FIo. 4B.-VariGlion of a/J/JaFm' i1llltlCf411U of a coil 'With 'IJJGW length 

The apparent inductance of the coil, which would be obtained 
, by measurement of the coil as an inductance, is L. in 

E . 
. I-CalL. 

Comparing with the above expression, L. =- I -!;CoL (50) 

When Cal2C oL is small compared with I, this becomes 

La-L(I +CI1'C.L) , 

.' 
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, at frequencies remote from ~o, and for Co in farads and L in 
henries. 
, It is usually convenient to calculate the apparent inductance 
in terms of wave length. (See sec. 78.) Equation (51) becomes 

,( CoL) La-,I +3·553 V ' 

where Co is in micromicrofarads, L in microhenries, and), in meters. 
This holds except for wave lengths near that corresponding to ~o: 
in which case the more accurate expression applies: 

L 4:- CoL 
:I-3~553V' 

· J 
L • , · iCo C.1 

I 
.-.~-

T' • • 
E I • , • • I · . • I 

FIo. 4f)-Coil ItallitJg cq.pacity with ""I 
.gmmJlMl ift u.. coil 

., 

As >.0, the wave length corresponding to ~o, is approached, La 
becomes very large. >.0 is the wave length at which the inductance 
and capacity of the coil would be in resonance, the coil itself con
stituting a conlplete oscillating circuit. This is a good example 
of parallel resonance. The wave length ).0 is called the funda
mental wave length of the coil, similar to the fundamental wave 
length of an antenna. . 

Eml Induced in Coil.-'If a condenser is connected across the 
ends of a coil and the coil is loosely coupled to a source So that an 
electromotive force is induced in the coil, the total capacity in the 
circuit Will be the sum of the condenser capacity and the coil 
capacity. This is shown in Fig. 49, Co and C1 being in parallEl, 
and the induced emf being indicated by the electromotive force E. 
If now the inductance be calculated for any wave length from the 
capacity of the condenser C l , which causes resonance at that wave 
length, taking no account of the coil, capacity Co, the apparent 
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inductance La SO obtained will be greater than the pure 
inductance L. This is readily seen from 

Thus the apparent inductance becomes greater the smaller the 
capacity C1 connected to the coil to produce resonance-i. e., the 
smaller the wave length at which the measurement is made--just 
as in Fig. 48 above. 

c. ---. .. -------J i.----1 II 
II 

2. 

I 

I 
I 
t 
I 
I 

I • I 

FIG. SO. -Effect of distributed CGpaaty 
in 1M unused tu"" of II coiZ 

Formula (53) is identically equivalent to formula (50) above. 
Thus the apparent inductance 'of a coil varies with the frequency 
in the same manner whether the electromotive force is applied in 
series with the coil or by induction in the coil itself. The pure 
inductance L and the capacity Co. to which the coil is equivalent, 

-' may be determined by either of the two methods given on page 136 
below. The simple theory applies when the resistance is negli
gible, a condition which 'is ordinarily met at radio frequencies. 

Effects of Dead Ends.-The capacities of coils frequently give 
rise to peculiar and undesirable effects in radio circuits. Among 
these are the effects caused by the capacities of those parts of a 
coil which are not connected in the circuit. For example, in many 
radio sets spiral coils with many turns are used in which the in-
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ductance may be varied by attaching a clip to any turn, thus uti·· 
liZing moreorfewerturns. The turns which are supposedly "dead" 
may actually produce considerable effect upon the circuit both m 
respect to energy loss and the frequency of resonance. As in the 
diagram (Fig. 50), suppose that a few turns of the coil are con
nected across a, condenser C1 

(circuit I) and high-frequency 
oscillations are set up in this 
circUit. The numerous over
hanging or unused turns are 
in the magnetic field of the 
used turns and are closed by 

~ _----Oft----_.·-·····..., 
~ t I 

I 
-.~-

t'c;r 
-<=>< i 
~. __ ...J 

their capacity (indicated by. FIo. 5I.-Wawmetn circuit luwing coil 
dotted lines). H,mce this sec- 'With tapt 

ond circuit is coupled closely to the first and if the resonant 
frequency of this circuit is near that of the first, considerable 
current will flow in it, strongly affecting the apparent· resistance 
and resonant frequency of the first circuit. Indeed, the circUit 

E 

l' 

I may, in consequence, respond 
to two frequencies, as in previ
ously considered cases of coupled 

.. circuits.. The case is the same as .. 
that of Fig. 3 I, and the reactance 
and current curves of the system 
would be of the same form as in 
Fig. 32. In this case of many 
overhanging turns compared to 
the number in use, it is generally 
advisable to short-circuit· the 
overhanging turns, for then the 
impedance of the second circuit 
becomes so high that little cur-

FIo. 52.-!M~. o/. covp.w circuiu ~ rent will flow. When only a few 
'II1md& Fig. 5I IS el]t'J'/IGlent turns are overhanging it is best to 

leave them. open, for the overhanging turns will have a greater 
impedatice when open than when short-circuited. 

Another common case in which d~ ends cause troublesome 
effects is shown in Fig. 51, a common form of circuit used in re
ceiving apparatus and in some forms of wavemeters. Ll is a 
coupling coil. The main coil L, of large inductance and consid
enb1e distn'buted capacity, is divided into sections, one or more 
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of which may be connected in circuit to allow adjustment for 
various ranges of wave lengths. The fictitious condenser Coin 
parallel with this coil represents the effective capacity of the 
coil. For short wave lengths only part of the coil is in circuit, 
the unused sections being, however, inductively related to the part 
in circuit. It will be seen that this arrangement is really a case 
of two direct-coupled circuits, which should respond to two distinct 
frequencies or wave lengths. The circuit may be diagrammati
cally represented by the circuit in Fig. 52, which is equivalent 
to Fig. 33 (a) above. This circuit is resonant to two frequencies, as 
shown by.the resultant reactanse curve of Fig. 37. As the setting 

. laO 

100" ao.» 40 .» eo eo to 110 ,ao laG 140 ,ocr IeQ I'JO 110 
StIt"", Gf Wav ........ c_ 

Flc. 53.-Caliiwation Ctlf'W of II commerciCll 'WIW6 meter 'With discontinuity CClw«l by 
distributed capacity 

- . 
'of the condenser C1 is varied, the frequencies to which the circuit 
responds are changed. For settings in the neighborhood of the 
natural frequency of the circuit II/Co strong currents are obtained 
at both the resonant frequencies. For frequencies considerably 
more remote, the current. of only one frequency is appreciable. 

This behavior is sometinles exp~entally found in wave 
meters. As ~e setting of the condenser is varied, the frequencies 
or wave lengths to which the current responds vary, and in the 

. neighborhood of a certain wave length there are two wave lengths 
at which reson,ance occurs for every condenser setting. This is 
shown in Fig. 53, which is an experimentally obtained calibration 
cUrve of a commercial wave meter. , 

r 

, 
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.20. TBB SDlPLB ABTBDA 

Distri1ntJ.ed Capacity and Inductance.-The current flowing into 
a condenser is given by 1-E6C, and the voltage across an induct
ance is given by E-I",L. Thus the current iUto a condenser 
(voltage constarit) and the voltage across an inductance (current 
constant) increase as the frequency increases. Both of these 
facts tend to make the small capacities between different portions 
of a circuit more important; the higher the frequency. At low 
frequencies in general the current at different points in a circuit 
is the same, and displacement currents are present only where 
relatively large condensers have been intentionally inserted in 
the circuit. The inductance and capacity are definitely localized 
or "lumped. " At very high frequencies, however, or when the 

- dimensions of the circuit are comparable to the wave length, the 

N 

I j. " .1 I I • " " I, , I, ., I, I , 
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.capacities between different parts of the circuit become impor
tant and the current may vary appreciably from point to point 
in the circuit. 'Some of the current leaks away from or onto the 
conductor through the capacity to other parts of the circuit, the 

. current through inductances in different parts of the same circuit 
will be ~erent, and hence their inductive effect will be different. 
In such a case the equivalent capacity and inductance of the 
circuit will depend upon the frequency and the separate condensers 
and inductances must be considered with regard to their position 
in the circuit-i. e., one has to deal with" distributed" inductance 
and capacity. Fig. 54 represents a circuit ,or line of two long 
parallel wires supplied with current from a generator and closed 
at the far end. The inductance of the wires and the capacity 
between them are represented by condensers and inductances 
drawn in dotted lines. A number of ammeters are, for conven
ience, supposed to be inserted at points in the circuit. At a low 
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frequency, very little current will flow into the condensers and 
all of the ammeters will read the same. If theJrequency is in
creased, more current will flow through the condensers and the 
ammeter readings will decrease successively from the generator to 
the far end. As a result of the changed distribution of current 
in the line, the equivalent inductance, capacity, and resistance 
of the line will v~ with the frequency. 

Simple Antenna.-The simplest form of antenna is a sin~e ver
tical wire, the lower eild of which is connected to ground. This 
forms an oscillatory circuit, the inductance is due to the wire and 
the capacity is that between the wire and the ground. Thus Fig. 
55 shows diagrammatiCally the capacity and inductance and the 
flow of durrent at an instant of time. Some of the current from 
the wire is continually flowing off by the Capacity paths to ground, 

, , , , . 
y~ 

\ 
. " , , 

\" 
" 

FIG. s6.-Distributwn of current 
FIG. SS.-Dislributed capacity and indvc- . and 'Voltage in the simpk antenna 

ta"" i" a wrlicai wire, a simpk lorm of 'When oscillating at itr fundamental . 
GnnfJG frequency 

SO that the maximum current is flowing at the base of the antenna, 
while at the extreme top there is no current flowing in the wire. 
The amplitude of the voltage a1ternations iszero at the ground and 
is a maximum at the top. The distribution of current and volt
age is approximately sinusoidal and is shown in Fig. 56. 
This represents the fundamental oscillatiun of a simple antenna. 
The length of the wire is equal to the distance from node to loop or 
is one-fourth of the wave length. It is possible for the simple an
tenna to oscillate with other distributions of current and voltage, in 
which,however, the top must always be a node for current and the 
bottom a node for voltage. Thus in Fig. 57 is shown the next 
possible oscillation. Here the length of the wire is three-fourths 
of a wave length. Hence the wave length is one-third of the 
fundamental or the frequency is three times as great. Other pos
sible oscillations have frequencies of five, seven, nine, etc., times 
the fundamental. 

Antenna with Large End Capacity.-Suppose that a number of 
long horizontal wires are attached to the top of the vertical wire 
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of the simple antenna, thus forming an inverted • • L' , antenna as in 
Fig. 58. In this case only a small proportion of the current in 
the vertical portion :flows off to ground through capacity paths, 
the main capacity :flow taking place from the horizontal portion. 
Thus the current throughout the vertical portion will be very 
near1y constant. The total capacity will be much iarger than 
that of the simple antenna and the inductance likewise somewhat 
larger, hence the wave length will be considerably increased. 

There are a number of other forms of antennas which also have 
large capacity areas at the top of the vertical lead, such as the 
"T," "umbrella," etc. 
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FIo. sS.-Form of o"letJ#G o/lor~ 
copocily 

21. Al'ITElUfA WITH tmDORlILY DISTlUBUTBD CAPACITY .um 
nmUCTABCE . 

The mathematical treatment of currents in circuits having dis
tributed capacity and inductance is generally concerned with the 
case where these quantities are uniformly distributed. Because 
of end effects, this condition can not be strictiy realized except 
with circuits of infinite length, such as two parallel wires, a single 
wire with a concentric cylindrical return,· or a single wire (or num
ber of parallel wires), and ground return. Such theory applies 
approximately, however, to the simple vertical-wire antenna or 
to the horizontal portion of an inverted .. L" antenna. The fol
lowing notation is used in this discussion:. 

'-length of antenna, CD. (Fig. 59), 
La-inductance per unit length. 
Cl-capacity per unit length. 
L,,-IL1-inductance for uniform current . 

. Co-ICI-capacity for uniform voltage. 
La-low-frequency inductance of antenna=-I/3 L". 
C,.-low-frequency capacity of antenna-Co. 
X -reactance of antenna. 

XL-reactance of loading coil. 
Xc-reactance of series condenJel'. 
L-loading coil. 
C -series condesuer. 
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In Fig. 59 an inverted "L" antenna is drawn to represent a 
circuit with uniformly distributed capacity and inductance, the 
distributed quantities being represented by dotted . lines. The 
resistance is assumed to be negligible. CD is the horizontal por
tion, BE the ground, and BC the lead-in which is supposed to be 
free from inductance or capacity, excepting when a coil or con
denser or both are inserted at A. 

Low-Frequ.ency Capacity and Indu.ctance of Antenna.-It is 
desirable to explain the significance of the quantities Li and Clf and 
the quantities CO -lCi and Lo-lLl • If the portion CD were uni
formly charged to unit positive potential, then the charge on each 
unit of length of CD would be numerically equal to C1 and the 
total charge on CD would be CO-lc,. The antenna would be 
charged in this way if a constant or slowly alternating emf were 
introduced at A, and hence the quantity Co ... lC, is sometimes 

Flo. 5g.-A"Ift,", _11 "ujO"'''', didrib
"t./, copacit, tiM iMvdtlfIU 

called the "static" capacity of the antenna. It is also called the 
low-frequency capacity. Formulas for the calculation of the 
static capacity are given on pages 237 to 242. At high frequencies 
the potential at all points on CD is, however, not the same at a 
given instant, and hence, the capacity "(called the high-frequency 
or dynamic capacity) is difierent. In the case of the inductance, 
suppose that a conductor of negligible resistance and inductance 
is connected from D to E and. that an emf which is constant or 

- slowly alternating is introduced at A. The current flow at all 
portions of the circuit CDEB at a given instant would then be the 
same and the total inductance Lo of the circuit would be numeri
cally equal to the total magnetic flux of lines linked with the cir
cuit when the current is unity. This is the value of inductance 
which would be calculated from the formulas on pages 247 to 250. 
The inductance per unit length L, is Lo divided by the length. 
In the actual antenna, however, the current How can not be the 
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eame at all portions of the circuit, for the current at the open end 
of the aerial must always be zero, and hence Lo-lLI does not rep
resent the inductance of the aerial at any frequency. It will now 
be shown that the low-frequency inductanCe of the aerial is one
third Lo• 

If an alternating voltage of frequency f (or (a) - 2'1f'f) is introduced 
at A in the actual antenna, it can be shown I that the aerial or 
horizoptal portion behaves as a reactance, 

~ ~ . 

X - - V ~ cot ~..JCILu 
or, 

X - - {§ cot (a)..JCoLo 

The expansion of the cotangent of an angle into a series is 

I Z cotx----....... . x 3 . 

the remainjng terms being negligible if ;; is small. Hence, . if (a) is 
szDau-i. e., for low frequencies-substituting (a)..JCoLo for x in 
the. series, we. have 

fCI I (a)..JCoLo ) ___ 1 (a)Lo . 

X - -V Q(a):jCoLo 3 . .. . . .. . (a)Co + 3 

This is the reactance of a capacity Co in series 

with an inductance Lo , as in Fig. 60; hen~ we + ltg 
3 . - : ~ 

see that the static capacity is CO-lCl and the '"---l't--~ 

I ~ . d ctan . Lo lLl ow- uency Itt u ce lS---· 
. 3 3 

Fundamental Wave Length.-l'he expres
sion for the reactance of the aerial 

FIo. 6o.-Si",,,,. cir
cui' 'Which is 'lJ"i'lla
lin, to'"" Gn""ftG 
l/urwrs in Fig. 59 

X - - {§ co~ (a).,JCoLo shows that at low frequencies when 

the cotangent is positive, the reactance is negative, and hence the 
capQ.l.-ity reactance overbalances the hlductive. As the frequency 
increases the cotangent becomes zero, which :first occurs when 

(a).,JCoLo-i and the reactance is· zero: The frequency at which 

this occurs is the flmdamental frequency of natural oscillation of 

'See"*- No. 31 Appeadiz •• 
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the antenna when the vertical lead-in is free from inductance and 
capacity. This frequency is 

The fundamental wave length is given by 

A -1=-4c.JCoLo 

AIIl = 1I99 • .JCoLo 

where c .... velocity of propagation of electromagnetic waves, and 
in the last equation Am stands for wave length in meters, Co is in 
microfarads, and Lo in microhenries. 

H .,tf 
I 
I 

I 
I 

FIG. 6I.-RitICiance curve/or antenna 'With 'Uniformly distributed capacity and iMllctanu 

Harmonics.-For frequencies above the fundamental the react
ance becomes positive and the inductive reactance preponderates 

I .., 
up to the fr~quency 101: ~ at which the reactance· becomes 

. 2 CoLo 
infinite. Beyond this frequency the reactance is again negative, but 
decreases numerically with increasing frequency until it again 
becomes zero and there is a harmonic natural oscillation at a 
frequency 

1- 3 
4~CoLo 



Radio InsI.,.ments and Measurements 75 

This variation of the aerial reactance with the frequency is shown 
by the cotangent curves in Fig. 61. Those frequencies for which 
the reactance of the aerial becomes zero and which are the natural 
frequencies of oscillation of the antenna when the lead-in is of 
zero reactance are given in the figure by the points of intersection 
of the cotangent curves With the axis of ordinates. For these 
points 

4C ,}.-- ""CoLo .. m 

Now it is shown in the theory of long circuits with uniformly dis_ 
tributed quantities, such as those considered here, that at high 

frequencies .JCtLt =...!., approximately, and since .JCoLe:::al.JCtLu c 
it follows that 

Hence the wave lengths of the fundamental and harmonic oscil

lations of the antenna are approximately 41, ~l, ~t, etc., or, as . 
stated above in the description of the oscillations of a simple 
vertical antenna, the length of the wire is approximately 1/4, 3/4, 
5/4, etc., times the wave length. The distributions of current and 
voltage corresponding to these difierent possible modes of oscilla
tion have also been shown. These relations between antenna 
length and wave length are only rough approximations, because 
of the fuiite length of the antenna and because the vertical portion 
of the antenna has be~n neglected. 

22. LOADED ANTENNA 

In general, when an antenna is used for transmission or recep
tion, co~s or condensers or both are inserted in the lead-in to modify 
the natural frequency of oscillation of the system; i. e., to tune 
it to a given frequency or wave length. When a reactance Xx is 
present in the lead-in, the natural frequency of oscillation is then 
detennined by the condition that the total reactance of lead-in 
plus aerial shall be zero-that is, X" + X = o. In the succeeding 



sections the cases w.i11 be considered where an inductance or a 
condenser is inserted in the lead-in. 

A ntenna with Series I nductance.-If an inductance L is inserted 
in the lead-in, its r~~ce XL is equal to 61L. This is a positive 
reactance which increases linearly with the frequency and is 
represented in Fig. 62 by a straight line. The reactance of the 
aerial X is shown by the cotangent curves. The sum XL + X is 
drawn in heavy solid lines. Those frequencies at which these 
latter curves cut the axis of abscissas are the frequencies for :which 

XL +X -0 and are the natural frequencies of oscillation of the 
system. It will be noted that the insertion of the inductance 
coil has decreased the natural frequencies of oscillation-i. e., 
increased the wave length. Also the harmonic frequencies are 
no longer integral multiples of the fundamental as in the case of 
the simple antenna. 

The condition XL + X = 0, which determines the natural frequen
cies of oscillation, leads to the equation 

or 

Ir -61L-V"C: cot 61~CoLo-O 

cot 61.Jc:r;, L 
- - 61.,jCoLo - 1/0 
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Since ..JCoLo-~; "'-21t'j and ~=1 this equation may also be 

written 

t 
27rl 

co T L 
27rl-r;; 
T 

These transcendental equations which determine", and ~ can not 
be solved directly; it is. however, possible to solve them graphi,,:, 
cally as shown in Fig. 62 or to determine indirectly a table (second 

column of Table I) 'which will give the values of ",..JCoLo or 2~l for 

different values of t, from which then "', j. or ~ may be determined. 

Table I gives only the lowest value of ",..JCoLo or 2~l. correspo~ding 
10 the fundamental' oscillation of the loaded antenna. In any 
actual antenna the wave length would be greater than that given 

'/ by this calculation because of the inductance and capacity of the 
vertical portion; thiS discussion deals only with the horizontal 
portion. 

As ,an example of the method let us a.ssunie the quantities used 
m Figs. 61 and 62. Let the length of the SJ,Dtenna be 1-60 meters 
and'the static capacity Co -lC1 -o.ooo8 microfarad. Then since 

\ ~LoCo-!- x
60 

...... Lo .... 50 microhennes. , c 3 Iv-' , ' 

·In the case of the unloaded antenna, the na:tural wave lengths 
, would be 41, 4131. etc.-that is, 240, So, etc., meters; the natural 

• ( C';'3 Xlo') . frequenCles j~ ~ meters would be 1.25 X 10', 3.75 X 10', etc .• 

cycles per second; the periodicities ("',.. 27rf) 7.85 X 10', 23.6 X 10', 
etc., radians per second agreeing with the values in Fig. 62. 

If now an inductance L - 100 microhenries is introduced in the 

lead-in, we have t-2. ,From Table I we find that 

hence 

and 

,~ 27rl 
"'-v CoLo - T -0.653. 

"'- .,jo.ooo8X 10-'X50X 10-' -3·26X 10' 

27rl 
~ - 0.653 - 577 meters. 

0.653 

J 
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This corresponds to the lowest frequency of oscillation as shown 
in Fig. 62. Introducing the inductance has increased the wave 
length of this oscillation from 240 to 577 meters. 

The harmonic oscillations are of importance in some cases. 
If the emf which is applied to the antenna has the fundamental 
frequency of the loaded antenna, the oscillations will be of that 
frequency alone. If, however, the antenna is first charged and 
then set into oscillation by the breaking down of a spark gap in 
the antenna as in the original Marconi antenna, frequencies corre
sponding to all of the possible modes of oscillation will be emitted 

M /MJtA!'eIJ 

by the antenna. Or in the case of-the arc, which in itself generates 
fundamental and harmonic frequencies, if a harmonic of the arc 
coincides somewhat closely with one of the harmonic modes of 
vibration of the antenna, this oscillation will be strongly rein
forced,' a large amount of energy will be wasted, and interference 
will be caused. 

Antenna with Series Condense1'.-Though not as important 
practically as the case just considered, there are occasions when a 
condenser is inserted in the lead-in of an antenna to shorten the 

wave length. If.its capacity is C, its reactance will be Xo = - ~. 
In Fig. 63 the cotangent curves representing the aerial reactance 
X are again shown as is also the hyperbola representing Xo. The 
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sum Xo+X is drawn in heavy solid lines and crosses the axis at 
points corresponding to the natural frequencieS of oscillation of 
th~ loaded antenna. It will be n{Jted that the frequencies of.oscil
lation are increased-i. e., the wave length shortened-by the 
insertion of the condenser and that the harmonic osciUations. are 
not integral multiples of the fundamental. Fig. 63 shows that 
O!' is . increased from 7.85 X 10' to 10.96 X 108 or the wave length 
decreased from 240 to 172 meters by the insertion of a 0.0005 

microfarad condenser . 
. Simple Calculation of the Wave Length of a Loaded Antenna.
The ordinary formula for the frequency of oscillation of circuits 
with lumped inductance and capacity may be applied to the 
antenna with distributed constants in the case of an inductance 
coil in the lead-in, and the error in computing the frequency or 
wave length will be small. The inductance and capacity of the 
aerial at all frequencies is supposed to be the same as the low-

frequency values; i. e:, Lo and Co. If the loading coil has an 
3· 

inductance L, the total inductance will be L + Lo. Hence . 3 
I 

the frequencY is . 

and the wave length 

>. - I 884 . .J( L + ~o) Co (55) 

where in· the last equation ~m means wave length iit meters, 
inductance is expressed in microhenries, and the capacity in 
microfarads. 

Applying this to the numerical example worked out above by 
the exact theory, in which 

( L + ~o) _ I 16.67 microhenne$ 

Co -0.0008 microfarads 
4868610-58-6 _ 
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we have ~-575 meters, which differs only one-third of 1 per cent 
from the value). - 577 obtained before. 

The magnitude of the errors in using the simple formula 

is also shown in Table I. In the second column, as pointed out 

before, are the values· of ~.,jCoLo 'or 2~1 for different values of t 
as computed from the exact cotangent formula. The simple 
formula gives 

~.,jCoLo - /L 1 1 . 

. "fLo +3 
'and in the third column are given for comparison the values of 
6J.JCoLo computed on this basis. ' These values are too high; i. e., 
result in too high a value for the frequency or too Iowa value for 

. the wave length.' The per cent error is given in the last column. 
The maxim~ error is 10 per cent for L -o-i. e., at the funda
mental of the 'antenna-. but the error rapidly decreases as L 
increases and is less than 1 per cent for L equal to or greater 
than Lo. ' ' 

It has been stated in several publications that very large errors 
would result from applying the ordinary theory of circuits with 

, lum,ped constants to the case of an antenna which has distributed 
quantities. This misconception has arisen because the quantity 
Lo which occurs in the formula for the distributed caSe was used 
for the inductance of the aerial in applying the formula for the 
case of lumped constants. We have pointed out that Lo could 

_ not be the inductance of the aerial at any frequency. When 

!::!, instead of L o, is used the agreement is very close. In fact, 
3 . 

since this error is usually less than 1 per cent, it is practically 
never worth while to use formulas based on the precise theory to 
calculate wave length, because of the uncertainty introduced by 
the vertical portion of the antenna. Equation (55) is therefore 
sufficient for all ordinary calculations. 
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TABLB 1.-Data for Loaded AliteDDa Calc:uJatioaa 

1 DtIrer. 1 

.Ji;+i r. .Jt·1 ~ .. ~ ,~ 't; .. ~ 
1.571 1. '13Z 10.3 3.1 0.53lI 0.540 

I •• 1.5111 6.3 3.2 .532 .532 
L314 I •• 4.2 3.3 .524 .525 
1.ZZO 1.257 3.0 1.4 .517 .51' 
1.142 1.161 2.3 1.5 .510 .511 
1.077 1.0115 1.7 3.6 .504 .504 
1.021 1.035 1.4 3.7 .41177 .4l17li 
0.1173 0.!114 1.1 3.. .4916 .49111 
• !lSI .- 0.11 3.11 .415\1 .4160 
.• IM 

, 
.!IOO .7 4.0 .4101 . .4104 .- •• .7 4.5 .4541 .454!1 

.m .as .5 5.0 .4330 .4330 

.IIM ... .5 5.5 .4141 .4141 

.7711 .712 .4 6.0 .31174 .31174 
" 

.757 .7a .4 6.5 .3126 .3126 

•• .138 .4 7.0 ~36!IS .36!IS 
.717 .71!1 .3 7.5 .3574 .3574 

•• .701 .3 1.0 • 3465 .3465 

•• .615 • 3 1.5 ... .3366 
• 661 .6111 .3 11.0 .3275 . .3275 
• 653 .655 .3 11.5 .31. .31. 
.640 .641 .2 10.0 .3111 .3111 
.m .621 .2 11.0 .Z!17Z .Z!I72 
• 615 .616 .2 12.0 .ZI5O .2150 ... .105 .2 13.0 .2741 .2741 

•• •• .2 14.0 .2644 .2144 
.llIS .- .2 15.0 .2556 • 2556 
.514 .514 • 2 ~6.0 .2476 .2476 
.564 .565 .1 17.0 - .240Z .Z40Z 
• 556 .556 .1 11.0 .Z33I 

. 
.2331 

.547 • 541 .1 111.0 .ZZ7T .2277 
20.0 .22111 .22111 

23. ANTBMU COllSTABTS 
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Antenna Resistance.-The power supplied to maintain osci1la
, tions in an antenna is dissipated in three ways: (I) Radiation; 

(2) heat, due to conductor resistance; (3) heat, due to dielectric 
,absorption. (At high voltages there is a further power loSs due 
to brush discharge; this will not be considered in the following.) 
The first of these represents the only '.1Seful dissipation of power 
since it is the power which travels out from the antenna in the 
form of the electromagnetic waves which transmit the radio 
signals. The amount ofpawer radiated depends upon the form 
of the antenna, is proportional to the square of the current flowing 
at the current antinode of the antenna, and inversely proportional 
to the square of the w:ave length of the oscillation. Since th~ '0 
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dissipation of power is proportional to the square of the current, it 
may be considered to be caused by an equivalent or effective 
resistance, which is called the radiation resistance of an antenna. 
Thus the radiation resistance of an antenna is that resistance 
which, if inserted at the antinode of current in the antenna would 
dissipate the same power as that radiated by the antenna. The 
radiation resistance varies with the wave length in" the same way 
as the radiated power; i. e., inversely as the square of the wave 
length. Curve" I of Fig. 64- represents the variation of this com
ponent of the resistance of aIi. antenna. 

R 

\ 
\ 
\ 
\ , , , , , , , , ~-, ~" , ~~ 

" 4 _ ... -
, ---'........ ---------_ ... -----

FIG. 64.-Variation of alli4mna resistana with 'IIICI'IHr kngtla 

The second sourc~ of dissipation of power, that due to ohmic 
resistance, includes the losses in the resistance of the wires, ground, 
etc., of the antenna. Due to eddy currents and skin effect in 
both the wires and ground, this resistance will vary somewhat 
with the wa"9-e length, being greater at shorter wave lengths. 
But in an actual antenna these changes are so snuin compared to 
other variations that we may regard this component of. the total 
antenna resistance to be almost constant, as it is represented 
by the straight line 2 of Fig. 64. The third source of power dis
sipation-i. e., that due to dielectric absorption-is a result of 
the fact that the antenna capacity is an imperfect condenser. 
The magnitude of this power loss will depend upon the nature 
and position of imperfect dielectrics in the field of the antenna. 
Thus it has been found that a tree under an antenna ~ay increase 
the resistance of the antenna enormously; buildings, wooden 
masts, and the antenna insul~tors also affect the absorption of 
the antenna capacity. a It is pointed out in section 34 on con-

AJ. M. Miller. B. S. Sci. Papers Nos"69 aad 306. 
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densers that _the effective resistance of an absorbing conden
ser is proportional to the wave length. In the antenna, there
fore, the loss of power due to dielectric absorption may be rep
resented as taking place in a resistance which increases in propor
tion to the wave length. This component of the antenna resist
ance is represented in Fig. 64 by the straight line 3. 

The curve of the total antenna resistance is obtained by com
bining these three resistance components as in curve 4 of the 
same figure. This is the typical resistance curve of an antenna. 
(See also Fig. 91,P. 126.) In the case of some antennas the resist
ance curve shows one or more humps at certain wave lengths. 
This indicates the presence of circuits with natural periods of o~
iation in the vicinity of the antenna, possibly the stays of the an
tenna, another antenna, or the metal structure of abuilding; and 
the humps indicate that, at the particular wave length at which 
they-occur, these extraneous circuits are in tune with, and are.ab
sorbing power from, the antenna. The resistance curve of an an
tenna may be determined by several of the methods of resistance 
measurement given in sections 47 to 50 below. 

Measurement of Capacity and Inductance of an Antenna.-An 
antenna is ordinarily used with a series loading coil. In the case 
of uniform distribution of capacity and inductance, a formUla and 
table have been given (pp. 80 and 81) which permit the wave length 
of resonance to be calculated for a given loading coil L when the 
quantities Co and Lo are known. Co is the low-frequency capacity 

and. Lo the low-frequency inductance of the antenna. It has 
3 

furthermore been shown that the resonance wave length can be 
calculated with sufficient accuracy from the simple formula. appli
cable to a circuit with lumped capacity and inductance. The 
capacity in the equivalent circuit is taken to be the low-frequency 
capacity Co of the antenna, and the inductan~e is the sum of the 
inductance of the loading coil L and the low-frequency induc-

tance of the antenna Lo. Thus the low-frequency values of an-
3 

tenna capacity and inductance are sufficient for wave-length 
calculations by either formula. These low-frequency values will 
be called simply the capacity Ca. and inductance La. of the antenna. 
In t~JIIlS of the previous notation 

C .. =CO=lCl 

L _Lo_lL, 
a 3 3 
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and the simple formula for the wave length becomes 

).m- I884.JeL+L.) C. (56) 

where inductance is in lllicrohenries and capacity in microfarads. 
Measurement by the Use 0/ Two Loading Coils.-In order to de

termine Co and. 1:.. experimentally, two loading coils of different 
and known values are successively inserted in the antenna 
and 'the wave lengths detennined for which the antenna is in 
.resonance. This:may be done as in Fig. 65, which shows the 
inserted inductance, S a source of oscillations, and W a stand-

FIo. 6s.-Circuiu for """"ining tile ca-
I'adty CM iMUclc,,". 0/ C" O"""n4 

ardized wave meter. The wave length of the source ·is varied 
until the antenna is in resonance as indicated by the ammeter or 
other indicating device on the antenna circuit. Then the antenna 
is detuned and the wave length of the source determined by the 
wave meter. Two coils L andL' are inserted and the corresponding 
wave lengths). and),' are determined. Using the simple equation 
(56) for lumped capacity and inductance 

).- I884.J(L+L.) C. 
).' - I 884.J eL' + L.) C. 

~ 

} 
. Eliminating Co between tl1ese two equations and solving for Los 

we obtain 

(58) 
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From the known values of L, L', )., and),' we obtain, therefore, 
the value of L. and substituting this value in one of the original 
equations (prefera1;>ly the one corresponding to th~ larger loading 
coil), we obtain the value of; C •. 

Example.-An -illu~trative check upon this method will now be 
-given. Let us suppose that the atltenna has uniformly distrib
uted capacity and inductance of certain values so that we can 
compute the-wave lengths which would be observed byexperi
ment when the loading coils L and L' are inserted. Then, from 
these wa,\e lengths and the values of L and L' we will compute. 
by the above formula (58) the values of L. and C., and see how 

closely they ~ with the original values Lo and Co. We ~ 
- 3 

take the values Co -0.c::x:X>8 microfarad and Lo - 50 microhenries 
used before, and a value for the :first loading coil of L - 100 micro
henries, for which we have previously found that the wave length 
would be 577 meters. In addition, we will take for the value of 
the second coil L' -400 microhenries. From Table I we find for 

LL' - 400 - 8, that CIJ ""Co I.e; -!).~~ -0.346, from which we get ).'-
o ~ - _ 

-- 2'1rl--
--6- - 1088 meters. 
0·34 I 

Substituting in formula (58) gives 

400 (577)2- 100 (1088)2 • - . 
L.- (1088)2'- (577)' - 17·3 nucrohennes. 

Using this value of L. in equation (56), we have -1088- _ 
1884",,(400+ 17.3)C. from which 

C. -0.000799. 

But Lo _ 16.7 microhenries, hence L~ differs from the correct 
3 

value by 3.6 per cent. C. differs from Co by only a little over a 
tenth of I per cent. These values are sufficiently accurate for 
most antenna measurements. 

Corrected Valves .-In measurements made with smaller values 
for one or both of the inserted coils, greater errors would 
arise, but these can be greatly reduced by a second approxima
tion. Suppose that the inserted coils were of values L - 50 micro
henries, L' - 200 microhenries. The values of ). and )., would be 
foUnd to be 438.4 and 785 g .meters. The value of L. would come 



86 Circular oJ the Bureau oJ Standards . 

out 17.9 micro henries and C. would equal 0.000797 microfarad, L. 

differing from Lo by· 7.6 per cent. The errors are due to the fact 
,3 

that the simple formula does not hold exactly, the per cent error 
in L. being magnified on account of the difference in the squares of 
the wave lengths in formula (58). However, this approximate value 
of La furnishes an approXimate value of LQ. and permits a close esti
mate of the error in the simple formula. These errors are given 

in Table 1 for different values of t- As shown there, the simple 

formula leads to low values for the wave length. If the observed 
wave lengths are corrected so as to correspond to the simple 
formula, accurate values of L. and Ca will be obtained. Thus in 
the case of the 50-microhenry coil, since Lo = 3L. == 53.7, approx-

imately, the ratio Zo =0.9 and from Table 1 the error is 0., per 

cent. 
_ Reducing' the observed wave length X by this amount, we 

obtain X = 435.3 meters. The correction in the case of the 200-
microhenry coil is negligible, hence X' is unchanged. 

Recomputing, using X = 435.3 and X' = 785.2, we obtain 

. L.=i6.6 
and C. =0.000801 . 

which are in satisfactory agreement with Lo and Co. 
3 

DAMPING 

24. FREE OSCILLATIONS 

Up to this point the high-frequency phenomena considered 
have been those produced when current of sine-wave form is used. 
Much of'the theory remains substantially the same for the use of 
so-called damped waves. There are, however, certain important 
phenomena which are peculiar to damped waves and these will 
be treated in this section. . 

When a charged condenser is suddenly discharged in a circuit 
(Fig. 66) containing inductance and a moderate resistance in 
series with the capacity, an alternating current flows, but not of 
sine-wave form. If the resistance were zero, the current would 
have the sine-wave form and would continue to flow forever with 
undiminished amplitude. Every circuit contains resistance, how
ever, -yvhich means that the electric energy of the current is con· 
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tinuaI1y being converted into heat; and also in some circuits an 
appreciable amount of energy is radiated away from the circuit 
in electromagnetic' waves. In consequence the· amplitude of the 
alternating current in the circuif continually diminishes. 

The behavior of such a circuit is similar to that of a compressed 
spring to which a weight is attached. When the spring is re

c 

leased a vibration CQmmences, 
which continues until the energy 
of the vibration has all been con
sumed by friction. If there is no 
external friction and the spring is 
very free from internal strains, 
etc., the vibration continues a 
very long time; but if the friction 
is great, the energy is all converted 
. t b t· . b rt t· I th FIG. 66.-Oscillatory circuit having ruisl-
m 0 ea mas 0 1llle. n e anu, inductance, and capacity in series 
same way, the current in the circuit . _ 
under consideration is reduced very rapidly if the resistance is large. 

A high-frequency current of continuously decreasing amplitude 
is called an "oscillatory" current, although the term "oscil

A. 
, , , , 

B 

latory" is sometimes applied to 
. any current of very high frequency. 

The decrease of amplitude is cal1e4 
"damping," and the current or 
waveiscal1eda "damped" current 
or wave. (In contradistinction to 

-ttttt111tirttifffil-f+jl+fJ~PrIl~- . a damped wave, a wave in which 
the amplitudes do not continuously 
decrease is called a persistent. or 
sustained wave or oscillation.) 
The frequency of oscillation in- a 
freely oscillating circuit depends 
only on the inductance and capac-

PIa. 67.-Wav, train with a logarithmic ity of the circuit, if the resistance 
deer_," of 0.2 is not very large. The damping 

is determined by the resistance together with the inductance 
and capacity. The resistance is thus importarit in determining 
the character of the phenomena. Damped currents are in this 
respect distinct from those of the sine-wave form. 

The oscillations which occur in a simple circuit upon which no 
external alternating emf is applied are called the .. free" oscil
lations of the circuit. .. Forced" oscillations, on the other hand, 
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are those impressed on the circuit by an alternating emf from a 
source outside the circuit. When free oscillations are produced 
by the sudden discharge of a condenser, all of the energy which 
was stored in the condenser before discharge is lost from the 
circuit during the oscillations. The potential difference of the 
condenser, therefore, becomes lower and lower at every alternation 
of the current. Since there is no emf applied from outside the 
circuit, the potential differences ,of condenser, resistance, and 
inductance m~st balance, and their algebraic sum be zero . 

. L di R', fidt 
.. Ilt+ ~+c-o 

This is the same as equation (18) given above in simple alternating
current theory, except that e, the applied emf, is here equal to o. 
If the circuit contains a spark gap, the resistance R is not a con
stant, and the solution given immediately below does not apply. 

Free oscillations may be produced by another method than the 
sudden discharge of the condenser in the circuit. If current is 
produced, in the circuit' by induction and the inducing emf is 
suddenly cut off, free oscillations are produced. The quenched 
gap is the means utilized in practice for suddenly cutting off the 
inducing emf, the gap being .in a circuit closely coupled ,to the 
oscillating circuit. 
, The solution- of equation (59) for any circuit in which the 

resistance is not extremely great, is 

where lois the initial current amplitude, a is the damping factor, 
and CIJ is 2 ... times frequency of oscillation, The values of these 
constants are, Vo being the initial potential difference across the 
condenser, 

Io=c.CVo 
R 

a= 2L 

I 

CIJ =~LC ' 

This last expression is an approximation for 
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The resistance of practically all high-frequency circuits is so 
small ,that the approximation is sufficiently acctlrate. Using 
these relations, it follows that 

. ~v ~t. t J- - oE· stn..J . 
"L LC 

-
The frequency of oscillation is called the "natural frequency" 

of the circuit. It should be noted that the natural frequency of 
a circuit in which the resistance is not very large is 'the same as 
the frequency of resonance to an electromotive force impressed 
upon the circuit. Thus it was shown in section I I 'above, that 
when an alternating emf is impressed upon an inductance and 

, capacity in series resonance occurs when wL = ~. This relation 

is the sam~ as w = ..J lc' the expression above for the natural 

frequency. 
Eflecti'VB Value of Damped Current.-In the various spark types 

of radio transmitters the condenser is charged at regular intervals, 
each charge being followed by an oscillatory discharge. Fig. 68 

'vv~' 
Fro. 68.-Snie.r of 1DIJ'VI traim similar to that gennGud by G dAmped 'llJrnM .rouree 

roughly indicates the successive discharges; actual current curves 
are more complicated than this. The energy in each train of 
oscillations is practically all dissipated before the next train begins. 
Under these conditions the effective (root-mean-square) value of 
the current 1 in terms of the initial maximum current lois easily 
found, as follows (I=current which would be indicated by the 
steady deflection of an ammeter): 

Let N -number, of trains of oscillations per second. 
WI-energy dissipated per train of waves. 
Wa-magneti~ energy associated with current at beginning 

of each train. 
RI' 

Then WI=N 

I 
Wa- 2LIo1 
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These two energies must be equal, since it is assuttled that the 
en~rgy in each train of oscillations is dissipated before the next 
train begins. 

Since 
R 

a= 2L' 
N N 

12 =-1'=-1' '4a 0 401 0 

25. LOGARITHMIC DECRElrIENT 

(60) 

The rate of decrease of the current amplitudes during a train 
of waves is shown by the damping factor a defined above. 
When this is large, the curve ABC, drawn through the maxima 
of the oscillations ~ Fig. 67, approaches the axis quickly. The 
shape of the train of waves is such that the ratio of any maximum 
to the next one following is a constant. The rate of decrease of 
the amplitudes in a wave train is also indicated by the logarithmic 
decrement, which is defined to be the natural logarithm of the 
ratio of two successive maxima in the same direction.' The rela
tion between the damping factor and the loganthmic decrement 
may be found as follows: The ratio of one maximum of current 
to the followiJlg is 

JoE -"" 

10E - .. (I+T) 

where T is the period of oscillation and equals 211'. This ratio == 
61 ..... 

E aT = E-;;; • The napierian logarithm of the ratio is the logarith-

. d hi h 1 al 211'a S·· R mlC ecrement a w c consequent y equ s (;). mee a = 2L 

R a =11' 61L 

The logarithmic decrement is thus equal to 11' times the ratio 
between the resistance and the inductive reactance.7 • It is also 

• A few writers, Fleming in particular. define the logarithmic decrement AS the natura1logarithm of the 
ratio of two successive maxima in opposite directions. The Fleming decrement is thus equal to OD~haU 
the decrement as defined above. 

f Reactance is ordinarily caJc:u1ated from the simple ezpression for .. , which is DDt riaoroasly true when 
tile decrement is very lar,e. 
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equal to 1r times the ratio between the resistance and capacitive 
reactance,7 for 

1 1 
tIJ =.,j . or wL = - and therefore 

LC c£ 
3 =:0 1f'Rc£. 

Thus the logarithmic decrement is 1f' times the recipr~al of the 
sharpness of resonance (discussed above on p. 36). 

The logarithmic decrement expressed in terms of the three 
quantities resistance, inductance, and capacity is' 

3=rR If . VL 
Interpretations of Logarithmic Decrement.-The decrement has 

been given in terms of (1) a ratio of current amplitudes, (2) a 
ratio of hnpeda.nce components, and (3) the reciprocal of the 
quantity called sharpness of resonance.' A fourth interesting 
interpretation is in terms of an energy ratio. It is readily shown 
that 3 .... ~ the ratio of the average energy dissipated per cycle 
to the average magnetic energy at the current maxima, as follows: 

RI~ 

rR R T. 
3= wL = 2fL - 2L12' 

where 1 is the efie~ive current as measured by an ammeter. 

Rt .... average energy dissipated per cycle, since RI2 = a'/erage 

energy dissipated per second. 
U'=average (L1..,2) (where I..,' = average current square during 

the k 'th cycle), since 12 = average 1..,:1, 

- average ( LI7), (where I mu: = maximum current during the k'th 

cycle), since 1..,' = }Um..-s.2 , just as in the case of undamped currents. 

But (L 1m;:.:) is the magnetic energy at the current maximum 

during the k'th cycle. Therefore LIZ = average magnetic energy 
at the current maxima. Hence the decrement is one-half the ratio 
of the average energy dissipated per cycle to the average magnetic 
energy at ~he current maxima. This is true when the energy is 
lost from the circuit by radiation as well as when lost by heating. 

f ReactaDce is OI'diuarily calculated from the simple apressioD for "', which is Dot rieorously true whea 
the decremmtis very Iarjle. 

• This ex_ion for the decrement does Dot hold when the decrement is mremely larjle. 



Circular of the Bureau of Standards . , 

Number of Oscillations in a Wave Train.-There are theoret
ically an infinite number of oscillations in a wave train. In prac
tice, however, the wave train may be considered ended when the 
oscillations are reduced to a negligible amplitude. The fraction 
of the initial amplitude that is considered negligible depends on 
the use to which the osci11atpry current is put. For a given ratio of 

initial amplitude to final amplitude, ~:, the number of complete 

oscillations n is given by 

I 10 
og. T.. 

n= a 
and the number of maxima or of semioscillations 

10 
2 log. 1; 

a 
T1:!e oscillations after the amplitude is reduced to 0.01 of its initial 

value can usually be· considered negligible. For 1 0 = 100, the 
I D. , 

number of oscillations=4.6., For example, the number of osciI-
'. ~ , 

lations in which a current having a =0.2 falls off to 1 per cent of 
its initial value is equalto 23. ' ' 

26. PRINCIPLES OJ' DECREJlENT JlEASUREJlENT 

A number of so-called methods of measuring decrement are in 
reality measurements of resistance. From the resistance the 

logarithmic decrement of a circuit is calculated by a = 7r~f or 

one of the related formulas. Any method for measuring the re
sistance of a circuit thus enables one to calculate the decrement. 
The value so obtained is the decrement of the current that would 
flow in the cU-cuit if free oscillations were suddenly started, but 
not in general the decrement of the current' used in making the 
measurement. The methods available for such resistance meas
urements.are summarized below in sections 47 to 50. Only those 
methods in which damped oscillations are used can ~ considered 
actual measurements of decrement. 

There are two classes of genuine decrement measurement, one 
in which free oscillations are used and one in which a damped 

. electromotive force is impressed on the circuit so that both free 
and forced oscillations contribute to the current. Free oscilla-
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tions are obtained in the case of pure impulse excitation. It is 
very difficult in practice to -obtain such excitation. Assuming, 
however, that free oscillations are produced by the sudden dis
c~arge of the condenser at a constant potential difference N times 
per second; the effective current is given by equation (60), 

Since 

I -

This may be written, ['8 ... constant. Let I be the current for a 
certain resistance in the circuit, and 11 be the current when a 
resistance R1 is added so as to increase the decrement by an 
amount 31, 

(61) 

Bje1'knes Metho..ds.-A method of measuring the high-frequency 
resistance of a circuit using undamped currents has been described 
on page 38 above and '?thers are described in sections 49 and So 

R 

8 c 

FlO. 6g.-1rulll&""I, CDtIpW circa." /OF 
~IfMfI' frNGItff'IfMfIU 

below. These methods have' been extended to the measurement 
of resistance and decrement by the use of damped weves. When 
a damped emf is impressed on the circuit both free and forced 
oscillations exist, and the measurement is an actual measurement 

, -of decrement. For a circuit II (Fig. 69) very loosely coupled to 
a circuit I in which oscillations are generated, Bjerknes • showed 
that when the two circuits are in resonance, 

, NE2 12_ 0 

I 6Vc/0I.(0I.' + 01.) 

• See reference No. 42. AppmdIz •• 
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where Eo is the maximum value of the impressed electromotive 
force, N the number of trains of waves per second, a' the damping 
factor of the emf due to circuit I impressed on circuit II, and 
a the damping factor of the second circuit. The circuit I may be 
a great distance from II, and may even bea distant radiating 
antenna. The equation holds only when a.' and a are small in 
comparison with CI), or when the decrements i' and i are small 
compared with 2'11". 

_ In the resistance variation method of· determining decrement, 
the resistance of the second circuit is increased by an amount R 1 

changingi a to a + a 1 and the original current I to some other 
value 11. We then have 

1"_ NEo" 
1 I 6Va' (a + aJ (a' + a + aJ 

a' i' 
Since -; -a' it follows that 

I" (i+il)(~' +~+~1) 
11"- i(i'+i) 

(62) 

This can be solved either for i' if i is known or for I if i' is known; 
I' being the decrement of the wave emitted by circuit I and im
pressed on circuit II, i being the decrement of circuit II, and 11 
the amount by which a is increased by adding resistance. The 
solution for i' is 

This may be simplified by choosing the resistance inserted such 
that il =~; then ' 

Another convenient simplified procedure is to vary the inserted 
~ce until the square of the current is reduced to one-half its 

- P I" 
previous value, then ~J 1 -I, and 

(65) 
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When a is the unknown, the direct solution for a in terms of a' 
is complicated; equation (62) is in fact more convenient in this 
case than an explicit Solution. A useful form of the solution for 8 
in certain cases is 

(66) 

. a
l 

wnere K ~ I + a' + a 

This is discussed on page 184 below. I t should not be forgotten 
that these formulas apply only when the coupling is very loose 
and both decrements are small. 

The reactance. variation ineth~ of measuring decrement is 
similar in procedure to the resistance variation method, two 
observations of current being taken with different reactances. 
The method is descnbed on pages 186 to 199 below, formulas (96) 
to (100) showing the method of calculation. The measurement 
of the decrement of a wave is treated in sections 54 and 55. 
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PART D.-INSTRUMENTS AND METHODS OF 
mGH-FREQUENCY MEASUREMENT 

27. GENERAL PRINCIPLES 

There is considerable difficulty in attainfug high accuracy in 
measurements at radio frequencies. Much of this is due to the 
fact that the quantities to be measured or upon which the meas
urement depends are generally small and sometimes not definitely 
localized in the circuits. Thus the inductances and capacities 
used in the measuring circuits are so small that the effect upon 
these quantities of lead wires, indicating instruments, surround-" 
ings, etc., must be carefully considered. The capacity of the in
"ductance coil and sometimes even the inductance within the con
denser are of importance. In oIder to minimize these various 
effects it is generally best to use measuring circuits and methods 
which are the least complicated. On this account simple circuits 
and Substitution methods in which the determination depends 
upon deflections are usually used in preference to more com-
plicated methods. " 

In addition to the uncertainty or the distributed character of 
some of the quantities to be measured, there are other limitations 
upon the accuracy of radio measurements. The usual ones are 
the variation with frequency of current distribution, inductance, 
resistance, etc., and the difficulty of supplying high-frequency 
current of sufficient constancy. The latter limitation is entirely 
overcome by the use of the electron tube as a source of current 
but is troublesome when a buzzer, spark, or arc is used. As to 
the other difficulty, the variations of inductance, etc., with fre
quency, while these variations have a profound effect, they are 
generally subject to control. They must be reckoned with in the 
design of high-frequency ammeters and other instruments, but 
the quantities have definite values at a partiCUlar frequency under 
definite conditions, and their effect can usually be determined by 
calculation or measurement. 

It is not always possible to determine the effects of the capacities 
of accessory apparatus and surroundings, nor to eliminate them, 

g6 
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and thus they remam the principal limitation upon the acCuracy 
of measurements. These stray capacities include the capacities 
of leads, instrument cases, table tops, walls, and the observer. 
They may not only be indeterminate but may vary in an irregular 
manner. Means of dealing with them are discussed in section 3 I 
below. 

Relative Imporlance of Measurements.-On account of the 
req uirement of simplicity in radio measurements, the methods 
available are quite different, and ·are fewer in number, thalt in the 
case of low-frequency or direct-current measurements. The wave 
meter and the ammeter are the principal measuring instruments 
used, and with these two most of the important radio measure
ments can be made. The principal additional pieces of apparatus 
are condensers and coils. These are the essential constituents of 
radio circuits. It may be recalled that the principal difference 
between the phenomena of high and low frequency is the impor
tance of inductance and capacity at high frequency as compared 
with the predominanCe of resistance in low-frequency phenomena. 
Thus the resistance of circuits is the chief factor determining cur
rent flow in th~ case of dir~ct current, and this is largely true in 

. low-frequency alternating current; in .high-frequency circuits, on 
. the contrary, resistance is of minor importance, and the flow of 
current is mainly determined by reactance, a quantity dependent 
upon inductance and capacity. The significance of the rOle 
played by reactance is shown by sections 13-1& above, in which 
many problems of radio circuits are worked out by the use of 
reactance without any consideration of resistance. 

The increase of· resistance with frequency renders all the more 
st:rikiDg the general fact that resistance is of less importance in 
determining the distribution of high-frequency currents than 
capacity and inductance. While resistance is not of primary 
importance in radio circuits, nevertheless it must in many cases 
be known accurately, and on account of the change with fre
quency must be measured at the particular frequency for which its 
value is needed. 

WAVE METERS 

28.TBE FUNDAMENTAL RADIO INSTRUJlENT 

The most generally useful measuring instrument at radio 
frequencies is the wave meter. It measures primarily frequency, 
which is customarily expressed in terms of wave length. It may 
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also be used, however, to compare inductances and capacities, to 
measure resistance and decrement, to determine resonance curves, 
and, in fact, to make most of the measurements required. for radio 
work. When equipped with -a buzzer or other source of power, a 
wave meter may also be used as a generator of currents of known 
frequency. Wave meters may in general be divided into two 
classes, standard and commercial. The former type is so designed 
as to permit its calibration to be derived from a knowledge of the 
value of its constituent elements; the latter is designed for com
pactness and convenience, and is ordinarily calibrated by com
parison with a standard. 

In its usual form a wave meter is essentially a simple radio 
circuit, consisting of an inductance coil and condenser in series, 
with an ammeter or other device to indicate either the current 
flowing in the circuit or the voltage across the whole or a part of 
the capacity or inductance. Either the inductance or capacity is 
made variable and sometimes both. Usually the condenser is 
variable, and a number of inductance coils of different values are 
provided. Each coil ~ connection with the condep.ser gives a 
definite range of wave lengths, and the different coils are so chosen 
that theSe separate ranges overlap so as to cover the complete . 
range of wave lengths desired. 

To measure the wave length of the oscillations given out by a 
source the wave meter is loosely coupled to it and the variable 
condenser adjusted to that setting which gives the maximum 
current in the indicating device. In this condition of resonance 
the frequency is given by equation (24), page 32, and the wave 
length is related to the, inductance and capacity in the circuit 
according to the expression 

in which k is a constant, values of which are given on page 3 I 2 for 
L and C in various units. In a standard wave meter the values L 
and C are known I:Ind the wave length may be computed. In the 
commercial type the values of the wave length are determined for 
each coil and each condenser setting by comparison with a standard 
wave meter, and may be read off from curves or from the scale of 
the variable condenser. This scale may be graduated in degrees, 
,arbitrary divisions, wave length, or even in terms of frequency or 
of capacity. Sometimes several scales are put on one instrument. 
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29. CALIBRATION OF A STANDARD WAVE METBR 

The most direct method for the wave length calibrauon of a 
standard or commercial wave meter is a comparison with a high
frequency alternator. From the speed of the ;machine and the 
number of poles or other structural data the frequency of alterna
tion can be computed directly. The range of such alternators is. 
however, limited; the usual construction does not furnish a wave 
length shorter than 3000 meters. -

Low-Frequency Measurements as Basi.s.-Another method of pro
cedure consists in measuring ~parate1y the inductance and capac
ity of the standard wave meter and computing the wave length 

" from these quantities when combined. The capacity is measured 
at low frequencies and assumed to be the same at high frequencies. 
This assumption is justifiable if the condenser" is one that is free 
from dielectric absorption and bas an insulation resistance so high 
as not to affect the low-frequency capacity. A convenient means 
of measuring capacity with low-frequency interrupted direct cur
rent is the Maxwell bridge. This method 10 permits the determina
tion of capacity in terms of resistance and the" frequency of the 
commutator, tuning fork, or other device which charges and dis-

"charges the condenSer. Capacities can be determined" by this 
method to an accuracy of . I :micrOInicrofarad, which is sufficient 
for radio measurements. 

The capacity of an unshielded condenser will depend upon its 
position in the circuit and its proximity to the body of the observer, 
walls of the room, etc. The condenser should therefore have one 
set of its plates connected to a metal shield, and the shield con
nected to ground, both when it is being calibrated at low fre
quency and when it is being used in the wave-meter circuit. The 
ground connection to a radio circuit should be a thick conductor, 
run by as short a path as possible to ground. 

The inductance coils, if wound with properly stranded wire so 
that there is littie skin effect and if free from other metal so that 
there is no eddy-~ent effect, may have their inductances com
puted or measured at low frequency and the values used at high 
frequencies; provided, however, that condensers of such large 
capacity valueS are used with the coils that the capacities of the., 
coils themselves are negligible. In certain coils of small radius and 
wound with heavy stranded conductor with inferior insulation 

It See B. S. Sci. J?apers No. 10, Appeadiz •• 
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between strands it was found that at radio frequencies the in
ductance was reduced by more than 1 per cent. 

Use of C.alculable Inductance Standard.-A· good method of 
determining the high-frequency inductances of the standard coils 
is-to compare at high frequencies the smallest coil of the wave
meter with an inductance of simple form such as a large single
tum square or rectangle, the value of which can 'be computed. 
(Use formulas in sec. 68.) The larger coils are then compared 
with the small coil as outlined below. If the square is made of 
round wire the inductance may be calculated very accurately by 
(137). The following corrections must be considered. (See 
Fig. 70.) 

First, the condenser calibration takes account of the capacity 
only from the terminals A, B, the binding posts of the condenser. 

E 

A 

L 

8 

D 
FIG. 70.-Circuit cofUisting of a·calcala

b'- inductaflCll standard and a snieltled 
standard condensn 

In addition to this there is the 
capacity between the leads to. the 
square and between the leads, 
square, etc., and the shield or case 
ot the condenser. This correc
tion may be determined experi
mentally by two methods. In 
one the square is cut, say at the 
points D and E, and some other 
coil connected to the terminals 
A, B, and coupled to a source of 
oscillations. Keeping the wave 

length of the source constant the setting of the condenser C for 
resonance is obtained with the terminals of the square connected 
to the condenser terminals and then with them disconnected. 
The capacity of the condenser for resonance in the latter case will 
be· greater than in the former by an amount very close to the 
required correction. 

Capacity Correction Determined bJ' Pliotron Harmonics.-In the 
other method the harmonics emitted by such a source as the plio
tron generator are used. In the current furnished by such a gene
rator all of the harmonics are present. The circuit is first tuned 
to the fundamental by means of the condenser C and then to the . 
harmonic, say of double frequency. Since the inductance is kept 
constant and the frequency varies inversely as the square root of 
the capacity, the total capacity requiree to tune for the har
monic will be one-quarter of that for the fundamental. The 
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method depends on the assumption that the, frequencies of the 
harmonics are exact integral multiples of the fundamental fre
quency. Letting C, and' C" represent the capacities of the con
denser for the fundamental and harmonic, and c the extraneous 
capacity, we have 

therefore 
CI -4C" c ... --=----:.--= 

3 

Determination of Inductance Corrections.-The second correc
tion which must be considered involves the inductance of the leads 
connecting the square and the condenser, the inductance of the 
leads within the condenser, and the inductance of the indicating 
instrument. The first of these inductances can be calculated 
with sufficient accuracy, making use of the formulas for straight 
wires and two parallel wires given on page 245. The inductance -
of the leads within the condenser is very small in a well-designed 
condenser. It can be determined by comparing two squares of 
difierent inducta.lices, one of which .should be small. If Ll and 
L, are the inductances of the squares and leads, 1 is the inductance 

. of the condenser andC 1 and C, are the values of capacity at which 
resonance is obtained with the two squares at a given wave 
length, then 

and. 
1 = Ll C1.:::,L, C" 

C,-C1 

If the indicating instrument is inserted directly in the circuit, its 
inductance, if appreciable, must be added to that of the square. 
A sensitive hot-wire ammeter may have 0.5 microhenry induc
tance, which may be a large fraction of the inductance of the 
circuit. The value can be readily determined by inserting the 
ammeter in a circuit previously tuned to resonance by means of 
another indicating instrument. and noting the change in the con
denser setting required to retune the circuit. Ii. crossed-wire 
thermoelement, if made with very short heating wires and leads, 
has a v~ small inductance and may usually be inserted directly 
in the circuit without appreciable error. Instead of inserting 
the indicating instrument directly in the circuit, it is possible to 
connect one or more turns of wire to the instrument and couple 
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it with the circuit. H sufficient power is available. the cotlpling 
may be made so loose that the indicating instrument nas no 
appreciable effect upon the inductance of the circuit. 

Comparison of Ind'UCtance Standards.-The method of comparison 
of the standard square and a standard coil is shown in ~ig. 71. 
I is the source. II the circuit of the square and condenser. and III 
the standard coil and condenser. The source I is set at a given 
wave length ~d the condenser of II is tuned to resonance, and the 
condenser reading obtained. Then II is detuned and III is tuned. 
and the condenser read. Both the inductance and capadty are 
known for the circuit II, and since III is tuned to the same wave 
length the product of capacity and inductance for this circuit must 

J~ 
FIG. 71.-Circuits involved in the comparison 

of iMVCl4nu sl4nqq.rcZs 

be the same as that for II. Dividing this product by the observed 
, capacity for III gives the apparent 'inductance in III. This proc

ess is repeated over a wide range of wave lengths and the appar
ent inductance of the coil is found to increase as the wave length 
is reduced. It is shown above (po 64) that this is a result of the 
fact that the capacity of the coil has been included. together with 
its inductance; hence the term C C apparent" inductance is used. 
It is shown in section 19 that. instead of using the values of the 
apparent inductance for e3.ch wave length. it is possible to rep
reSent the coil very accurately by a fixed value for the inductance 
of the coil called the c, pure " inductance and a value for the coil 
capacity. When the coil is used with a condenser to form a 
wave-meter circuit. the capacity of the coil is added to that of 
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the condenser and the wave length computed from this total 
capacity and the pure inductance. In the absence of skin effect, 
etc., the pure inductance of the coil is identical with its low
frequency inductance. Having determined the pure inductance 
and capacity of the smallest coil of the standard wave meter, this 
coil may be used to determine the values of the other coils by 
the same comparison method. The small coil with a large con
denser is tuned to the wave length of the source, and a larger 
coil with smaller condenser is then tuned to the same wave length. 
The product Ll C1 for the small coil. which is known, is equal to, 
the product L, C, for the larger coil from which the apparent 
inductance of the larger coil 

T _Ll Ct. 
~ . C, 

The apparent inductance of all the larger coils may thus be deter
mined by stepping from coil to coil. 

coii Measurements by Pliotron, Harmonics.-50me errors will 
arise in these successive comparisons which makes it desirable to 
be able to compare directly the large coils with the small. By 
making use of the harmonics of a generator of the pliotron type 
it is possible to compare directly small and large coils without the 
requirement of very large condensers, and the capacity of each 
coil can be readily determined. In comparing the coils, a cir~ . 
cuit containing the large coil is tuned to the fundamental. The 
circuit with the small coil is then tuned to the harmonic of fre
quency two, three, or more times the fundamental. The wave 
length in the latter case will be one-half, one-third, etc., of that 

. in the former; the product of L and C will be one-fourth, one
ninth, etc. Thus, if C, is the known capacity, L, the unknown 
inductance for the large coil, and Ll and Clare the known values 
for the small coil and the harmonic of threefold frequency is 
used, we have 

-
1., is the apparent inductance. The capacity of the coil is then 
obtained in a manner similar to that given above as one of the 
methods of getting the capacity of leads, etc., of the square. The 
coil plus condenser is tuned to the fundamental and then to the 
harmonic of double frequency. The condenser capacity will be 
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roughly one-quarter in the latter case and should be quite small. 

As 'above, we ~btain for the coil capacity c "'"' C t - 4C
.,t. It is 

3 
advisable to repeat the meaSurement at several differing funda-
mental frequencies and average the values of c obtained. The 
pure inductance Lp is then determined, making use of known 
values of L3C"Las determined above, for 

Lp(C., +c) =L.,C., 

Lp=L.,C~~c· 
The mean based on several values should be obtained. 

In the above comparisons the leads of the coils have been con
sidered as a part of the coil, contributing both to the inductance 
and capacity of the whole. These leads should be fixed and 
definite and should be of sufficient length and otherwise designed 

,so that the coil constants will not be appreciably altered on 
account of eddy currents iD. the cpndenser case or capacity to it, 
when the'coil is connected to the condenser to form a wave meter. 

30. STANDARDIZATION OF A CO!OlERCIAL WAVE :METER 

A' commercial wave meter is generally equipped with one or 
more indicating devices, of which the hot-wire ammeter and 
crystal . detector with phones are especially important. In 
addition, it is customary to' provide a buzzer circuit, so that 
oscillations of known wave length may be generated by the 
wave ~eter. The indications of the wave meter will be some
what different, depending upon the way it is operated-that is, 
whether one or the other of the indicating devices is used or 
whether it is used as a source of oscillations. Hence. in each of 
these cases it will usually be necessarY to have a separate cali
bration. Calibration of wave meter used as a source is treated on 
page 108 below. 

Waw,Meter with Ammeter.-Wben the hot-wire ammeter is in 
use, it is either inserted in the circuit directly, when, on account 
of its high resistance, it is generally shunted by a small inductance, 
or it may be tapped across a number of turns of the inductance 
coil. The calibration is effected by comparing the wave meter 
with the standard wave meter in a manner similar to that outlined 
above for intercomparing the standard wave-meter circuits. The 
condenser of the commercial instrument is set at a given reading 
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and the wave length of the source adjusted until the ammeter of 
the wave meter indicates maximum current. The wave meter is 
then detuned, and without changing the source the standard 
wa~e meter is adjusted until resonance is obtained. The wave 
length as indicated by 'the standard corresponds to the chosen 
setting of the commercial wave meter, and, repeating the obser· 

, vations for other settings, a curve may be obtained giving the 
wave length as a function of the setting. Or if it is desired to 
engrave the scale of the commercial instrument so as to read 

, wave lengths directly, the standard circuit may be set at a chosen 
integral wave length, the source adjusted to this wave length, and 
the corresponding setting of the commercial instrument found and 

, I 

... ". ... &y ... .,.,....7' 
_Yeti. 

5 6 

00 
!!'LATtvt AUDIBILITY. a __ ~ __________ .8:r 

.1.. ___________ ____ SIS 
A _____ • ___________ .!l$ 
:l ........... __ .. _ .. :lO e ...... _._ ... _ .. _JJi 
~ •••••••••• _ ••••• __ lO 

FIG. 72.-Vario'US waVtI-1'I'UlteT circuits, 'USing dtt,iector and phoms 

marked. In these comparisons a source of either damped or 
'undamped oscillations may be used. The latter, however, per
mits a higher precision in the measurement on account of the 
sharper tuning. The ammeter of the commercial wave meter can 
only be uSed when it is possible to draw a considerable amount of 
power from the sourCe. It is practically indispensable when the 
wave meter is to be used for measurements of resistance or loga
rithmic decrement. 

Use of Crystal Detector.-When the source supplies only a small 
amount of power, it is necessary to use a sensitive indicator, such 
as a crystal detector and phones. When such a detecting circuit 
is connected or coupled to the wave-meter circuit, the wave 
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length calibration and the resistance of the wave meter will be 
changed somewhat, depending upon the type of detecting circuit. 
The changes will also depend to some extent upon the adjust-

u ~ _ • _ ~ - - .~ 

FIG. 73.-I_tJl' 0/ Walle "ragth/or diffnent. ~ndensn sittings dtU to 
thl addition 0/ rlIlector circuit 

mentof the crystal contact, so that it is important in the design 
of a, wave meter to choose a detecting circuit which will least 

0.0 cllu;urrs NO' ... •• Z·. 
_ ..... & ... ,"_v, ."lc,.., 

FIG. 74.-Incr,(U, in decrement 0/ the 'IIHJ1Je-metu circuit dtU to the 
detector circuit 

affect the wave-meter constants. The wave meter should then 
be calibrated with the- detecting circuit connected as for use. 

, Cireuit 0 in Fig. 72 represents the wave meter without detector, 
. -
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while the circuits numbered 1-6 show the detecting circuits 
frequently used. 

Typical examples of the effects of these circuits are shown in 
Figs. 73 and 74. Fig. 73 illustrates the increased wave length 
for dUferent condenser settings caused by the addition of the 
detector circuit. The increase is extremely small in the case of 
circuits 4 and 6-i. e., when the detecting circuit is connected to 
the wave-meter circuit at one ~t or when it is loosely coupled 

Flo. 7S.-A"~t of circKits fM com/JM
i1l9 'lIIGW ",.In" by im/JQd exciudio1l 

I 

to the wave-meter' circuit. In Fig. 74 the effect of the detector 
circuit in increasing the decrement (or ~ce), and hence in 
impairing the sharpness of tuning of tb,e wave meter is shown, 
and here again the circuits 4 and 6 appear to produce the least 
effect: As shown by the relative audibility values fu . J;i'ig. 72, 
these circuits are not as sensitive as those' which withdraw more 
power from the main circuit. 

o 
Fla. 76.-AmlwgeffNflt of cim.its for "In

",i'"119 ru01lGfIU by· ""I' li1l9 to 411 a/Jerf
odic deUctor circKit 

Use Qf Buzzer.-In order that an audible note may be heard in 
the phone, the calibration must be carried out using either damped 
oscillations with a wave-tram frequency that is audible or un
damped osci11atioAS that are interrupted or "chopped" at an 
audible frequency. A simple and accurate JDethod of comparison 
is that shown in Fig. 75. Here circuit 1 is the buzzer circuit 
described on page 227, which excites the standard wave-JDeter cir-
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cuit II by impact excitation. The commercial wave meter III is 
loosely coupled to the standard, and resonance is indicated by the 
setting for xnaximum response in the phones. Sharpness in 
setting is facilitated by reducing the coupling between II and III 
until the phone responds only when III is very nearly in resonance 

. with II. The standard circuit has no detector or buzzer attached; 
hence, its calibration is unaffected if it is sufficiently loosely 

-coupled to I and III. The buzzer circuit is generally not strictly 
aperiodic and will show a very broad tuning at its natural fre
quency. It is necessary to use it at frequencies differing con
siderably from its natural frequency or errors will be introdu<.:ed. 

E"'f ~ 
·U 11 

.0 .. 111 

Flo. 77.-A.~t 01 circvit.r l.or com
~oring CI 'W~ fIN"" 'With CI stCJMard buzzer 
circuit. u.. rUOff4fIU /loint being indicated 
by tIN ClJnriodic detector circuit 

Another method makes use of a tuned buzzer source, and each 
circuit is separately tuned to the source in the same manner as 
described above for the comparison when ammeters are used. 
Resonance in the standard circuit is indicated by an aperiodic 
detector circuit loosely coupled to that circuit as indicated in 
Fig. 76. When the commercial wave meter is used as a source, 
the ,buzzer is usually connected as shown in Fig. 77, circuit I. 
The leads to the buzzer will add capacity to the circuit and the 
lengths of the waves emitted will be increased, in particular at low 
condenser settings. . The calibration is simply carried out by the . 
circuits of Fig. 77. ' Circuit II is the standard wave meter and III 
an aPeriodic detector circuit loosely coupled to the standard cir
CUit. The coil of circuit III may be so oriented as not to be 
directly affected by circuit I. Then either circuit II may be set 
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at integral wave lengths and the settings found at which these 
wave lengths are emitted by 1, or 1 is set and the wave length cor
responding to the 'setting is found by tuning II. 

CONDENSERS 

31. GBImRAL 
-

A condenser is an apparatus so designed that electrostatic 
capacity is its important property. It consists of a pair of-con
ductors with their surfaces relatively close together, separated by 
an insulating ~edium called the dielectric. When the two con
ducting plates are parallel, close together, and of large area, the 
capacity of a condenser is giv~ by 

. KS 
C .... 0.0885 X 10-1 -, .,. 

where C is in mictofarzds, S = area of one side of one conducting 
plate in em', .,. .. thickness of dielectric between the plates in 
centimeters, and K, the dielectric constant, = I for air and is be
tween i and 10 for most ordinary substances. FoI'lIlulas for 

/ . capacities of various combinations of conductors, antennas, etc., 
. are given on pages '237 to 242. These foI'lIlulas assume that the. 
charge is uniformly distributed over the surfaces of the conductors, 
no corrections beiug made for edges or end effects. It is seldom 
worth while, however, to apply a correction on this account, 
because th~ capacity to the condenser case or other conductors 
is ordinarily riot calculable, so that the actual capacity of a con
denser can be calculated only approxinuitely. The actual value 
is likely to be in excess of that calculated., 'When very accurate 
values are required they must be obtained by measurement. The 
usual methods for measuring capacities at radio frequencies are 
discussed on pages 129 to 131. I 

Series and Parallel Connection.-When two or more condensers 
are connected in series, the resultant capacity is given by 

I I I I 
C-C

1 
+C, +C. + ... 

The resultant capacity of a number of condensers connected in 
'series is always less than the smallest capacity in the series. The 
series connection is used when it is necessary to use a voltage 
higber than a single condenser would stand without breakdown. 

. , 
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When condensers are connected in parallel, their capacities 
are simply added, thus: 

C=C1 +C,+C.+ 

The laws of series and parallel combination of condensers are thus 
the inverse of the laws for resistances. In combining condensers, 
care must be exercised that there are no appreciable mutual 
capacities between the parts combined. 

Stray Capacities.-It is very difficult to concentrate the total 
capacity in a radio circuit at a particular point in the circuit. 
Every part of the apparatus has capacities to other parts, and 
these small stray capacities may have to be taken into account as 
well as ~e capacity of the condenser which is intentionaDy 
inserted in the circuit. The stray capacities are particularly 
objectionable because they vary when parts of the circuit or con
ductors near by are moved. Thus, they make it difficult to keep 
the capacity of the circuit constant. The disturbing effects may 
be minimized in practice, as follows: (I) Keeping the condenser 
a considerable distance away from conducting or dielectric masses; 
(2) shielding the condenser, i. e., surrounding the whole condenser 
by a metal.covering connected to one plate; (3) using a condenser 
of sufficiently large' capacity so that the stray capacities are' 
negligible in comparison. The first of these methods reduces only" 
the stray capacities of the condenser itself to other parts of the 

- circuit. This is also true of the second method, which is none the 
less a desirable precaution. One of the chief causes of variation 
in the stray capacities is the presence of the hand or body of the 
operatoi:' near some point of the circuit. Shielding the condenser 
reduces the capacity variation from this cause. The third method 
is, in general, the best for reducing or eliminating these errors. On 
account of the stray capacities of its various parts, the whGle circuit 
is in effect a part of the condenser, and their effect is best rendered 
negligible by making the condenser capacity relatively great. 

Imperfection of Condensers.-In an ideal condenser, the con
ductors or plates would have zero resistance al?-d the dielectric 
infinite resistivity in all its parts.. In case an alternating emf is 
applied to such a condenser, current will :flow into the condenser 
as the voltage is increasing and :flow out as the voltage js decreasing. 
At the moment when the emf is a maximum. no current will be 
:flowing, and when the emf is zero the current will be a maxi
mum. Hence, in a perfect condenser the current and voltage are 
900 out of phase. In actual condensers the conditions as to 
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resistance in the plates and dielectric are not fu1fi11ed, and in con
sequence an alternating current flowing in a condenser is not 
exactly 900 out of phase with the impressed. voltage. The differ
ence between 900 and the actual phase angle is called the "phase 
difference." In an ideal condenser there would be no consumption 
of power; the existence of a phase difference means a power loss, 
which appears as a production of heat in the condenser. The 
amount of the power loss is given, as for any part of a circuit, 
by P=EI Cos 8, where 0 is the phase angle'between current and 
voltage and,cos 8 is the power factor. This is equivalent to 

P=EI sin !/I, 

where !/I is the phase difference and sin !/I is the power factor of the 
condenser. In aU except extremely poor condensers, !/I is smaJI, 
sin !/I = !/I, and thus the phase difference and power factor are 
synonymous. The power loss is given by 

P =,.,c E,2 sin !/I (68) 

This shows that, for constant voltage, the power loss is propor
tional to the frequency, to the capacity, and to the power factor. 

, Information on the power factors of condensers is given in 
section (34) below. , 

Change of Capacity with Frequency.-Another effect of the im
perfection of dielectrics is a change of capacity with frequency. 
The qUantity of electricity which flows into a condenser during 
any finite charging period is greater than would flow in during an 
infinitely short charging period. In consequence the measured 
or apparent capacity with alternating current of any :finite fre
quency is greater than the capacity on infinite frequency. The 
latter is called ,the geometric capacity (being the capacity that 
would be calculated from the geometric dimensions of the con
denser on the assumption of perfect dielectric). The capacity of a 
condenser decreases as the frequency is increased, approaching 
the geometric capacity at extremely high frequencies. For this 
reason, when dielectric constants are measured at high frequencies 
of charge and discharge, smaller values are obtained than with 
low frequencies. 

When the phase difference of the condenser is due to ordinary 
leakage or conduction through the dielectric or along its surface, 
the apparent capacity at any frequency is readily shown to be 

C=Co (I +tJr) =Co (I + R2:;1~,>') 
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where C~ is the geometric capacity in microfarads, '" the phase 
difference, and R the leakage resistance in ohms. It is evident 
that the apparent capacity decreases very rapidly as frequency 
increases. For example, . suppose a condenser whose geometric 
capacity is 0.001 microfarad to have a leakage resistance of 10 

megohms, the dielectric being otherwise perfect. Its capacity at 
60 cycles will be 0.001070 microfarad, at 300 cycles will be 0.001003 

microfarad, and at all ~adio frequencies will be -equal to the 
geometric capacity. . 

When the phase difference of a condenser is due to dielectric 
absorption (a phenomenon discusse9. below, p. 124), the capacity 
decreases as the frequency increases, as before, approaching the 
geometric capacity at infinite frequency, but the amount of the 
change can not be predicted from a knowledge of the phase dif
ference. The change with frequency is large in condensers that 
have large phase difference. . In certain cases the change of capac
ity with frequency has be~ found to be roughly proportional to 
the reciprocal of the square root of frequency. 

A series resistance in the plates or leads of a 'Condenser causes a 
phase difference but does not g!ve rise to a change of capacity with 
frequency. 

When the leads ~de the case of a condenser are long enough 
to have appreciable inductance the capacity measured at the 
terminals appears to be greater than it actually is. The magnitude 
of the effect is given by 

C .. =C [I + ",2CL(IO) -12] 

where C .. is the apparent or measured capacity, and in the paren
thesis C is in microfarads and L in microhenries. Thus, the 
inductance of the interior leads makes the apparent capacity of a 

, condenser increase as frequency increases, while the imperfection 
of the dielectric makes the capacity decrease with increase of 
frequency. 

32. AIR. CONDENSERS 

Electrical condensers are classified according to their dielectrics. 
The plates are relatively unimportant, their only requirement 
being low resistance. This requirement is met in the materials 
used for condenser plates, viz, aluminum, copper, brass. .When the 
plates are thin the material must not have too high a resistivity. 

, Various dielectrics are used; the one most frequently used in 
radio measurements is all'. 
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A condenser which is to be used as a standard of capacity in 
measurements at radio frequencies is itself standardized at low 
frequencies. and its construction must be such that either the capac
ity does not change with frequency or the change can be calcu
lated. The capacity of a condenser with a solid dielectric changes 
with the frequency in an indeterminate manner, and hence it is 
practically impossible to calculate the cap~ity at high frequencies 
from that measured at low, frequency. Air is very nearly a perfect 
dielectric, hence a condenser with only air as a dielectric should 
show no change in capacity with the frequency, and thus the 
capacity at radio frequencies should be the same as that for low 
frequency. It is on this account that air condensers are quite 
generally used as standards of capacity in radio measurements. 

Phase Difference of Air Condense1's.-Air condensers are valuable 
"in radio measurements for another reason. Their perfection, 

from a dielectric standpoint, involves freedom from power loss. 
-The phase difference of an ideal air condenser is zero; there is no 
'component of current in phase with the electromotive force, and 
thus the condenser acts as a pure capacity and introduces no 

- resjstan~ into the circuit. It is consequently advantageous to 
use them in circuits in which it is desirable to keep the resistance 
. very low. In resistance measurements at high frequencies it is 

- often necessary to assume that the resistance of the condenser in. ' 
"the circuit is negligible. This requires the use of a properly con
structedair condenser. 

Only the most careful design, however, can produce an air 
condenser which is close to perfection. In order to support the 
two conductors or sets of plates and insulate them from each 
other it is necessary to introduce some solid dielectric. There is 
necessarily some capacity through this dielectric, and since all 
solid insulators are imperfect dielectrics this introduces a phase 
difference. The magnitUde of the phase difference is determined 
by the quality of the solid dielectric and the relative capacities 
through this dielectric and through the air. The effect is magni
fied by the concentration of the lines of electric field intensity in 
solid dielectric due to its high dielectric constant. Some air con
densers tested by this Bureau, in which the pieces of dielectric 
used as insulators were large and poorly located, had phase differ
ences or po~er factors many times greater than those of commercial 
paper condensers. Although purporting to be air condensers they 
were actually poorer than ordinary solid-dielectric condensers 
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because the insulating pieces used to separate the plates were very 
poor dielectrics. In a variable air condenser the phase difference 
varies with the setting and is approximi:J.tely inversely proportional 
to the capacity at any setting. The equivalent resistance (defined 
on p. 125) is inversely proportional to the square of capacity at any 
setting. 

The questions of materials and construction of air condensers 
are further dealt with below in connection with design. It is 
seldom safe to assume that an air condenser has zero phase 
differeIl.ce. 

Antennas are subject to this same imperfection; An antenna 
is essentially a11 air condenser and is similarly subject to power 
loss from poor dielectrics 11 in its field., . 

Simple Variable Condenser.-In the :most generally used types 
of air condensers the capacity is continuously variable. Variable 
condet;lsers are extensively used, because ;most radio ;measure
;ments involve a variation of either inductance or capacity, and 
it is relatively difficult to secure sufficient variation of an induct
ance without variation of the resistance and capacity in the cir
cuit. The most familiar type of variable air condenser has two sets 
of semicircular plates (see Fig. 78,facingp. II8),onesetofwhichcan 
be revolved, bringing the plates in or out from between the plates 
of the fixed set. The position of the movable plates is· indicated 
by a pointer moving over a scale which is marked off in arbitrary 
divisions. These:may be degrees, 00 corresponding to the posi
tion of the plates when they are completely outside of the fixed 
set and the capacity is a minimum, and 1800 when the capacity 
is a maximum. It is preferable to divide the range into 100 

divisions rather than into degrees. The capacity of a condenser 
is proportional to the area of the plates. In a variable condenser 
of the. semicircular type the effective area of the plates is changed 
by rotating the movable plates and, neglecting the edge effects. 
it is changed in proportion to the angle of rotation. As a result 
the capacity is approximately proportional to the setting through
out a wide range, provided that the condenser is well constructed 
and the distance between the two sets of plates is not affected 
by rotation of the ;movable set. Fig .. 79 shows a typical capacity 
curve for such a condenser. Throughout the range in which the 
capacity curve is a straight line the capacity is given by the 
formula 

C=aiI+b 

11 See B. s. Sci. Papers No. o6p, Appeadiz •. 
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where a and b are constants and (J is-the setting in scale divisions. 
The coefficient a represents the change in capacity for one division 
and JIlay be computed by taking the difference of the capacities 
at, say, 20 and 80 and dividing by 60. The constant b represents 
the capacity which the condenser. would have at 0 if its linear 
character were maintained down to this setting. It may be 
positive, negative, or zero, depending upon the setting of the 
pointer relative to the movable plates. Its value is determined 
by SUbtracting the value of afJ :lt, say, 30 from the actual value 
of the capacity at that setting. When a condenser has a capacity 
curve that is closely linear, it may be found easier to compute 
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FIG. 79.-Typical capacity curve/or con-
denser with semicircular plates • 

the capacity for given settings by means of the formula rather 
than to read off the values from a curve. 

UnijO'fm Wa'Ve-Length Type.-50me condensers have been spe
cially designed to give a capacity curve different from the cus
tomary linear curve. Ina wave meter in which a semicircular 
plate condenser is used, for anyone coil the wave length varies 
as the square root of the capacity and hence as the square root 
of the settitlg of the condenser. If it is attempted to make the 
wave meter direct reading-i. e., to substitute a wave-length 
scale in place of the scale of setting in degrees-this wave-length 
scale will be nonuniform and either crowded together too closely 
at the low settings or too open at the high settings. In order 
to obtain a uniform scale of wave lengths, it is necessary to have 
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the capacity vary as the square of the displacement or rotation. 
Tissot 12 proposed a condenser which had two sets of square 
plates (Fig. 80) which moved relative to each other along their 
diagonals. The same result can be obtained in a rotary con
denser if one set of plates is given the proper shape. IS It is 

required that the capacity and, hence, the effect
_~. ive area between the plates shall vary as the 
~ square of the angle of rotation. Thus, 

FIG. So.-Form of 
cofUknser platu 
for 'Which the ca
pacity wries as the 
squar6 of the dis
placemmt 

C=A =a8' 

But in pol~ coordinates the area is equal to 

A-~fr2d8 

Differentiating these two values of A, 

dA I 
---r'=2a8 dO 2 ' 

r = .J4a8 

In the condenser as actually made the fixed plates may be 
semicircular and the moving. plates given the. required, shape to 

FIG. 8I.-Fof'm of rowry cofUknser fJlafa 
f Of' 'Which the capacity 'Varia as 1M .squar. 
of angular displacement 

make the effective area vary as the square of the angle of rotation. 
This effective area is the projection of the moving plates on the 
fixed. To provide clearance for the shaft of the moving-plate 
system a circular area of radius r 2 must be cut from the fixed 

ItSeerefermce l'fo. 81. Appendiz 2. .. See reference l'fo. 82. Appendiz 2. 
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plates, and, taking this into account, the equation of the boundary 
curve of the moving plates becomes 

1'''' ..J4oiJ +1',' 
In Fig. 81 the fonn oi the plates is shown and the effective area 

denoted by shading. 
Decre1neter Type.-· Another special shape of plates is utilized in 

the direct-rea&ng decremeter 14 developed at this Bureau. As 
shown in section, 55, logarithmic decrement may be measured by 
the per cent change in capacity required to reduce by a certain 
amount the indication of an instrument in the circuit at resonance. 
In order that equal angular rotations may correspond to the 
same decrement at any setting of the condenser, it is necessary 
that the per cent change in capacity for a given rotation shall be 

. the same at all parts of the scale. Thus we have the requirement 

~ .;.. adS; a - constant.,. per cent change of capacity per scale 

division. By integration, 
log C-oiJ+b where b'=a constant, or 

C = e<"'+6) - C oE" 

FIo. 82.-Fo""of rotarycondnuerpkJluifl 
'IIIhich the pn cent change of capacity u 
the la1fUl thrOtlghovt th, entire range of 
tlNcondnuu 

Co _,6 - capacity when 8 - O. 
Since the area must vary ~ the capacity 

A -~Ir2d8"'COE" 
dA 1" 
---=C.,aE" d8 2 

l' - ";r-'2"""C"".,ae--:::" 

14 s.. B. S. Sci. Papers No. 'J5. Appeadix .,.ad delcrlptioa of deer_tet OIl p. 199. 

(69) 
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This latter is then the polar equation of the bounding curve 
required to give a uniform decrement scale. 

The shape of the condenser, as actually made, is shown in Fig. 
82. A small semicircular area is omitted from the fixed plates, 
to provide Clearance for the metal washers which must hold the 
moving plates together. Taking account of this omitted -area, of 
radius 1'2' the equation of the boundary curve becomes 

l' = -J 2C oaff'" + 1'2
3 

The effective area is denoted by shading in Fig. 82. 
A wave-length scale placed on such a condenser is somewhat 

crowded at high settings-just the opposite of the effect with a 
semicircular plate condenser. It is much more nearly uniform 
than in the case of a semicircular-plate condenser, as might be 
expected from the similarity of shape of Figs. 81 and 82. 

Important Points in Design.-In -a standard condenser it is 
required that the capacity remain constant and be definite. The 
former condition requires rigidity of construction, which is diffi
cult to secure in a variable condenser. Tl;te pointer and movable 
plates must be securely fastened to the shaft so that no relative 
motion is possible. A simple set screw is not sufficient to hold 
the pointer in place. It is preferable to have no stops against 
which the pointer may- hit. Particular care must be exercised in 
insula&g the fixed and moving plates from each other. The sus
pension of heavy sets of plates from a material such -as hard 
rubber, which may warp, is objectionable. In some cases the 
high temperature coefficient of expansion of ~ulators may pro
duce relative motions of the two sets of plates, resulting in a high 
temperature coefficient of capacity. In order to make the capac
ity definite and also minimize power loss, it is desirable to sur
round the condenser with a metal case which is connected to 

- one set of plates and grounded when the condenser is calibrated 
and used. The inductance of the leads inside of the condenser 

. should be a minimum, for the apparent capacity of a condenser 
at high frequencies will increase with the frequency due to induc
tance in the leads in a similar manner to the variation of apparent 
inductance of a 'coil with distributed capacity. The connections 
from the binding posts to the plates should therefore be short and. 
thick; this minimizes both inductance and resistance. 
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FIG. 78.-CommeTcial types of variable air condensers 

FIG. 84.-Quartz-pillar standard condenser of 
. fiud Val1U 

FiG. 8s.-Type of variable con
unser su.itable for high voltagu. 
'With do·uble set of .semicircular 
muving platu 
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FIG. 86.-Leyden jar type 0/ high 'Voltage condenser 

FIG. 87.-Mica condenser$ suitable/or high 'Voltages 
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The resistance of leads and plates and contact resistances 
between the individual plates and separating washers should be 
kept as low as possible, in order to minimize the phase angle. 
For the same reason the dielectric used to support one set of 
plates and insulate the two sets from each other should be as 
nearly perfect as possible. The insulation resistance must be 
bigh, because otherwise it would introduce an error in the meas
ured"capacity at low frequencies (see p. I II). Power loss in the 

ELE.VATION 
SHOWI ... CAllI. _EN /IIIIINf 

FIo. 83.-Qvaru-pillar 'IHlriabt. condenser wed tu primary standard of capacity at 
high frequencies 

dielectric should be kept sma11 by using suitable insulating ma
terial, locating it where the electric field intensity is not great, and 
using pieceS of such size and shape that the capacity through it 
is small. Built-up mica, bakelite, formica. and siInilar materials 
have been found to have bad dielectric losses. Hard rubber and 
porcelain are better. For further information on dielectricsJ see 
section 34 below, on Power Factor. In special cases quartz may 
be used. as in the special condensers next described. 

, 
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Bureau of Standards Type.-In the customary design of variable 
air condensers, the movable plates are insulated from the fixed 
by rings of insulating material around the bearings at top and 
bottom. This introduces some difficulties in the design of the 
bearing; the capacity through the dielectric is likely to be large 
and the choice of insulating material is limited. 

In the condensers used as standards at this Bureau, instead of 
the moving plates being insulated from the case of the condenser, 
they are in electrical connection with the case and the bearings 
are metal. The fixed· plates are insulated from the moving plates 
and the case by pieces of quartz rod inserted in the uprights which 
support the fixed plates. The capacity through the insulator is 
small. The use of quartz is desirable on account of very high 
insulation and low temperature coefficient of expansion. The 
condensers of this type which have been tested have shown per~ 
manence, no measurable power loss, and a very low temperature 
coefficient of capacity. On account of the brittleness of the 
quartz and the heavy weight supported by it, these condensers 
are not very portable and must be dismounted in shipping. 
Views of the inside and the case of a condenser of this type having 
a maximum capacity of approximately 0.0035 microfarad is 
shown in Fig. 214, facing. page 318. Other cond~sers of this 
type constructed and used at this bureau have maximum capac
ities ranging from 0.00005 to 0.0035 microfarad. The minimum 

error capacity of these condensers is quite small for condensers of 
See p.2such massive construction, ranging from 15 to 100 microfarads. 

Data on the construction are given in Fig. 83. 
Fixed Condensers.-Air condensers .in which the two sets of 

plates are fixed relative to each other are valuable provided they 
are well constructed. A type designed at this bureau having 
two to three times the maximum capacity of the largest variable 

. condenser has two sets of square plates, one set of which is in
sulated by quartz (either natural or fused) supports in a manner 
similar to the variable condensers just described. Great care is 
necessary in the construction and maintenance of these con
densers. The plates must be free from intenial or constructional 
stresses; the air must be kept dry. Such a condenser is shown in 
Fig. 84. 

33. POWER CONDENSERS 

The condensers used in radio transmitting circuits carry large 
amounts of power and are called power condensers. They are 
operated at high voltages, and this requires special constru('Jon. 
The voltage required in transmitter use may be found as follows: 
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The power input is measured by the energy stored in the 
capacity at each charge multiplied by the number of charges or 
discharges per second. Thus P = 34,CEolN where N is the number 
of discharges per second, or the spark frequency. 

H E z 2P 
ence 0 -CN 

In a typical case N = 1.000, C=0.0I6 X 10-1 farad and P"'2000 

watts; then 
2(2000) 
( . 6) • = 1 6000 volts. 1000 0.01 10-

Air and Oil Condensers.-The foregoing indicates the order of 
the voltage requirement for power condensers. In the case of air 
condensers of ordinary construction this high voltage would neces
sitate very large spacing between the plates, and this, in turn, 
would necessitate a very big volume for a moderate capacity. 
If, however,the air condensers have a strong air-tight case, so 
that the air inside the case can be compressed up to 15 or 20 
atmospheres, the breakdown voltage becomes very high, even for 
a small distance between the plates.. Thus voltages as high as 
35 000 may be used with 3-¥1m spacing between the plates; At 
the same time the brush discharge losses. are reduced so as to be 
negligible. Such condensers have the advantage of low power 
loss, but the disadvantage of being quite bulky. A size com
monly used has a capacity of about 0.005 microfarad. Another 
way of utilizing the air condenser type for high voltages is to fill 
the condenser with oil. Vsing ordinary petroleum oils, this about 
doubles t1:te capacity. Condensers with oil as a dielectric are very 
well suited for power condensers. The breakdown voltage is very' 
high, dielectric and brush losses low, and on account of the high 
dielectric constant of some oils, it is easy to get a large capacity 
in a moderate volume. A variable condenser suitable for oil 
immersion is shown in Fig. 8S, facing page lIS. Only condensers 
with liquid or gas dielectrics can have continuously variable 

. capacity. This is a great advantage, and such a condenser as this 
is a most valuable supplement to the fixed condensers of soliri: 
dielectric used in a high;-voltage circuit, since it makes possible 
easy variation of the wave length. 

Glass Condensef's.~Condensers with glass for a dielectric, and 
especially the cylindrical Leyden jars with copper coatings, are 
very extensively used for power condensers. Special types have 
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been devised to increase breakdown voltage and reduce brush 
discharge. This is accomplished with the ordinary types by 
immersion in oil, which also improves the insulation. Glass con
densers are relatively cheap. They must, of course, be carefully 
handled. A stock size of Leyden jar has a capacity of 0.002 

microfarad. The power factor of glass condensers is rather large 
(see next section). When used in the primary circuit of a 
quenched gap transmitter, however, moderate power loss in the 
condensers is probably not important in reducing the efficiency of 
the set since the power losses in the rest of the circuit are high 
and the circuit is operative, if proper quenching is secured, for but 
a small fraction of the time. (See Fig. 86, facing p. 119.) 

Mica COndensers.-These are coming into use to a considerable 
extent in radio work, both as power condensers and as standards. 
They have the advantages of low power loss, small volume, and 
are not frag,ile. Stock sizes include 0.002 and 0.004 microfarad. 
(See Fig. 87, facing p. 119.) In order to withstand high voltages, 

, the mica sheets are comparatively thick and several sections are 
joined in series. When they are properly made and have very 
small phase difference, they may be used. as standard condensers; 
and very conveniently supplement the .air condensers ordinarily 

. used as standards, being obtainable in larger capacities. They are 
valuable as standards both on account of their permanence and the 
large capacity obtainable in a small volume, but must be standard
ized both in respect to capacity and power factor for the range of 
frequencies at which they are to be used. While the capacity and 
power factor may ~ considerably different at high frequencies from 
the values at low frequency, it is fortunate that throughout the range 
of radio frequencies both of these quantities are practically con-

. stant. An exception must be made in the case of the power 
factor if any considerable portion of the power loss is due to 
ohmic resistance in the leads or plates; for under these circum
stances, the powe.r factor will increase with increasing frequency, 
as pointed out below. In properly constructed condensers, how
ever, power loss from this source is negligible. 

34. POWER FACTOR 

The power loss in a condenser may be due either to imperfection 
of'the dielectric or to resistance in the metal plates or leads. The 
dielectric may cause a power loss either by current leakage, by 
brush discharge, or more commonly by the phenomenon described 
later under the head of II Dielectric absorption." 
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Leakage.-The leakage of electricity by ordinary conduction 
through the dielectric or along its surface contributes to the phase 
difference at low frequencies but is generally negligible at bigh 
frequencies. The effect of leakage on the power factor may. be 
seen as follows: A condenser having leakage may be represented by 
a pure capacity with a resistance in parallel. The current divides 
between the two branches, the current la through the resistance 
being in phase with the applied E, and the current 10 through the 
capacity leading E by 90°. The resultant 1 leads E by an angle 
which is less than 90° by the phase difference!/t. From Fig. 88, 

1 
tan !/t-Rc.C° 

The effect of R may be shown by an example. A condenser 
of 0.01 microfarad capacity with an ~sulation resistance as low 

R 

c 

1 

.. E. 

FIG. 88.-E'l"ivclmt circuit and 'Vector diagnms 
Jor cotulnurr ha'IJing ~ 

as 10 megohms has, at a frequency of 60 cycles per second, a 

power factor-( )1 I. ( )-1-0.027-2.7 per cent. This is a 
10 377 10 . 

'very appreciable quantity; 2.7 per cent of the current flows by 
conduction instead of by dielectric displacement. This effect, 
however, decreases as the frequency increases, for the dielectric 
current increases in proportion to the frequency while the leak
age current does not. For instance, at 10 000 cycles, the power 
factor-O.OOOI6. Thus at radio frequencies the power factor 
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due to conduction, through any but an extremely poor condenser 
is wholly negligible. 

Series Resistance.-A resistance within a condenser in series 
with the capacity affects the power factor very differently from 

'a resistance in parallel. The series resistance includes the resist
ance of plates, joints, or contacts, and the leads from binding 
posts to plates. The Er across the resistance is in phase with the 
current I, and the emf Eo across the capacity is 90° behind I in 
phase. The power factor-sin t/I, and since'" is usually small, it 
may be taken as = tan t/I, which from Fig. 89 is 'fwC. 

If r = I ohm and C =0.01 microfarad the power factor at 60 
cycles=3.8. (10)-0. This is utterly negligible. However, at a 
frequency of 1000000 cycles, the power factor =0.063 =6.3 per 
cent, which is so large as to be serious. Thus, it is important to 

minimize series resistance in condens
--.l~AAAAA~AA ers for radio work, while condenser 
,r-vvvvvvvvv-- leakage on the other hand has its chief 

.. E ....... -"" .. :..I ----I importance at low frequencies. 
In the foregoing example, 'f was taken 

as I ohm. In .actual condensers it is 
sometimes greater than this. A plate 
resistance of several ohms is common 
in the ordinary paper condenser. In 
most other condensers, a high series re
sistance indicates a defect. 

FtG. &j.-Equivalent circ;it and 
wew, diagram for condenser 
having dielectric losses or plate 
resistance On account of skin effect, the series 

resistance in a condenser iner eases to 
some extent with frequency. In consequence, the power factor 
increases in proportion' to a power of the frequency slightly greater 
than unity. The magnitude of this effect in typical condensers is 
not known. 

Dielectric AbsO'fption.-When a condenser is connected to a 
source of emf such as a battery, the instantaneous charge is fol
lowed by the flow of a small and steadily decreasing current into 
the' condenser. The additional charge seems to be absorbed by 
the dielectric. Similarly, the instantaneous discharge of a con'-' 
denser is followed by a continuously decreasing current. It 
follows that the maximum charge in a condenser cyclically charged 
and discharged varies with the frequency of charge. The phe
nomenon is similar to viscosity in a liquid, and is sometimes 
called" dielectric viscosity. ", , 
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Dielectric absorption is always accompanied' by a power loss, 
which appears as a production of heat in the condenser. The 
existence of a- power loss signifies that there is a component of 
emf in phase with the current. The effect of absorption is thus 
equivalent to that of a resistance either in series or in parallel 
with the condenser. It is found most convenient to represent 
absorption in terms of a series resistance, which is spoken of as 
the .. equivalent resistance" of the condenser. An absorbing 
condenser is, therefore, considered from the standpoint of Fig. 
89, and the power factor = rtJC. The equivalent resistance r 
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is constant for a given frequency but is different for different 
frequencies. 

The variation of the power factor and the equivalent resistance 
with frequency is a complicated matter, the laws of which are 
not accurately known. To a first approximation, however, the 
power factor of an absorbing condenser is constant. Since rtJC 
is approximately constant, r is in~ersely proportional to fre
quency (and therefore directly proportional to wave-length). 
This is well shown by the nearly straight line in Fig. 90; the 
486161~~ 
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crosses. show observed resistances for a glass condenser. For 
most condensers used in radio circuits, the power factor is con
stant over the range of radio frequencies and has nearly the same 
value at low frequencies. This fact, viz, that power factor or 
phase difference is approximately independent of frequency, is 
very convenient and easily remembered. 

The same law holds for antennas at frequencies less than those 
for which the radiation resistance is large; the equivalent resistance 
is inversely proportional to frequency. Otherwise expressed, the 
equivalent resistance. is proportional to wave length, for wave 
lengths greater than those at which radiation is appreciable. This 
is shown by Fig. 91, and is discussed on page 81. It is believed 
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to be due to the presence of imperfect dielectrics (such as build
ings, insulators, and trees) in the field of the antenna; thus an an
tenna is like an air condenser in respect to the effect of poor dielec
trics in its field, as well as in other ways. 

Values of power factor and equivalent resistan~e are given for 
typical radio condensers in Table 2. The power faCtor dOes not 
vary with the size of the condenser; it is a function of the dielectric 
and not of the particular condenser. The equivalent resistance, 
on the other hand, is inversely proportional to the capacity 6f the 
condenser, since power factor=rwC. The data in the table for 
Leyden jars in oil are really typical of the gJass dielectric, while the 
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relatively large power factor given for Leyden jars in air is due to 
brush discharge. The brush discharge is a function of voltage (see 
Brush Loss below), and is only appreciable at voltages- above 
10 000. For all.voltages below this, the power factor of a Leyden 
jar in air is about the same as the value given for a Leyden jar in 
oil, about 0.003. Approximately, 1 0 of phase difference equals 
I. 75 per cent of power factor. 

TABLE 2.-Power Factors of Radio Condensers II (at 14500 volts) 

cap.cltJ 
Equlftleat 
ruiataDc:e 
at 1000 m 

c-,r~afrb. .................... .••.•••.•.••••.•.•.•.. ••. 0.001 0.0051 0.14 
G .... (Leyden jar) ID oD. ... ..... . . . . . . . ••.•. .. .. . . . .. .•. .•.•. .003 .0060 .za 
Molded (Murdock), n_ •• , ..............•...... '. . . . . .•...•• .004 .0054 .41 
GJua plates III oD. • • • • • •• . • . . . . . . . . . . . . . . . • . . . . . . . . . . .. . . . . • . .005 .0042 .58 

GJua (MMCfckltype). ••• • •..•••• • ...• ..•.. .•.•.. . ••.•.• ••••. .006 .OOM .57 
GJua (Leyden jar) ID air..................................... .016 .0061 1.4 
Melded mlcaDlte. • ••... . .. . ..•. . . . .. . . . ..••.. .•••.•.. •• .•••.. .023 .0041 Z.II 
~........................................................ .024 • .0058 Z.Z 

aCaku1ated from determiDation5 by Austin, Bull. B. S., t, p. 77: 1\112. 

'The power fac:tol' ot.erved for the comprased-air condenser is attributable nOt to the air but to the 
IeIbtanc:e in its leads aDd plates, to eddy current loa in the metal ease, ... d to the insulatinc material 
ued to separate the two sets do plates. 

Except for the compressed-air condenser and the Leyden jar in 
air, the power factors. do not vary with voltage nor to a great 
extent with frequency. The power factors of solid dielectrics 
are principally due to dielectric absorption. If an appreciable 
portion of the power factor were due to a series resistance, such as 
a high plate resistance, it would be manifested by an increase of 
power factor· with increasing frequency. At frequencies higher 
than 300 000 (corresponding to a wave length of 1000 meters), 
this is to be expected in the case of paper condensers, which have 
long tin-foil plates; the power factor will increase, and the equiva
lent resistance can not decrease to a. value lower than the plate 
resistance. When the power factor is due purely to dielectric 
absorption the equivalent resistance decreases in proportion to an 
increase of frequency (or increases in proportion to an increase of 
wave length). 

The dependence of power loss, power factor, and equivalent 
resistance upon the frequency, in the case of absorbing condensers, 
condensers with leakage, etc., is summarized in the following table. 
P is the power loss, r the equivalent series resistance, '" the ph.ase 
difference (same as power factor), ~ the usual 2'1" times frequency, 
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and ~ wave length. Much of the infonnation in the table is con
tained in the equ~tions 

1/1 =rwC 

The table shows the powers of frequency and wave length· to 
which P, 1/1, and r are proportional. }....n arbitrary notation is 
used in the exponents of c.) and ~; the symbols > and < for 
.. greater than" and "less than" are used to indicate the mag
nitudes of the powers. 

TABLE 3.-Variation of Phase Difference, etc., with Frequency 

Kind of system I p. 

'" T 

Condenser with leakage __ •••• ",0 ).0 ",-1 ).1 ",-2 ).2 

Absorbing condenser at very 
10 ... frequencies •••••••••••• ",<1 ).>-1 ",<0 ).>0 ",<-1 ).>1 

Abeorbing condenser at radio 
~uencies •• _ ••• _ ••••••••• ",1 >.-1 ",0 ).0 ",-1 ).1 

Constant series resistance _ ••• ",2 ).-2 ",1 >.-1 ",0 >.0 

Skin effect in conductors. _ ••• ",>2 >.<-2 ",>1 >.<-1 ",>0 >.<0 

Brush Loss.-When a condenser is operated in Sir at high 
. voltage, more or less ionization occurs at the edges of the plates. 

When the edges 'h :~. ,iates are entirely exposed to the air, as 
in a Leyden.jar, this effect is large and a considerable power loss 
occurs at high voltages. At very high voltage the discharge is so 
great as to be evident in the form of a visible brush from the 
edges of the conducting plates, and is especially strong at comers 
and points. At ~uch voltages the power factor due to the brush 
discharge is large compared with that caused by absorption and 
other causes. . 

Austin 15 has found that the power factor and, hence, the 
equivalent resistance of a Leyden jar in air do not vary/with 
voltage up to' about 10000 volts; between 10000 and 22 000 

volts they increase approximately as the square of the voltage; 
and at voltages greater than 22000 increase faster than the square 
of the voltage. Since the power loss is proportional to the square 
of voltage and to the power factor, a constant power factor means 
power loss proportional to the square of the voltage. Thus, the 

.0 See B. S. Sci. Papers No. J!IO. Appeadix 2. 
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power loss in Leyden jars below fO 000 volts is proportional to the 
square of the voltage. Between 10000 and 22 000 volts, where 
brushing occurs and the power factor is proportional to the square 
of voltage, it follows that the power loss varies as the fourth power 
of the voltage. Above 22 000 volts the power loss increases faster 
than the fourth power of voltage. 

35. KEASUREKENT OF CAPACITY 

A capacity measurement at radio frequencies is usually a com
parison of the unknown. capacity with a standard variable 
condenser. The most precise measurements are made by means 
of a direct substitution. A primary standard for such work is a 

, condenser which has been calibrated at low frequency and is so 
designed as to have extremely low absorption and high insulation 
resistance, so that its capacity is the same at radio and at low 
frequencies. For ordinary measurements it is possible to use a 
condenser with moderate absorption and insulation resistance 
which has been compared at radio frequencies with a primary 
standard. A cond~ser with high absotption or low insulation 
resistance may show changes in capacity in the range of radio 
frequencies, will increase the resistance of the circuit into which 
it is introduced, and is -not suitable for a standard. The 

-- inductance of the leads within a standard condenser should be 
small in comparison; with that of the coil, or the apparent capacity 
will vary with the frequency. 

The unknown condenser may, be fixed or variable. It is 
inserted in series with an inductance coil in a circuit which is 
provided with a device to indicate resonance; that is, a wave
meter circuit. The source of oscillations is loosely coupled to this 
circuit and the frequency of the source adjusted until resonance 
is obtained. The unknown condenser is then removed and the 
variable standard substituted in -its place and the setting of the 
standard found for which resonance is again obtained. The ca
pacity of the standard at this setting is equal to that of the 
unknown. 

In order to attain a high accuracy in the comparison, certain 
precautions must be observed. The capacity of the rest of the 
circuit to each of the two condensers must be either very small 
or the same. On this account it is desirable that the leads -to the 
condenser be fairly long and fixed. Proximity of the metal 
shields, etc., of the condensers to the coil will reduce its inductance 
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on account of eddy currents, and since this effect may vary with 
the two condensers, it is desirable to eliminate it by the use of 
long leads. In order that the capacities should be definite, both 
condensers should be shielded, the shield connected to one con": 
denser terminal and connected to ground, the same lead from the 
inductance coil being connected to the earthed terminal in both 

- cases. 
When the unknown condenseris also a variable and is to be cali

bratetl at a number of points, it is convenient to use a throw-over 
switch to change from one condenser to the other. In this case 
it is necessary that the inductance and capacity of the two pairs 
of leads running from the switch to the condensers and mutual 
capacities to the rest of the circuit should be very nearly the same 
in the two positions. Any error from this cause may be checked 
by using the same condenser first on one set of leads and then on 
the other, and comparing the settings for resonance . 
. Calibration "/ La"ge Vaf'iable Condenser.-A large variable may 

be calibrated against a much smaller standard variable in the fol
lowing m~er. The large unknown is first set at a low setting 
and directly compared with the standard as outlined above. This 
gives the capacity of the large condenser at the low setting with a 
high accuracy .. Then the two condensers are connected in par
allel, the terminaIs of the two condensers which .are connected to 
the shields being connected together. The large condenser is set 
at the 'known point and the small condenser at its 'maximum ca
pacity and the source is adjusted to resonance. Then keeping the 
frequency of the source unchanged, the setting of the large con
denser is' increased by the desired steps) while the setting of the . 
standard is reduced to compensate. Fram the reduction incapacity 
of the standard, the increase in capacity of the large condenser 
from that at the known point can be computed. When the stand
ard can be no longer 'reduced, the large condenser is set at the 
highest determined value, the standard is again set at its maximum, 
and the wave length of the source increased until resonance is again 
obtained. The process of increasing the capacity of the unknown 
and decreasing that of the standard is then repeated. 

Effect of Internal Lead Inductance.-If the ·unknown condenser 
has internal leads which have appre<.1able inductarice, its apparent 
capacity will increase as the wave length is decreased. To deter
mine this inductance the condenser is measured at a very long wave 
length with a large coil where the effect of the leads will be negli
gible atld then with a small coil of inductance L. Calling the ca-
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pacity at long wave lengths C 1 and the apparent capacity at short 
wave lengths Ca and the inductance of the leads I we may write 

CaL-C1(Z+L) 
or 

This'method requires the use of a standard condenser with leads 
of negligible inductance. 

COILS 

36. CllARACTERISTICS OJ' lUDIO COILS 

To introduce a certain amount of inductance into a circuit, a coil 
of copper strip or specially stranded wire is ordinarily used. This 

(t::f ) 

(b) 
FIG. 92.-TYPicalforms of intlucta1lC8 coils, 

is usually mounted or wound on a form made of such insulating 
materials as wood or bakelite or other composition. The form is 
usually hollow, and in some cases the conductoris supported only by 
strips of insulator at intervals. The turns of wire or strip are usually 
circular,. but sometimes Qre polygonal. Iron is not used as a core 
in 'inductance coils for radio use, because such coils have high 
effective resistance, the power losses increasing with frequency. 
Three types of coil winding are widely used in radio work; the sin
gle layer, the flat spiral or pancake, and the mUltiple layer. Cross 
sections of these windings are shown in (a), (b), and (c) of Fig. 92. 
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The types (a) and (b) are universally used for coils of low or mod
erate inductance, the type (b) is especla11y convenient for portable 
instruments on account of its compactness. The multiple-layer 
coil is generally used where it is desired to obtain a large inductance 
in a compact form. 

The important electrical characteristics of a coil are its induc
tance, resistance, and capacity. In Part III are given formulas, 
with tables and examples, which cover the calculation of the in
ductance of practically all types of coils which are used in radio 
circuits. 

On account of the change of current distribution within a con
ductor, the self-inductance tends to decrease as the frequency in
creases. There is no appreciable change of mutual inductance 
with frequency. The change of self-inductance is very small, and 
can be calculated only in a few simple cases. The inductance of a 
coil decreases somewhat more than the inductance of the same 
length of wire laid out straight. The effect of distributed capac
ity, however, is to increase the inductance. At low frequencies 
the design of coil form is usually determined by the requirement 
of minimum resistance with a given inductance. This is treated 
on page 287. At radio frequencies, however, the capacity of coils 
is of very great importance and the choice of coil form is largely 
determined by the requirement of s~ coil capacity. 

37. CAPACITY 01' COlLS 

In section 19 it has been pointed out how the capacity of coils 
may lead to circuits which resonate to two wave lengths and how 
overhanging or dead ends of coils may, on account of the coil 
capacity, seriously affect the reactance and resistance of a circuit. 
In this section other cases will be treated which show how the 
capacity of coils may considerably increase the resistance of radio 
circuits. 

Effect of Capacity on Inductance and Resistance.-In the first 
case it is assumed that an emf (see Fig. 93(a» is introduced into a 
circuit by means of a coupling coil L' of few turns of negligible 
inductance and not by coupling with the main coil L. Under 
these conditions the capacity of the coil L will affect both its 
resistance and apparent inductance and is not merely added to 
that of the condenser as would be the case if the coupling coil 
were removed and the emf introduced into the circuit by induction 
in the coil L itself. Instead, the coil'L and its capacity form a 
parallel circuit as shown in Fig. 93~b). 
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If we write Z=.JR.J+w'L.J, whereR. and L. are the apparent 
resistance and inductance of the parallel circuit, it may be shown 
that 

R 
R. = w'CoJR' + (I - w'LCo)J 

L(I -c;LCo) -CoR' 
L. = w'Co'R' + (I -w'LCo)J 

The terms w'Co'RJ and CoR" are very small and negligible, except
ing when very close to the frequency for which (I -w'LCo) equals 
zero~ This is the frequency with which the coil L would oscillate 
by itself-that is, closed only by its own capacity. At this fre-

L . 
I . .. . 
I •• • ·--_········1 ~--... -.-.-' 

IIC. 

A 

c. 

e --------" 
(bJ 

FIG. 93.-EqwivcJknt circw;I of a coil havi1l9 distribut.d 
capacity placed in seriu 'With a condmser 

quency these terms determine the resistance and inductance of 
the coil. For other frequencies we may write 

R _ R 
. • (I -c;LCo)' 
L _ L 
.- (1 -w'lLCo) 

From these equations we see that the resistance and inductance 
start at the values Rand L at low frequencies (w=;, 0) and increase 
as the frequency increases, the resistance increasing about twice 
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as rapidly, in per cent as the inductance. When approaching 

the frequency 6)-:j~o the resistance becomes very great and 

beyond this frequency falls off again, finally becoming zero. The 
inductance also becomes very great, but just before the frequency 

Ci)- ~~Co is attaine9 we see from equation (71) that it falls off 

very rapidly and becomes higbly negative. For higher frequen
cies it remains negative, but, approaches zero as the frequency is 
still further incre,a.seci This negative value of inductance means 

, that the coil is behaving as a condenser, and that for the circuit 
to resonate to such frequencies the condenser C would have to 
~ replaced by an inductance. 'The primary interest, however, 

lies in ,the frequency range below 6) = :;~o for which range it will 

be, shown by means of exampJes how the resistance and inductance 
~f L are increased. ' 

Let us assume that the coil L ~th its Jeads has an inductance 
of a., millihenry (10-1 henry) and a capacity of 50 micromicrofarads 
(5 x 10-11 farad). ' 
If c.),",,10·, th~ (I -tIJ'LCo) -(I-lo1'X 10-8 X5 X 10-11

) =0.95 
R " . '. 

and ' R.--r--),=.I.1I R, an mcrease of II per cent. 
,0·95 

. L;, ,,'. ' 
~-T--) = 1.05 L, an mcrease of 5 per cent. 

, \0·95 , 
The, wave length corresponding to this frequency is ~ = 1885 
meters, and the capacity C of the condenser for resonance is 
950 micromierofarads.' 
, H 6) = 1.5 X 10' corresponding to a wave length of 1250 meters, 

the resistance increase' is 26 per cent and the inductance increase 
12 pel- cent. The capacity C would then be 400 micromicrofarads. 

TheSe are examples of conditions that may readily occur in 
practice. ,It is very desirable in designing radio circuits to 
,arrange whenever possible that the emf be introduced in the 
main coil L itself. 

Effect 0/ Dielectric Absorption in Coil Capacity.-Even in the case 
of a simple oscillatory circuit of coil and condenser with the emf 
·applied by induction in the coil (in which case the coil capacity 
may be considered as in parallel with that of the condenser) the 
resistance of the circuit may be increased. This is not due merely 
to the capacity of the coil, but because the coil capacity is, in 

, 
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general, a highly abaorbiiig condenser. The dielectri~ is the 
insulation of the wire and the niaterial of the coil form, and the 
resulting phase difference' of the coif capacity may be several 

,cJe8rees. The resistance added to t11;ecircuit on this account 
will pe larger the greater the absorption of the coil capacity, 
aild the larger this capacity relative to the condenser capacity, 
aud also the longer the wave length. 

To illustrate the itnportance of this effect, let us take the sait1e 
data as used in the preceding examples, with the further SSSUUlp
tion that the Coil capaclty Co has a phase difference ot :2°. 

In the :first eXarilple ColI - 10', Co - 50 mictomicrofari.ds, and 
C-9S0 micromierofarads. The phaSe difference of Co a.iid. C itt 

parallel win be .' ~. times 2 0 ~ 6;. The effective resista.nce 950 50 ,.,' 
, add~d to the circuit on account of absoiption will be 

tan (J . tali 6;. . I 75' ohms 
p= C1J(C + Co) - lo'(io-} =- • • 

In the second example, C1J-I.S X 10', Co-50 micromicrofarads, 
C - ~ micromicrofarads. Hence, (J - 13.'3 

tan 13·'3 3.88 X 10-:-' '8 b.mS 
p - 1.5 X 10'(0.45 X 10-1) ... 0.67 X 10-1 -:- 5· 0 • 

, It is therefore clear that it-is extremely important so to design 
coils that the capacity shall be small and of as low absorption as 
possible. 

Reduction of Coil Capacity.-The coils of type (a) and (b) have 
low capacities, while type (e) has a·large capacity. This results 
from the fact that in a coil of type (a) or (b) with ti turns, only 

!. th of the total ~oltage acting upon the coil is i~pressed between n 
the adjacent turns, wht1e in the multiple-layer coil as ordinarily 
wound, turns which have high voltages between them will be 
adjacent. For example, in a coil of two layers, if one layer is 
first wound, and then the other on top of it, the first and last 
turns of the coil will be adjacent and the total voltage on the coil 
will be impressed between them. The capacity of such a coD 
introduces serious errors in high-frequency measurements unless 
the coil is accurately standardized. , . ' . 

The capacity of coils of type (a) or (b) can be reduced and the , 
phase difference improved if the windings are separated sUahtly 

, , 

.:-
' .. ' .~.'" ~ 

,', ... 
t' . "'. I • 
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with air between. On account of the high voltage between the 
adjacent turns this is a customary procedure in the case of coils
designed to carry large currents, such as the familiar flat spiral 
coils used iIi transmitters. In the standard wave-meter coils of 
this Bureau this method of reducing the capacity and phase differ
ence has been used. The coils are shown in Fig. 215, facing page 
318, and range in inductance from 60 to about 5000 microhenries. 
The coil capacities, including fairly long leads, range from 9 to 16 
micromicrofarads. No data are· available as to the phase differ
ences due to these coil capacities, but since the windings are 
separated from each other with air between, excepting at the 
points of support on the coil form, the phase differences are 
extremely low. 

In coils of type (c), Fig. 92, the capacity maY,be reduced by 
using the so-called .. banked" winding. Instead of winding one 
layer complete and then winding the next layer back over the first, 

FIG. 94.-Method of banking the winding of a coil 
in order to reduce its distributed capacity 

one turn is wound,successively in each of the layers, the winding 
proceeding from one end of the coil to the other. The best results 
are obtained in a coil of a·few layers. The method is illustrated 
in Fig. 94 for a coil of two layers, the succession of the turns being 
indicated by the numbers. The turns in the lower layer are pre
vented from slipping during the winding by grooving the coil form 
or covering it with rubber tape. The :maximum voltage between 
adjacent wires in this two-layer coil is the voltage corresponding 
to three turns. 

38. IlEASUREJlElfT OF INDUCTANCE AND CAPACITY OF COn.S 

When the inductance of a coil' is measured at high frequencies, 
the quantity obtained is the apparent inductance; that is, a 
quantity in which is combined the effects of the pure inductance 
and the capacity of the coil. (See p. 132.) Thus it is customary 
to speak of the inductance of a coil at a given wave length or 
frequency. The inductance of a coil at a given frequency is 
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measured by comparing it with a standard coil or by dete1:mining 
the capacity requir~d in parallel with the coil to form a circuit 
which is resonant to the known frequency. 

In the first method let L. be the inductance of the standard coil 
and Lx that of the unkD.own. The source is set at a given fte
quency and a circuit containing L.and a condenser is tuned to 
resonance with the source and the condenser setting read. Let 
the capacity be C.. Then Lx is substituted and resonance again 
obtained, the capacity being Cx. Since the frequency is the same 
in both cases we have 

L. C.=Lx Cx 

L 
_La C. 

x- C
x 

Here L. is the apparent inductance of the standard coil at the 
frequency of the measurement. If the pure ihductance L. and 
capacity Co of the standard coil is given 

Lp (C. + Co) =Lx ex 

L 
_ Lp (CIS + Co) 

x - C
x 

In the second method, the frequency or wave length furnistred 
by the source must be accurately known.. The circuit with the 
unknown coil Lx is adjusted to resonance with the source. If the 
resonant capacity is C x we have 

). = I.88S.JLx Cx 

).2 
L x =----;,.-

3·553 ex 
where). is wave length in meters. 

C x is capacity in micro microfarads. 
Lx is inductance in microhenries. 
Determination of Coil CapacitY.-The pure inductance and 

capacity of the coil may be derived from the observed values of 
apparent inductance in various ways. A simple method makes 
use of the formula given c;>n page 133 for the apparent inductance in 
terms of the pure inductance and coil capacity. Denoting two 
frequencies or capacity settings by subscripts 1 and 2 we have 

~ L&1 = L ( I + ~.:) 

L&2=L(1 + ~:) 



or 
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+Co 
1 -
--.fl_~ 

+
Co Lq 

1 -C, 
or approximately 

and 

C (
L". ) C. C, 

0- --I Lq C.-C1 

Knowing Co, L may be obtained by substitution. 
If one determination is made with a very large condenser 

capacity and another with a small condenser, we may write 

and 

La. - L approx. 

La:a"'L(I+~:) 

.... .. . -.-........ -~----~------c. 0 ·C 
FIo. 9s.-Grophical_tlwtl 0/ atnmining 1M capac

ity 0/ G coil 

Co-=C, (f::-I) 
Another method which is likewise of considerable value in wave
meter calibrations makes use of a plot of the wave length squared 
against the condenser capacity. Since 

). - 1.885 ..JL (C + Co) 

).'-3.553 L (C+Co) 
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Since L, the pure inductance, is a constant, the relation between ).' 
aDd C is linear and the plot will be a straight line as in Fig. 95 • 

. ~ s1~ of this line· ~d ~) - 3.553 L determines the pure induc

tance of the coil. The distance from the origin to the intercepts 
of the line with the axis of absclssz determines the capacity of the 
coil, for wheIi ).J .... 0; C - - Co- Another ;method of determiDing 
the coil capacity JDakiug use of the harmonic oscillations of a 
pliotron generator has already· Peen described in the section on 
wa~, page 10(). 

CUlUtENT MEASUREMENT 

~. PlUBClPLBS 

Current measurements at radio frequencies are made in trans
mitting sets, in wave meter and otPer testing circuits, and in 
receim.g sets. The iIJ,struments used in such measurements, their 
principles, and the precautions necessary in using them, are dis
cussed in this section. The measurement of current is a cardinal 
oPeration in bigh-frequency work, to Q. much greater degree than 
at low frequencies, since upon it depends also the measurement of 
resistance, and it is involved in most of.the measurements of other 
quantities. There are three distinct ranges of currents: Large 
currents such as are used in large transmitting sets; moderate cur
rents iIi small sending. outfits and in wave meters, decremeters, etc., 
used at a sending station; and the very small currents in receiving 
circuits and in testing equipments operated by buzzers and other 
weak sources. These three ranges will be treated separately, 
beginning with the middle range of moderate currents, because the 
simplest instruments are there used and the fundamental prin 
ciples can best be discussed in connection with them. 

Most of the ammeters used for low-frequency currents are 
entirely· unsuitable at high frequency.. Most of them are ruled 
out by the requirement II that the circuit within a bigh
frequency ammeter must be of the greatest simplicity, because its 
inductance and its capacity must be as small as possible. Large 
impedance and large capacity would tend to make the ~t 
flow through the dielectric as well as through the conductor, in 
amount varying with the frequency. This would cause the read
ings of the instrument to change with frequency. The require-

II See B. S. 6cL Papen No. _. Appmdiz •• 
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ment of a simple fonn of circuit is best fu1fi11ed by a single straight 
wire of very small diameter. The current flowing in such a con
ductor is most simply measured by its heating effect, and hence 
Jt has come about that most ammeters for high frequency have 
been of the hot-wire or thermal type. Other types have been 
used to a limited extent. 

The Thermal Ammeter.-The basic principle of the thennal 
ammeter is given by 

P=RI', 

P being the power consumed as heat in the instrument. The 
deflection of the instrument depends upon the heating effect P, 
which is indicated in one of the various ways discussed below. 
In order that a given deflection should always correspond to the 
same current it is necessary that the relation of P to I should 
be a constant, and this requires that R, the resistance of the 
instrument, should not change with frequency. In order not to _ 
vary in resistance at radio frequencies, a conductor must have 
very small cross section (see section below on Resistance). Hence, 
the working element of a thermal ammeter must be a fine wire or 
a very thin strip of metal. For the accuracy required in most 
radio work it is only necessary that the resistance of the wire or 
strip should not change by more than I per cent over any range 
of frequency -used. The largest wire which may be used in an 
ammeter is thus found by consulting Table IS, page 310, for the 
highest frequency to be used. In ammeters which are intended 
for use at the highest frequencies of radio practice, viz, about 
2 000 000 (corresponding to a wave length of 150 meters), the 
largest diameter pennissible for a copper wire is o.oS mm and for 
a constantan wire is 0.4 mm. Using a single wire of such a size, 
only a few amperes can be measured, because larger currents 
_ would overheat the wire and alter its properties. 

The length of the wire is not important; it must simply be long 
enough so that the current distribution within it is not appre
ciably altered by the tenninals to which it is connected. A length 

_ of 10 cm or more is satisfactory. If properly constructed, such 
instruments may be calibrated with direct current or low
frequency alternating current and the calibration assumed correct 
at high frequency. It is always safest, however, to calibrate the 
ammeter by comparison with so~e recognized standard at the 
frequencies at which it will be used. 
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Sources oj ErrM.-Certain precautions must be observed in the 
use of high-frequency ammeters; same of these will be pointed 
out below in connection with particular types of instruments. 
There is one source of error to which all are subject, whether 
thermal ammeters or not, at extremely high frequencies. For 
very short wave lengths, the current is usually not the same 
at all points of a circuit. The capacity between parts of the 
circuit and the surroundings is so important that an appreciable 
fraction of the current is shunted through the dielectric and so 

. different amounts of current flow in different parts of the wire 
circuit. At such frequencies one must be careful to place the am
meter at that point of the circuitwhere the value of the current is 
desired. IiI. order to diminish the flow of current away from the 
circuit, special devices are used in some ammeters to prevent 
grounding of the circuit to the ammeter case. For example, 
where the deflection of the instrument depends on thermal ex
pansion a short length of insulation. may be placed in the indi
cating wir~; and in instruments depending on the heating in a 
thermocouple, the heater and the thermocouple may be separated 

. instead of in contact. 

40. AlDIBTBR.S POR SKALL AM) KODBRATB CURRElITS 

The ammeters "used for measuring radio currents of about 0.003 

to 3 amperes are hot-wire instruments" of the simplest form. 
They consist essentially 'of a single fine wire, with a means of 
indicating the heat produced. The heat production may be indi
cated by any thermometric method, and the following are in use: 
Expansion, thermoelectric effect, and calorimetry. These three 
types of instrument are discussed in the following. 

Current-Square Meter.-The most familiar instrument of the 
expansion type is the current-square meter, used in wave meters 
and decremeters. This has sometimes been called a " watt
meter," the deflections being proportional to the watts consumed 
within the instrument itself; such a name is utterly misleading 
and undesirable. The hot wire is of resistance metal, and its 
increase in length when heated is indicated by a pointer operated 
by a thread attached to the wire and held taut by a spring. The 
scale usually has graduations equally spaced, so that the readings 
are proportional to the square of the current. This makes the 
Instrument particularly useful in measurements of resistance by 
the reactance variation method. The scale can, of course, be 
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graduated so as to read cUlTent directly, but such a scale is badly 
crowded at the lower end. 

A famiJiar type of this instrument gives full-scale deflection 
with 0.08 ampere. The instrument is shown in Fig. 96, facing 
page 156. It has a resistance of about 5 ohms. If intended for 
use in actual measurements of cUlTent the instrument can not 
be shunted, for reasons explained in the next section. For use 
in a wave meter or decremeter, however, it may be shunted to 
give whatever current range may be desired, since in such use 
the variations of frequency are so small during anyone measure
ment that the shunt does not affect the accuracy of the result. 

A source of serious error in the use of these instrumep-ts is the 
presence of electrostatic charges on the glass covering the dial. 
If the glass happens to be stroked With any Object the pointer 
may deflect several scale divisions and remain in the new posi
tion a long time. This is not an error which can be eliminated 

HotwiN A 

Cu Const. 

Flo. 97.-Simpk hot-wire ammeter 'With thermoelectric indi-
cating dniu 

by using the zero adjustment, because the electrostatic charges 
on the glass exert a force on the pointer which varies with the 
position of the pointer. The most convenient way to eliminate 
this effect is to breathe on the glass, the charge being conducted 
away by the layer of moisture. This effect is especially trouble
some in (!Gld weather, when electrostatic charges are readily 
produced and maintained. 

All hot-wire instruments show more or less zero shift. After 
CUITent has been flowing through the instrument, the pointer 
does not return exactly to its original position .. In a CUITent
square meter having a zero adjustment this is usually overcome 
by first allowing CUITent to flow for several seconds without taking 
a reading, then cutting off cUlTent and setting zero, and then 
allowing CUITent to flow and reading. If the instrument has no 
zero adjustment, error may be eliminated by first allowing C\U'-



rent· to ftow without taking a reading, then cutting it off and 
reading zero, th~ rea<i.j,p.g cJ.UTent, and then reading zero again. 
The mean of the two zero -readings is to be subtracted from the 
current reading. (In instruments having a nonuniform scale the 
zerQ reading should be made as explained on p. 149.) 

Thermoelectric Ammeter.-The heat developed in the hot wire 
may be indicated by means of a thermocouple, placed very near 
or in contact with the wire. The electromotive force produced 
by the }:le,ating of the thermocouple is measured by a suitable 
direct-current instrunient. The indications de~d upon the 
temperature at one pOint only of the hot wire instead of upon 
the heating effect throughou~ the whole wire a$ in the expansion 
8mmeter. There are two types in use for moderate currents. A 
diagram of the simple type is shown in Fig. 97. A is the :fine 
,wire which carries the high-frequency current. 
. The copper-constantan thermocouple is hard 
soldered to A and connected to the binding posts 
and thence to a galvanometer. Such an in:.-1;ru
ment is easily constructed for laboratory use for 
currents tip to 2 amperes. Coti:lmerciai. instru
ments are made by combining the hot wire, 
thermocouple, and a pointer-type microammeter 
into a single instrument. 

The other type of thermoelectric anuneter is 
the crossed-wire type, illustrated in ·Fig. 98. 
Two :fine wires, A b and aB: of constantan and 
copper, constantan and platinum, or similar pair 

A 

FIo. gS.-C,o.s.setl. 
wi,e type oj ther
moelectric a_ter 

of metals; are in contact .at one point, crossing each other as shown. 
Connection is made from the paints A and B'to the source of high
frequency current. The current heats the :fine wires, raising the 
temperature of the junction, and this causes an emf between a 
and b, to which points a microammeter or galvanometer is con

nected. The deflections of the usual thermoelectric ammeters are 
approximately proportional to the square of the measured current. 

Thermoelectric ammeters should be calibrated. with low-fre
qency alternating rather than. direct current, for the reasons 
stated on page 170, below. 

Air-Thermometer Ammeter.-This instrument, which is really a 
calorimeter, was formerly used in wave meters and in measure
ments of high-frequency resistance, for currents of a few hun
~ths to a few tenths ampere.. Current passing through the 
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fine wire (Fig. 99) heats the air in the glass bulb and causes the 
alcohol in the right side of the U-tube to rise. In order to elim
inate the effect of other heat than that produced in the hot wire 
it is desirable to inclose the bulb in a vacuum jacket. A null 
instrument is easily :made on the air-thermometer pr.!llciple, by 
connecting a bulb to the right side of the U-tube, entirely similar 
to the one shown on the left side. If the two sides are exactly 

alike, the liquid column will not move when the RP in one wire 
equals the RI' in the other. These instruments are no longer used 
in practice. 

41. TBERlfAL AJDIETERS FOR LARGB CURRENTS 

It is a common dictum that ammeters used in measuring alter
nating currents of even rather low frequency must not be shunted. 
This is obvious from consideration of the expression relating 
the current I I in the shunt and I, in the instrument, neglecting 
mutual inductance, 

II' R,' +w2L.l 
1,'-R I 2+w2L/ 

since usually the inductances of the instrument and the shunt are 
in a different ratio from that of the resistances, and hence the 
distribution of the current varies with frequency. In fact, even 

if LL, - ~2, which would lllSke the expression for /11
: independent 

I I , 

of '''. the current distribution in an actual case is likely to vary 
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with frequency because of the mutual inductance. Now, any high
frequency ammeter in which the circuit within the ammeter itself 
consists of more than a single elementary :filament-or its closest 
approximation, a fine wire-in reality involves shunting , and 
needs most careful consideration before it can be pronounced free 
from error. The proper design of ammeters suitable for meas
uring radio currents up to several hundred amperes is therefore 
a difficult matter. 

Parallel Wires 01' Strips.-When larger currents than about 3 
amperes have to be measured, the single wire will riot suffice; 
since the wire must be of so small a diameter that its resist
ance is not changed by frequency, large currents will overheat 
it. To measure large high-frequency currents, therefore, the cur
rent must have more than one path, and it is common to use 
either wires or very thin strips of metal in parallel. This amounts 
to shunting, and it is therefore difficult to make these ammeters 
accurate at radio frequencies. Many of those in' use have large 
errors. The heating effect is indicated either by an expan
sion device or by a thermocouple attached to one of the wires 
or strips. If the ratio of the current in that particular wire or 
strip to the total current changes with frequency, the instrument 
will be proportionately in error. The errors are much'larger 
than they would be if the indicated current depended on the heat 
production of the whole current, since the changes of current dis:" 
tribution within a particular system are changes or the first order 
of magnitude compared to which the change of heat production 
in the whole system is of the second order.17 

The simplest arrangement of parallel elements which has been 
used in this class of ammeters is a group of fine wires or thin 
strips all in a single -plane, as in Fig. 100. The arrangements 
shown in these diagrams are subject to several errors. In the 
first place, the self-inductances of the lugs to which the wires or 
strips are fastened, while utterly negligible at low frequencies, 
contribute a large part of the impedance at high frequencies. 
Because of this, the current in the wire z (Fig. 100) will decrease 
relative to the current in the wire u as the frequency increases. 
This source of error may be eliminated by connecting the cUrrent 
leads at opposite comers, instead of the two adjace~t comers as 
shown. 

I. See B. s. Sci. Papa'll No. !106, AppeDdiz •• 
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Effect of Mutual Inductances.-A more important soutee of 
error is the mutual inductance between the wires or strips. ' The 
mutual inductance between x and z is less than the mutual induct
ancebetweenxandy,Fig.loo. The combined effect of all themu
tual inductances is that the reactance of the outer wires is less than 
of the inner wires. The resistances of the wires detennine the 
distribution of current at low frequencies, but as the frequency 
is increased the reactances become more and more important. 
Consequently, at high frequencies more curr~t flows in the outer 
wires than in those near the center. This effect is greater the closer 
the wires or strips are spaced. H the indicating device (expan-

, sion arrangemen~ or thermocouple) is placed on one of the out
side wires or Strips, the ammeter reads high at high frequencies, 

• I 
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, 8 8' 

s 

Fro. loo.-Ammd.,.'; with ileoting eZ-1s in poralul 

and if on one near the center of the group, it reads low at iligh 
frequencies. 

The errors due to mutual and self inductance can be avoided 
by arranging the wires or strips as equidistant elements of a 
cylinder and leading the current in to the centers of the ends of 
the cylinder. The self-inductance is the same in each current 

- path, 'and each has the same set of mutual inductances with 
respect to the others. The currents in the different paths must 
then be the same at high frequencies. It does not follow that 
such an instrument is free from error, for the reason that the 
resistances of the individual wires or strips may be quite different 
because of variations of hardness and small variations of cross 
section. It is very difficult in practice to get such thin wires or 
strips of uniform thickness. The inductances do not 'vary appre
ciably with variation of cross Section while the resistances do of 
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course, differ on this account. Thus the current distnbution 
. among the several current paths is not uniform at low frequen
deS, where resistance is the determining factor, while it is uniform 

FIo. IOI.-A."..i.r with 1M pGtIJIl61 iNtJlif19 ez.Mmts 1J"IJ.d cylindiicGl'y \ 

at frequeitcies so high that only the inductances determine it. Am
meterS of this type are used for measuring currents up to 300 
amperes. A commercial ammeter of this type is shown in Fig. 
102, facing page 156. They are, in general, satisfactory, but the 
readings change with frequency by a few per cent for the reason 
just explained. The residual errors in the cylindrical type of 
ammeter may be practically eliminated by the use of a thermo
couple on each wire or strip . 
. Advantage of High-Resistance Elements.-It is an interesting 

fact that the changes iIi current distribution in thermal ammeters 
occur just in the range of radio frequencies. This is the reason 
why it is difficult to design such instruments properly. The size 
of the conductors used (wires havjn.g diameters of the order of 
0.1 mm and strips of that thickness) is such that their ind~ctive 
reactance is negligible compared to their resistance below a fre
quencyof about 100 000 but is much greater than the resist
ance above 2 000 000, so that the current distribution depends 
on very different properties outside these limits and passes through 
a variation within this range. The greater the resistance of the 
conductors the hig~er are these limiting frequencies. By using 
high-resistivity wires or strips, therefore, the errors of these 
instruments can, be ~oved up to rarely used frequencies. There 
is a limit to this use of high resistance, in that the increase of 
resistance means that the conductor gets hotter, or can carry less 
cu...,:-ent for a given temperature rise. Platinum-iridium or plati
num-rhodium are desirable materials in view of the requirements, 
having moderately high resistivity and being capable of standing 
high temperatures. With very fine wires or very thin strips of 
these materials, -well. separated but not necessarily arranged in 
the cylindrical form, ammeters for currents Up.iO-20 amperes are 
reliable for all except the highest radio frequencies . 
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So-Called Unshunted Ammeter.-A type of thermal ammeter 
which has been used extensively to measure radio currents up to 
10 amperes is mentioned here ()Illy to point out its utter unsuita
bility. This is the so-called unshunted ammeter, represented 
diagrammatically in Fig. 103. A and B are the current leads. 
They connect to thick copper bars, from which flexible silver strips 
take the current to several points of the hot wire, whose expan
sion is measured by the ordinary device (not shown in Fig. 
103). Thus a single wire carries the whole current, and the in
strument is called unshunted. The resistances of the copper 
bar and metal strips are negligible in comparison with the resist
ance of the hot wire, and if the lengths of the sections in parallel 
are the same, each carries the same current as any other on low 

A , 
E C 

I~ COPPER BAR , 

~" " 
"' I ... HOT WIRE J , 1 

.... 

~ 
-

~ FLEXI.~ 

aTRIP 

IJ J COPPER BAR 

". B ·F 0 , ~ 

FIG. I03.-So-calkd utlShunted am_ter of/our s«tiom 

frequency. But the inductances of these parts are by no means 
negligible, and consequently on high frequency the different 
portions of the wire carry different amounts of current. In fact, 
in practical cases the impedance of the hot wire itself is but a 
small part of the impedance of each' current path for high fre
quencies. Even the mutual inductances of the difierent por
tions of the "hot wire" are not negligible and in themselves 
tend to cause more current to flow in the central sections than 
in the outer sections. The changes in current distribution from 
the uniformity of direct-current distribution are, in fact, very 
large. They are equivalent to an increase in the resistance of 
the system as a whole, so that these ,instruments read high on 
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high frequency. Whenever an accuracy of 10 per cent or better 
is desired, this type of ammeter should not be used. 

E"fWs.-There are a -few special precautions to be observed in 
the use of thermal ammeters for large high-frequency currents. 
The leads should be brought straight in to the instrument; if run 
alongside the instrument so as to be parallel to its working parts, 
the current in the lead will have a greater mutual inductance with 
some of the current paths than others and will cause a change in 
current distribution which may disturb the reading. In using 
any ammeter of the hot-strip type care must be taken as to the 
position of the instrument. The readings vary with position 
because of altered heat convection from the strip. This effect is 
approximately the same at low and high frequencies. Error is 
avoided by always using the instrument in the position in which 
it was calibrated. The difference between the readirigs with the 
instrument in such positions that the strip is horizontal and strip 
vertical has been found 'to be of the order of 10 per cent. 

All thermal instruments show a zero shift, which is troublesome 
in accurate measurements. In the usual ammeters it may amount 
to several per cent of full-scale deflection. To makt:. a measure
ment" of any accuracy it is neceSsary to leave the current on for 
at least several seconds, because -the vrire does not heat up instan
taneously and the poiIiter does not come immediately to its final 
position. When the current is then cut off, the pointer does not 

"return exactly to its original position. The difficulty may be 
overcome when the instrument has a zero adjustment by the fol
lowing procedure: Allow the current to flow for several seconds 
without making a reading, cut it off, and after a certain time, say 
n seconds, adjust the zero, allow current to flow n seconds, and 
read; cut oft current, and if after n seconds the pointer is not 
exactly on zero, repeat the operations. The exact number of 
seconds to be allowed for each operation depends on the particular 
instrument. If the instrument has no zero adjustment, an accu
rate measurement can only be made by repeating the procedure 
followed in the calibration of the instrument. If the calibration 
procedure is not known, the most accurate method of reading is 
probably to first allow the current to flow for n seconds without. 
reading, cut off, and after n seconds read the zero position of 
pointer, allow current to flow n seconds and read, cut off, and 
again take a zero reading after n seconds. These same methods 
Jf overcoming zero error apply to all thermal ammeters. In 
instruments having a nonuniform scale the zero reading must nut 
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be made in scale divisions; it should be estimated in mj]]jmeters, 
and the correction at any point found by multiplying by the 
Dumber of scale divisions per milJjmeter at that point. 

42. CURRENT TRANSI'OlUrlERS 

Inductance and Capacity Shunting.-The reason why it is difficult 
to measure large currents of high frequency accurately is that 
ordinary shunts can not be used. As has been pointed out~ the 
current divides between an instrument and its shunt according to 

II" =R,,"+wL," 
I," R1'+wL1" 

and the current ratio vanes with frequency unless t:=~:. One 

way out of the difficulty has been explained in connection with 
thermal ammeters, viz, to make Rl and R, so large in comparison 

4 

FIo. IQ4.-IfldtlCt411U shunted ammllier 

with ~ and L, that the resistances determine the currents even 
for radio frequencies. This is done by use of wires of small 
diameter and high resistivity. Another possible solution is the 
opposite of this, viz, to make Rl and R, negligible in comparison 
with Lt and L, at radio frequencies. The method is, in short, to 
use indu~ce shunts. If any low-range ammeter of small 
resistance and inductance is connected in series with a large 
inductance L.,", the Combination being shunted by a small induc
tance M, and if resistances are negligible, the current divides 
between the two paths according !o 

I. L,' r.-M 
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It follows that 
,+I,,_L,'+M 
-Fa M 

Now 1.+1a=Iu the total current. 
Denoting the total inductance in the ammeter circuit by La, 
La' + M -L,,; then 

11 La 
I

2
=M 

In practice the small inductance M might be a single loop of wire 
or even a length of straight wire, and the coil La' and the instru
ment A would be kept at such a distance from it that mutual 
inductance would have no effect. -This method could not be used 
at low frequencies because the resistances would affect the current 
ratio. 

A similar shunting scheme is the use of capacity shunts. A 
large condenser is inserted in the circuit. The capacity of this 
condenser (C in Fig. lOS) is many times that of the main con-

--------~ C' cll---l 11----1 

FIG. Ios.-Capa&ity Ihunted ammeter 

denser, with which it is in series. It is shunted by a small condenser 
C' in series with a low-range ammeter. The arrangement has the 
desirable feature of introducing only a small impedance in~o the 
circuit, because the capacity of condenser C is large. The resist
ances in ammeter and condensers, must be kept small in order that 
_ the shunt ratio may be invariable. Care is necessary to prevent 
stray capacities, from the body of the observer, etc., from affect
ing this branch circuit. The possibilities of this method have not 
been studied experimentally. 

Simple TheOf'y of Current TransfOf'mer.-Inductance shunting 
- is not practiced as shown in Fig. 104. The principle, however, 

is made use of in the current transformer. The instrument cir
cuit is inductively coupled to the main circuit, as shown dia-
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grammatically in Fig. 106, instead of direct coupled as in Fig. 104. 

If the resistance and inductance of the ammeter are negligible 
and there is no appreciable energy loss in the coils or the medium, 
equation (74) gives the ratio of currents. The resistance of the 
usual ammeters is of the· order of several ohms and sometimes 
can not be neglected. The emf induced in the secondary circuit is 
",MI1• This is opposed by the inductance Lz and by the resist
ance Ra of the ammeter. 

",MII = ..jRaa +",'Lza (/2) 

I 1a = Ra2 +",a~a = L.,a ( R.,2 ) 
1,2 ",aM2 M2 1 + ",'L2' 

11 L.,I R;J.) 
I., = M\ 1 + 2",aLl ' 

(Ra being small in comparison with ",La). 
The current ratio is that given by equation (74), with a small 

correction term added. These calculations assume sine-wave 
currents, but apply to slightly damped currents as well. If. the 

M 

I. 

FIG. I06.-Inductance shunted am_fer in
ductively COUPled. Principle of the C1,"ent 

kanifo~ . 

logarithmic decrement of the current is greater than a few hun
dredths, an additional correction term is needed. In using equa
tion (75), the actual high-frequency value of L., must be used. 

Transformer Without IrDn.-The current transformers used in 
the measurement of radio currents are of two types, with and 
without an iron core. The iron core has advantages in certain 
circumstances; this is discussed below. The simple transformer 
without a magnetic core is, however, satisfactory if used care
fully. A form which has been found 18 successful has a second-

II See reference No. 10J. Appendiz 2. 
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ary winding consisting of a single layer of stranded wire on an 
insulating cylinder and a primary of one or more turns of thicker 
stranded wire near the middle of the secondary winding. To 
avoid induction from the leads and other parts of the circuit two 
such coils are used, connected so as to give astaticism, and the 
ends of the primary winding are brought out to a considerable 
distance. Equation (74) fot the current ratio has been found to 
apply to such a transformer, within the accuracy of observation, 
for ratios as high as 100 to 1. The ratio may vary a few per cent 
with the frequency because of the resistance of the instrument 
connected to the secondary. At frequencies below the radio 
r~ge the correction becomes very large. 

Iron-Core Transjormer.-The iron-core radio current. trans
former IIG consists of a laminated iron ring with a close winding 
of one or a few layers of fine wire upon it and a small number of 
primary turns of heavy stranded wire linking with it, as shown in 
Figs. 107 and 109, facing page 157. Very thin silicon-iron sheet 
is a satisfactory core material. The ring may be yery small, of 
the brder of 5 em diameter. Little care need be taken to avoid 
induction from other parts of the primary circuit, as in the use 
of the transformers without iron. The iron core greatly increases 
L,and 'msures close coupling between the primary and secondary 
turns. 

The current ratio is r~dily found in terms of the ratio of pri
mary and secondary turns. The self-induc~ce of the secondary 
winding is given by. I 

/4n2'A,u.. 
L,= . d . 108 

'. 

where n, = number of sec01:idaIY tUrns, A = area of cross section 
of iron, ,u.. = apparent perm.:::ability of iron at the actual frequency 
used, and d = mean diameter of the iron ring. The mutual in
ductance is 

---I 
~ being number of primary turns. It follows that 

- See niaaace No. 103. Appaadja •• 
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Since the ratio of primary to secondary current was found above 

to be approximately ~ it follows that in the iron-core trans

former the current ratio is approximately the ratio of turnSj. The 
equation previously derived for current ratio does not apply 
exactly to the iron-core transformer because of the assUJIlption 
of no energy loss. There is an energy loss in the iron due to eddy 
currents and hysteresis. This requires an energy current in the 
primary, which disturbs the current ratio. Taking accrunt of 
this, the ratio may be shown to be 

I 
I (76) II n,( aR,) -_- 1+-- . I, n1 wL, 

m which a is a quantity depending on the energy loss in the iron, 
having a value which is usually slightly less than unity. This 
assumes that all the magnetic flux from the secondary circuit 
1inks ~th the primary turns, a condition which is Bot fulfilled 
unless ~e secondary is uniformly and closely wound and the 
mductaJnce of the instrument connt;cted to the secondary is 
negligible. 

Because of the iron core the secondary inductance L z is so 
large !that the correction term in equation (76) is ordinarily 
negligible at radio frequencies. Thus an advantage of the iron
core transformer is that the current ratio does not vary appre
ciably with frequenc)\- and does not depend upon the instrument 
.eomiected to it. Careful design is necessary to secure this con
stancy of ratio, and even then it holds only for radio frequencies. 
At low frequencies these current tran£forniers have iarge errors .. 
The :reason is easily seen, since the correction term in equa
tion (76) increases as w decreases. Th~ increase of the correction 
is not proportional to the decrease of !JJ because L2 is smaller for 
high frequencies than for low.· The v:l.lue of L, is proportional 
to the apparent permeability of the iron, which decreases with 
increase of frequency because the skin effect reduces the effective 
cross section of the iron. Thus in a cen.::in" transformer lt1 the 
iron had a permeability of 1000 at 50 cycles and an ,apparent 
permeability of 30 at 200 000 cycles. The correction term in the 
current ratio equation was 14 per cent at the lower frequency and 
0.2 per cent at the higher. 

U See reference No ...... Appeadjz •• 

i , 
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The apparent permeability depends on the thickness of the iron 
laminations. Making them thinner improves the accuracy of the 
transformer in two ways-it increases th~ apparent permeability 
and thus increases L" and it atso makes a larger proportion of the 
magnetic :flux from the secondary link with the primary turns. 
It is interesting to note that, at a given frequency, the apparent 
permeability of the iron does not vary with the current, because 
the :fluxes in the iron are so very small that the permeability is 
practically constant. 

Advantages of Transformer.-The ring form of current trans
former has also been used without the iron core. Under certain 
conditions, as when an ammeter of extremely small resistance is 
connected to the secondary, this may be a very good form of 
instrument. Neither this nor the iron-core transformer has been 
exhaustively studied. Both forms, however, are definitely known 
to have, the following advantages as devices for measuring large 
currents: (I) They conform to the requirement of simplicity of 
circuit, for the primary turns have very little inductance and 
capacity; (2) they utilize the magnetic effect of the current and 
are thus, in themselves, free from the inherent limitations of 
thermal ammeters 'such as therm.allag 'and dependence on sur:
rounding conditions; (3) the measuring circuit is electrically 
insulated from the main circuit and there is thus no conducting 
path to the indicating instrument and so the capacity of the latter 
can not cause so great a loss of current from the main circuit. 

Volt-ammeter Employing Current 'Transformer.-The current 
tr3.nsformer is used in a portable measuring instrument designed 
at the Bureau of Standards for the use of the radio inspectors of 
the Bureau of Navigation, Department of Commerce. Two views 
of the instrument are shown in Figs. loS and 109, facing page 157. 
This instrument, which is called a volt-ammeter, is a combination 
of a current-squ&.re meter, two high-frequency current transform
ers, and series resistances which may be thrown into the circuit 
when'it is desired to use the instrument as a voltmeter. 

The current-square meter is of a standard commercial type, 
requiring approximately 0.1 ampere for full scale deflection. 
Three scales are provided, running from 0 to 100, 0 to 5, and 0 to 25. 
respectively. The 0 to 100 scale is of use only in wave length or 
decrement measurement where relative,"", values of current square 
are desired. The other two scales indicate amperes, and depend 
for their calibration on the accurate adjustment of the number of 
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turns on the secondaries of the two current transformers contained 
in each instrument. 

Views of the transformers are shown in Fig. 109. The cores of 
both transformers are composed of a number of ring-shaped 
laminations of very thin silicon steel. These are bound tightly 
together and served with a layer of empire cloth tape. Over this 
is uniformly wound a single layer of fine wire comprising the 

- secondary. The number of secondary turns is determined from 
the relation 

where 
~=number of secondary turns in series, 
nl =number of primary turns in series, 
12 = secondary current (about 0.1 ampere), 
II = primary current, either 5 or 25 amperes. 

(77) 

In these transformers the number of primary turns (nl ) adopted 
was 2, so that expression (77) becomes 

II 
~=2-. 12 

This relation holds very closely at high frequencies if, as in this 
case of a toroid winding, the magnetic leakage is small or negligible. 
Small magnetic leakage requires that the secondary be wound in 
a single layer as uniformly as possible, covering the entire core 
length. The primary is wound in the manner indicated 'in 
Fig. 107, facing page 157, the wire being supported at a distance 
from the secondary and core. The terminals of the primaries of 
the transformers are brought out to four large binding posts at 
the bottom of the instrument. The secondary terminals are 
connected to opposite sides of a double-pole double-throw switch 

. which is arranged to place the meter in series with either of the 
two windings. 

In operation, when it is desired to measure the antenna current 
of a transmitting set, the meter is connected in series with the 
antenna and ground at the large binding posts marked 5 or 25 
amperes, depending upon the magnitude of the current to be meas
ured. The double-throw switch is then thrown to place the 
proper transformer in circuit and the readmgs obtained. The 
instrument will, of course, work equally well in a closed. circuit. 
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FIG. 96.-Hot-wire type current-square meter 

FIG. l02.-Hot-strip ammeter 'with cylindrical arrangement 
of heating elcments 

mor FIG. III.-Moun,ed tMrmocoupZ. wit/& protecting wI' removed ... p.2 
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FIG. I07.-Iron-core ct£rrmttran.sformer 

FIG. loB.-Volkmmeter employing tile current 
transformer 

FIG. I09.-Iflterior view of volt-ammeter, showing tlu 
ct£rrmt tr:an.sformers 
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As previously mentioned, the accuracy of the current 'scales 
depends upon the proper adjustment of the number of secondary 
turns. It is also affected by the frequency, the error growing 
larger as the frequency is decreased. These transformers are so 
constructed and calibrated that working over a range of fre
quencies corresponding to wave lengths between ISO and 1000 

meters the current scales are accurate to better than 2 per cent. 
The rubber-covered binding posts at the top of the meter, in 

conjunction with the push button marked "Voltage", are used for 
voltage measurement. Three ranges are provided, 2.7,40, and ISO 

volts. These were adopted so as to enable the inspector to make 
proper voltage test on the storage batteries of the auxiliary power 
supply. .voltage calibration curves are supplied with the instru
ment. 

The two sockets at the left marked decremeter connect directly 
to the terminals of the current~square meter. They are used 
when the meter is employed as a current indicator in wave length 
or decrement measurement. 

This volt-ammeter was designed with the primary object of 
reducing the weight and number of instruments which the radio 
inspector must carry with him. In the wavemeter previously 
used by the inspectors the current-square meter was contained 
within the wavemeter case. In' the latest type. the current
square meter has been omitted, thus providing a much smaller 
and lighter wavemeter. This. together with the volt-ammeter 
here described, provides an equipment for making all the required 
measurements. 

43. JlEASUREJlENT OF VERY SMALL CURRENTS 

A nU!Ilber of methods are used for measuring currents of a... few 
milliamperes or less. In addition to the thermal ammeter and 
the current transformer, used for larger currents, use is made 
of the electrostatic and the magnetic effects of the current, and 
rectification into unidirectional current. Instruments operating 
on these various principles are described below. The measure
ment of very small currents is free from some of the difficulties of 
measuring larger currents, principally because conductors of very 
small cross section may be used which do not change in resistance 
with frequency. 

Crossed-Wire Thermoelement.-5ensitive thermoelements are 
easily made and are extensively used to measure small high-fre
quency currents. They consist essentially of two wires of different 
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metals in contact, one or both of them being-of very small diameter. 
The heat due to the R 12 in the fine wire raises the temperature 
of the junction, thus giving rise to a thermoelectromotive force 
which is indicated by a direct-current galvanometer. A simple 
type is the crossed-wire thermoelement. Two fine wires are used, 
crossed in either of the ways ,shown in Fig. IIO. (Practically the 
same type was shown in Fig. 98). The higH-frequency current is led 
in through the heavy copper wires A and B, and the galvanometer is 
connected to a and b. The sensitivity of the thermo element 
depends on the diameter, thermoelectric properties, and resistivity 
of the wires, on the length of the wires if very short, on the intimacy 
of contact of the two wires, and on the air pressure. Permanent 
contact of the two wires may be insured by soldering the junction. 
The use of a minute particle of solder does not appreciably reduce 

FIG. II~.--Cf'o$$ed-wif'e thermoelements 

the sensitivity. If the junction is not soldered, some thermoele
ments are occasionally found to have an abnormally high sensitiv 
ity, probably owing to a particularly poor contact; the high resist
ance of the contact causes a production of heat just at the junction 
which is large relatively to the heat produced in the wires. In some 
thermoelements this poor contact remains sufficiently constant 
so that the thermoe1ement can be relied upon, and in some it does 
not. -

The materials ordinarily used for these therm~lements are 
constantan and steel, and constantan and manganin. Using 
wires of the order of 0.02 mm diameter and 4 mm long, a con
stantan-steel thermoelement has a resistance of about I ohm 
and gives about 40 microvolts for 15 milliamperes high-frequency 
current. Using a galvanometer with a sensitivity of 2.5 mm per 
microvolt, it follows that a deflection of 100 mm is produced by 
a high-frequency current of 15 milliamperes. The electromo
tive force is very closely proportional to the square of the high
frequency current. Thus, the typical thermoelement just men
tioned gives a deflection of only I mm for 1.5 milliamperes 
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These thermoelements have practically no thermal lag because 
of being made of such fine wire; it therefore pays to use a very 
quick-acting galvanometer with them. A thermoelement of this 
type made at the Bureau of Standards is shown in Fig. III, facing 
page 156. 

Smaller currents can be measured by the use of thermoelements 
made of wires of still smaller diameter. The resistance, the RP, 
and therefore the temperature, would be higher for a given cur
rent. High resistance is, however, objectionable in most radio 
circuits, so that the more sensitive thermoelements of higher 
resistance have little application. 

Another way to increase sensitivity at the expense of increasing 
the resistance of the circuit is to connect the thermoelement, not 
directly into the circuit, but to the low-voltage side of a current 
transformer in the circuit. This has the advantage that the 
galvanometer is not metallically connected to the main circuit 
and thus its capacity is less likely to cause leakage of high-fre
quency current from the main circuit. The exact limitations of 
this method 'are not known; it seems likely that the calibration 
will change with frequency and with the resistance and inductance 
oonnected to the transformer. 

The above figures on sensitivity are for thermoelements in air 
at ordinary atmospheric pJ'e5Sure. No variation o~ sensitiyity 
with the ordinary barometric pressures has been observed, but' 
the sensitivity may be greatly increased by placing the thermo
element in a vacuum. It has been found that an air pressure 
of about 0.01 mm of mercury or lower is necessary to gain much 
in sensitivity, but that in such low vacua th~ sensitivity of thermo
elements of polished metal wires may be increased as much as 2S 
times. The removal of the air eliminates the cooling of the 
thermoelement by convection; a given current therefore raises 
it to a higher temperature. The temperature of a hot body in a 
vacuum is limited only by radiation of heat from its surface; 
thus the temperature of a polished metal surface, which is a 
poor radiator, rises higher than that of a dull metal surface, 
which is a good radiator. 

Self-Heated Thermoelement.-In the type of thermoelement 
described in the preceding section the high-frequency current 
does not pass through the wires of the thermocouple itself. The 
thermocouple wires (Oa and Ob, Fig. lIO) touch the wires 
(OA and OB), which carry the high-frequency current, at one 
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point only. There is no reason why the thermocouple wires 
themselves may not carry the high-frequency current and heat 
the junction. A simple thennocouple so used may be called a 
self-heated thennoelement. By using this type, Austin 20 has 
found it possible to utilize tellurium as one of the metals of a 
thermoelement and obtain very high sensitivity. A couple 
consistin~ of tellUrium .and platinum gives about 25 times as 
great an emf as constantan and platinum at the same temperature. 
These thermoelements are made by the following process. 

Two copper wires are pl~ed side by side about 3 mm apart 
and embedded in insulating material with their ends protruding 
(Fig. 112). To the end of one of these is soldered about 5 mm 
of 0.02 mm platinum or constantan wire. To the other is soldered 
a short bit of 0.8lnm platinum wire, to the ~nd of which a bead 
of tellurium had previously been attached when the platinum 
was white hot. (White-hot platinum wire when inserted in 

Pt 

Pt 

tellurium forms practically a resistance-free 
contact.) ,The end of the fine wire is next 
allowed to rest against the tellurium and the 
two are welded together electrically by means of 

Coo c... a SU1al1 induction coil with a high resistance 
HI: G in series with the secondary. The contact will 

FIo. II~.-P lati.u... be less fragile if the welding is'done in an oxy
error t.ll#rium tMrmoco#- gen-free atmosphere. The resistance of a ther-

808 p.2 Pie of 1M s·lf-lteakd moe1ement prepared in this way may be any-
Iyp. where from 5 to 50 ohms, according to the condi-

tions of welding and the resistance of the fine wire, the lower 
resistance being somewhat more difficult to obtain. The thermo
element is next inclosed in a test tube, and, if likely to be handled 
roughly, the whole may be 'inclosed in a larger test tube with 
cotton or felt between the two. These thennoelements remain 
constant over considerable periods, but some have been found to 
lose their sensitiveness after a year or two. ·A 32-0hm thermoele
ment was found to give a deflection on a very sensitive galva
Ilometer of 1 mm for 120 microamperes. Such thermoelements 
are very satisfactory when used in connection with portable 
microammeters of the pointer type. 

Thermoelements of the self-heated'type, can, of course, not be 
·used on direct current, since the galvanometer forms a shunt on 
the heating wire. At high frequencies the current is kept out of 
the galvanometer because its impedance is so much greater than 

-See B. S. Sci. Papers, No. lsa, Appendiz •. 
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that of the short lengths of thermocouple wires which it shunts. 
It should be noted that the heating current passes through both 
junctions of the thermocouple but that the temperature of only 
one rises appreciably because a fine wire of high resistance is 
used at one junction only. Large cross section at the other 
junction prevents a large heat ·production and temperature rise. 

Thermogal1Janometer.-Currents of several hundred microam
peres may be. conveniently measured by the Duddell thermo
galvanometer. This is a compact combination of hot wire, 
thermocouple, and galvanometer. The galvanometer coil is a 
sing.e slender turn of wire, with the bismuth-antimony thermo
couple attached to its lower end. The function between these 

N s 

Hot wire. 
PIo. II3.-DudJelllhermogal'IHJfIOfMtn 

. two metals is directly over, but not in contact with, the heater 
which is either a hot wire or thin gold leaf or film of platinum on 
glass. Currents as low as IO microamperes may be measured 
when a heater of several thousaild ohms resistance is u~d, but 
this great sensitivity is not available for radio measurements, 
which generally require heaters of less than 50 ohms resistance. 
The thermogalvanometer differs from the thermoelements de
scribed above in that the thermocouple is not in metallic contact 
with the heater, and thus the capacity of the galvanometer is 
less likely to cause leakage of high-frequency current from the 
main circuit. 

Bolomeler.-An instrument in which heat is measured by the 
change of resistance which it produces in a conductor is called a 
bolometer. Precise measurements of radiant heat, for instance, 
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are made with a bolometer which consists of a blackened. 
metal strip together with a Wheatstone bridge for measuring its 
resist.ance. The bolometer used in radio measurements consists 
essentially of a fine wire, through which the high-frequency cur
rent is pasSed, connected to a Wheatstone bridge. The resistance 
of the wire increases as it is heated by the current, and this change 

(a.) (b) 

'---~.--------~~-----
(c) (d) 

FIG. II4.-Vano.,melhotls 0/ wing tM bolmMfer for measuring small radio currents 

of resistance either causes a deflection of the bridge galvanometer, 
or the bridge is balanced by a change iIi one of the bridge arms 
so as to keep the galvanometer deflection unchanged. In the 
latter method the resistance in the changed bridge arm is a measure 
of the current. 

The direct current used in the Wheatstone bridge produces 
more or less heat in the bolometer wire, and in order to avoid 
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error it is necessary to: (I) Keep it very small, or (2) keep it 
constant for all measurements, or (3) have an auxiliary wire 
similar to the bolometer wire in an adjacent arm, which will keep 
the bridge balan~d as far as heating by the direct current in the 
bridge is concerned. The various forms shown in Fig. 114 have 
been used. Figures (b) and (d) are similar to (a) and (c), re
spectively, except for the auxiliary wires in a bridge arm adjacent 
to the one containing the bolometer wire. It is necessary to 
keep the high-frequency current out of the parts of the bridge 
other than the bolometer wire as the latter would not then carry 
the whole current to be measured. This is done in either of the 
two ways shown. Choke coils may be used on either side of the 
hot wire, as in (a) and (b); or, the bolometer wire may have 
the rhombus form as in (c) and (d). The heating current divides 
between the two halves of the rhombus, and the bridge connections 
are made at two points of equal potential so that there is no 
tendency for the heating current to flow into the bridge. 

For the bolometer wire, use has been made of iron, gold, plati
num, tungsten, and carbon. The smaller the wire the smaller the 
currents measurable. A gold Wire 0.002 mm diameter has been 

. found to give 10 scale divisions on a pointer-type galvanometer for 
500 microamperes and a 0.0005 'mm platinum wire 10 scale divi- . 
sions on the same galvanometer for 34 microamperes. These fig
ures 21 are for the bolometer wire in air. The sensitivity may be 
increased by placing in a vacuum. A current of 5 microamperes 
has been measured by the use of a carbon filament in a vacuum. 

The bolometer has also been used as a means of measuring large 
currents up to 10 amperes. (See p. 172 below.) Wire of com
paratively large diameter is used but not so large as to change in 
resistance with frequency. It is immersed in oil to keep down the 
the temperature rise. 

Elect-rometer.-It is possible to measure fairly small currents 
by the aid of an electrometer shunted across a condenser. The 
deflections of an electrometer are proportional to the square of 
the effective voltage when the vane is connected to. one plate. 
The curren~ through the electrometer is proportional to its capa
city, to the frequency, and to the applied voltage. The form 
sh,)wn in Fig. il6 has been used. Connection is made 
to the fixed plates PP. The Ught metal vane V is suspended 
by a delicate fiber between them. The suspending fiber also 

• Data m.a B. GAtt (~lectricilUl. 68. p. 98.3. 1907. and 18. p. 3540 1916). who usa lUI arraJqaDalt f« 
-m,raiatlUlce_whatdiffermt from a Wheatstoae brid&e. and who caIlahiadevic:ea .. barrater .... 
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carries a damping-vane and a mirror for reading from a distance. 
The voltage impressed on the plates P P charges them with electric
ity of opposite signs. One of them being connected to the vane 
V, they thus exert a torque on it. 

(/f'\ , J 

" ... 

:-~ 
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where R and L are .the resistance and inductance of the metal 
ring and N the number of turns in the coil. The deflection will 
therefore depend on the frequency, which is a serious limitation . 
on the usefulness of the instrument. For frequencies so high, how
ever, that R is small compared with 6JL, the deflections are inde
pendent of frequency. Care should be taken to keep the instru
ment away from other parts of the circuit, so that no large mag
netic fields may act upon it. 

Crystal Detector.-Currents too small to be measured by any of 
the preceding instruments, as for example the received. currents 
in antennas, can be measured by the aid of a crystal detector. 

L c 

FIG. II8.-Crystal utector circuits w_ 
in fMasuring small currents 

The exact action of these detectors is a complicated matter, but 
for practical purposes it is sufficient to regard them as unilateral 
conductors; that is, they have a greater resistance to current flow
ing through them in one direction than to current flowing in the 
opposite direCtion. Thus, when an alternating emf is impressed 
on a crystal detector, more current flows in one direction than in 
the other, and a direct-current instrument in the circuit will be 
operated. The r:esistance of the ordinary crystal detectors in the 
low-resistance direction is of the order of 1000 to 10000 ohms, 
and the resistance in the opposite direction about 10 times as 
great. 
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In combination with a sensitive galvanometer, a crystal detector 
may be used to measure currents of a few microamperes. The 
galvanometer and crystal may be connected to the circuit LC, the 
current in which is to be measured, in any of the ways shown in 
Fig. 118. Using the first mode of connection, Austin 22, has ob
tained a deflection of 100 mm for 9 I microamperes. A perikon 
detector (chalcopyrite-zincite) was used, with a galvanometer of 
2000 ohms resistance giving I mm for 1.3 x IO-D ampere direct cur
rent. The deflections have been found to be proportional to the 
square of the high-frequency current (for this and some other crys
tals). The sensitiveness of the crystal detector is hundreds of times 
that of the thermoelement, but it is not constant. It is always 
calibrated just before or after use (or both) by comparison with a 
thermoelement in the LC circuit, using current from a buzzer or 
other source. (See p. 174 below.) 

A telephone may be used in place of the galvanometer in any of 
the arrangements shown in Fig. 118, when periodically interrupted 
current is to be measured. Telephone measurements can not 
be made of uninterrupted undamped currents. Quantitative 
measurements may be made with the telephone in two ways. In 
both, the current through the telephone is reduced until the sound 
is just barely audible. . (The limit of audibility is sometimes taken 
to be that at which dots and dashes can just barely be dis
guished.) In the first method a resistance is placed in parallel 
with the telephone and reduced until the limit of audibility is 
reached; this is the .. shunted telephone" method. The second 
method employs variable coupling between the detector circuit 
and the main circuit. 

A measure of current in the shunted telephone method is 
obtained as follows: If t is the impedance of the telephone for the 
frequency and wave form of the current impulses through it, s the 
impedance of the shunt, It the least current in the telephone which 
gives an audible sound, and I the total current flowing in the com
bination of telephone and shunt, 

I s+t 
It --s-· 

This ratio, s +t, is called the audibility. It is approximately pro-
s 

portional to the square pf the high-frequency current. It can be 
expressed in units of current if calibrated at one or more values 
of current by some deflection device in the high-frequency circuit. 

-See B. S. Sci. Papers No. '57, Appendiz 2. 
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The observed settings depend on the frequency, on the wave form 
of the pulses passing through the telephone, on the constants of 
the circuit, and on the frequency of interruption of the current 
used, and involve the assumption that the crystal and the sensi
tiveness of the operator's ear remain constant. It is desirable to 
minimize the variations of resistance which have to be ~de in 
the detector circuit by using a :fixed resistance Rl in series with the 
detector and shunt the telephone across a variable portion R3 of 
this. The apparatus should be calibrated under the exact condi
tions of use, both before and after each set of measurements. 

An accuracy of 10 per cent is difficult to obtain; the method is 
nevertheless very useful in measurements of radio currents in re
ceiving sets. For a frequency of interruption of the radio current 
of 1000 per second, cuCrents of the same order of magnitude can 

R, 

FIo. IIg.-Circuit jor nUiJ.mring audi
bility ratios 

be measured with a crystal detector by the use of a telephone as 
by the use of a galvanometer. About 10 microamperes is the 
least current which can be detected by the ordinary crystal and 
telephone. 

In the variable coupling method the telephone is not shunted, 
but the coupling between the detector circuit and the main circuit 
is varied until the sound in the telephone is just barely audible. 
The greater the high-frequency current to be measured the looser 
is the coupling. The arrangement is calibrated by making at 
least one simultaneous observation of the coupling for barely 
audible sound and current as measured by some other device, such 
as a previously calibrated crystal and galvanometer connected to 
the main circuit, together with the plotting of a curve between 
coupling and current in the main circuit. The coupling may be 
measured in any arbitrary way, as by the distance apart of the 
coupling coils. 

Audion.-The audion (described below in section 56) may be 
used for measuretnents of current, just as the crystal detector is, 
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in conjunction with either a telephone or a galvanometer. With. 
the ordinary audion connections, as in Fig. 120, the sensitivity is 
about the same as that of the best crystal detectors. The actions 
ot the audion and other electron tubes as detectors, amplifiers, etc., 

I"""\I\NWV\MR 

FlG. I2o.-Use 01 1M audionlor measuring small currents in 
IemJ$ of audibility ratios 

are discussed on pages 204 to 210. The connections shown here are 
for the shunted telephone method. The variable coupling method 
can also be Used. . In the figure, L is the coil used for coupling to 
the circuit in which the current is to be measured, C1 is a small 

~CI 

L 

Flo. Iu.-oscillaling tdtraudion circuit wed 'With crystal detector 
aM galvanometer lor measuring small currents 

fixed condenser, and T. the telephone shunted by the variable R. 
The audibility is approximately proportional to the square of the 
high-frequency current, as in the case of the crystal detector. 

A galvanonieter can be used with the audion, but it must not 
be put directly in place of the shunted telephone, because a con-
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tinuous curfent "!,.ould flow through it from the B battery. One 
arrangement is to place the primary of a transformer in series with 
the telephone and cOnnect to·· its secondary a crystal detector in 
series with a sensitive gaivanometer. The changes in CU1Tel1t 
which affect the telephone give rise to alternating currents in the 
secondary which are rectified by the crystal detector and thus 
cause a deflection of the direct-current galvanometer. This 
arrangement is particularly advantageous when the oscillating 
ultraudion connections are used. (For description of the 
ultraudion see section S8 below.) The connections are given 
schematically in Fig. 121. This is suitable for the measurement 
of undamped currents. The note in the telephone T is produced 

Flo. I22.~ICiUlJting GtUlioft circtlils for fVlJ,ditGliw ffUGItImtwfJls Oft "'''"-;.Ga_ 
. from distGnt radio ItGlioflS 

by the beats between the impressed and the lOCal currents. The 
condenser C, must be adjusted for maximum deflection of the 
galvanometer. Austinu has found that the deflections are pro
portional to the square of the high-frequency current, which means 
that the current in the telephone is proportional to the first power 
of the high-frequency current. (This law holds only for the 
oscillating condition. When the audion is not oscillating, the 
deflections are approximately proportional to the foUrth power 
of the high-frequency current.) This constitutes a method of 
remarkable sensitiveness for measuring small high-frequency 
currents. Austin found that for signals of minimum audibility 
on the simple audion, the oscillating ultraudion gave audibilities 
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from 300 to 1000 times as great; that is, it would measure currents 
hundreds of times as small. 

For converiience in measuring received radio currents from 
distant stations the shunted telephone is used in connection with 
the oscillating ultraudiort. The arrangement shown in Fig. 122 

has been used by Austin. U The shunt s is used on the telephone 
T,. The audibility is approximately proportional to the current 
in the antenna. The sensitivity is always measured at the time 
of use by comparison with a silicon detector and galvanometer, 
which combination is in turn calibrated by comparison with a 
thermoelement. This arrangement has been used to make q~an
titative measurements on undamped waves from radio stations 
4000 miles away, the least high-frequency current detectable in 
the receiving antenna being 4 x 10-8 ampere. 

44. STANDARDIZATION OF AMMETERS 

The instruments for high-frequency current measurement may 
be grouped as follows, from the standpoint of standardization: 
(1) Those whose deflections are the same at all frequencies, such 
as suitably designed instruments of the hot-wire type; (2) those 
whose deflections are accurately calculable at all frequencies, such 
as electrometer ammeters; (3) those which are constant at all 
radio frequencies but not at lower frequencies, such as properly 
designed current transformers; and (4) those which have to be 
calibrated at the particular frequency used, such as the electro
dynamometer, crystal detector, and audion. Only the first and 
second of these groups are suitable to serve as standards for the 
calibration of high-frequency ammeters. The second group, 
electrometers, is not actually used for this purpose, so the 
ultimate standards used in practice are instruments of the hot
wire type. 

Small and Moderate Currents.-The instruments described in 
subsection a above under this head are all simple hot-wire types. 
If properly constructed, if the hot wire is :fine enough, and the 
design is otherwise correct, they are themselves standards and 
need no calibration at high frequency. Such instruments are 
calibrated at low frequency (50 to 3000 cycles per second). In 
no case should they be used without calibration. While thermo
couples and some detectors give deflections approximately propor
tional to the square of the current, they do not follow this law 

~- - -~ -------
,. See article iu ":EIec:triciaD," reference No. 108, Appeudiz 2. 

.. 
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exactly. In some cases the calibration can be made with direct 
current. In other cases this is not desirable; in the thermoelec
tric ammeter of the crossed-wire type, for instance, the Peltier 
effect at the junction causes a current through the galvanometer, 
and in addition some of the direct current passes through the 
galvanometer inasmuch as the junction has some resistance and 
thus the galvanometer and the junction constitute two parallel 
paths for the current. Both of these effects may be eliminated 
by reversing the direct current, and taking the mean deflection 
of the galvanometer (not the mean reading, in case the scale is 
calibrated in terms of the heating current). Reversing the direct 
current is equivalent to using alternating current for calibration. 

The use of direct current involves another possible error, 
leakage to the galvanometer, which mayor may not be reversed 
when the current is reversed. It is on 
the whole good practice to use alter
nating current rather than direCt for 
standardizing hig,h-frequency ammeters, 
using as comparison instruments any 
reliable low-frequency ammeters. 

If there is any doubt as to a high
frequency ammeter's independence of 
frequency, it should be compared with 
a reliable standard at radio frequencies 
by the methods given below. 

Large Currents.-The design of most 
ammeters for large currents of high fre
quency is such that it is not safe to 

FIG. 123.-Melhod of luting am-
1rI4ms for the effect of change of 
freqruncy 

assume them independent of frequency. They should be standard
ized by comparison with instruments known to be reliable at 
several radio frequencies. The comparison is made as indicated 
in Fig. '123. The instrument to be tested, X, is in series with a 
standard instrument, N, and their deflections are simultaneously 
observed when supplied alt~-nately with high-frequency and low
frequency current. The high-frequency circuit LC is coupled to 
a source of current such as a spark or arc set or a pliotron, and 
the low-frequency current is obtained from an alternator through 
a step-down transformer and a rheostat. 

The two ammeters could, of course, be compared using the 
high-frequency current only, but this would give no information 
as to the change of reading from low to high frequency. Also, 
.the variation of tpe readings at different radio frequencies would 

4868610-58-12 
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not be as accurately obtained. The particular advantage of 
using an auxiliaiy low-frequency comparison current is that -it 
enables one to determine accurately the difference between the 
high and low-frequency readings independently of zero shift, 
temperature variation, and other accidental errors. The experi
mental proceditre is to pass high-frequency current through the 
two ammeters for a certain length of time, say, one minute, 
recording the deflections, then quickly throw the switch (5 in 
Fig~ 123) and allow an approxirilate1y equal low-frequency cur
rent to :flow the same length of time, recording the de:flections; 
then high frequency again, then low frequency, and finally high 
frequency again. Thtis, three high-frequency observations are 
obtained with two low-frequency observations sandwiched between 
theni, and errors from thermal or other drifts are eliminated. 
The lack of constancy of a spark or arc source liniits the precision 

of an observation to a few tenths per cent. This can be excelled 
with a pliotron source. 

Several variations of the hot-wire principle are available as 
standard ammeters. The simplest is a single wire as used in 

_ various instruments previously described, and capable of measuring 
up to about 2 amperes. .An ammeter of about 10 amperes range 
can be calibrated by comparison with such a standard at the lower 
end of its range, 2 amperes or less. Such a calibra.tion is, of course, 
not so. satisfactory as one covering the who1e range~ 

As a standard ammeter for measurements up to 10 amperes 
an application of the bolometer principle may be used. The 
instrument consists essentially of a fine Copper wire soldered 
to four upright posts, two of which carry the high-frequency 

-current and the other two connect to a Wheatstone bridge as 
in Fig. 124. The wire rhombus is placed in oU. The high
frequency current has two paths in the instrument and hence 
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great care is necessary to insure that the resistances and induct
ances of the two paths are equal. With the most careful con
struction the current distribution between the two paths doubtless 
varies somewhat with frequency, but it is to be noted that the 
resistance depends upon the heat production in the whole instru
ment and not on that in one branch only. Small changes of 
current distribution do not appreciably affect the resistance of the 
instrument, . and it is consequently a perfectly reliable high
frequency standard if carefully constructed. 

A curve is plotted· between the measured current and the 
resistance in the rheostat arm of the Wheatstone bridge. In 
the arrangement shown diagrammatically in Fig. 124, K is a 
tapping key in the battery circuit. A closed galvanometer 
circuit is used, thus eliminating errors of false zero. G is a sen
sitive moving-coll galvanometer. The current through the 
fine wire from the bridge battery should be 0.01 of the heating 
_ current or less. It is not cOnvenient to calibrate this standard 
on direct current, although it is theoretically possible to do so. 
For a heating current entering at Land M, X and Y need to be so 
adjusted as to be equipotential points; then no portion of the 
heating current flows in the bridge used to measure the resistance. 
However, it is difficult to make this adjustInent exactly, and it ~s 
moreover unnecessary, as a calibration by low-frequency alter
nating current is just as good as a direct-current calibration. 
Consequently, the points X and Y are simply made approximately 
equipotential points, but not adjustable. 

For currents greater than 10 amperes, standard ammeters 
of the cylindrical type, described on page 146 above, are used. As 
there stated, the design of these instruments by no means insures 
their accuracy. If properly constructed of high-resistance m~tal, 
instruments of this typ e can be used as standards for moderate 
ranges of current and frequency. Standard instruments for the 
largest currents used in radio work are now under investigation 
at the Bureau of Standards. 

Very Small Currents .-Thermoe1ements are usually used as 
standards in calibrating the instruments used' to measure very 
small currents. As already explained, it is in general better to 
standardize them with low-frequency alternating current than 
with direct current. In particular, thermoe1ements of the self
heated type can not be used on direct current. It is possible to 
use a bolometer as a standard, and it likewise should be calibrated 
with low-frequency alternating current, since if direct current 
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were used some of it would be very likely to get into the bridge 
galvanometer. The thermogalvanometer and the electrometer, 
on the other hand, may theoretically be calibrated with direct 
current but the experimental errors are likely to be larger than 
with low-frequency alternating current. 

In the use of the crystal detector and the audion to measure 
current, with either a galvanometer or telephone, it is necessary 
to calibrate the arrangement at the time of use. These very 
sensitive devices are variable with time and with the conditions 
of the circuits. The calibrl\tion of a crystal detector is made by 
placing a thermoe1ement directly in the circuit to which the 
crystal is coupled or attached, as in Fig. 125, and currents used 

Ca 

Th'i--____ 

.. :r;: 2 FIG. I2s.-Metlsotl of calibrating a.tktector in terms of a thermocouple 

SUCh as to give small deflections on the thennoelement galvano
meter. These observations fix the value of current for one or 
more points corresponding to large deflections of the galvano
meter attacilied to the crystal. The law of variation of deflection 
of the latter galvanometer with respect to current in the main 
circuit is determined by a separate experiment in which the 
detector is coupled more loosely to the main circuit so that the 
deflections of the two galvanometers are more nearly eq~al. 
In Fig. us, Lo is an inductance used to couple the main circuit 
to the source of current, Th is the thermoe1ement, and G1 its 
galvanometer. La is used to couple the detector circuit to 
L" C, is a fixed condenser, and G, is the detector galvanometer. 

Ordinarily the deflections of the two galvanometers are approxi
mately proportional, and the ratio between the small thermoele
ment deflection and the large crystal deflection obtained in the 
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cahoration is used as a multiplier to obtain the equivalent thermo
element deflection from any smaller crystal deflection subse
quently observed. The currents so measured thus depend, 
in a certain sense, on an extrapolation. Great accuracy is not 
expect~d nor required. When an oscillating ultraudion is used 
it is calibrated by comparison with a detector in the same way as 
the detector is calibrated in terms of the thermoelement. The 
exceedingly small currents measured with tbe oscillating ultra
udion thus depend upon two extrapolations. 

RESISTANCE MEASUREMENT 

45. mGH-FREQtJENCY RESISTANCE STANDARDS 

Standards of resistaitce are requirea for some of the niethods of 
resistance measurement described below. The resistance of the 
standard must be accurately known at all frequencies, and it is 
very desirable to have. it remain constant over all the frequencies 
at which it may be used. This requirement practically limits the 

. form of such a statldard to a very fine wire. Very tron tubes 
would be satisfactory from the theoretical standpoint, but it is 
extremely difficult to obtain very thin metal tubes of sufficient 
uniformity that the current. distribution, and hence the resistance, 
does not change with frequency. 

The accuracy of ordinary measurements requires that the re
sistance of the st~dard be constant to I per cent. . The maximum 
size of wire of various materials that may be used can be found 
from Table 18, page 310, for the highest frequency that is to be 
used. The diameter required for any given accuracy and a given 
limiting frequency may be calculated from (207), page 300. 

These fine wires which must be used as high-frequency standards 
Will not carry much current without serious 1}eating. They must 
therefore be used in measurements with cautJon. When a stand
ard is required to carry large currents it can not, in general, be 
obtained by putting several fine wires in parlUlel. The design of 
such a resistance standard is, in fact, identically the same problem 
as the design· of high-frequency ammeters for large currents. 
(Sec. 41, p. 144.) 

The ideal resistance standard would not change any of the con
stants of a circuit except resistance when it is inserted in the 
circuits. / A wire, however, has some inductance, and since the 
industances used in radio circuits are small the inductance of 
a wire standard of resistance can not be neglected. The induc-
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. tance must be made extremely small by using very short wires, or 
its effect must be minimized by substituting for the resistance 
wire a copper wire of the same length whenever the resistance 
wire is removed from the circuit. The :first of these alterna
tives is followed in the use of a short slide wire, which gives 
a continuous variation of resistance; the contact with such a 
slide wire must, of course, be of small and constant resistance. 
The second alternative is followed in sets of resistance standards. 
The inductance of the copper wire link will be practically the same 
as the inductance of the resistance standard substituted for it, 
and the slight difference between them will not ordinarily affect 
the total inductance of the circuit provided the resistance wire and 
the copper link are short. . 

A set of resistance standards for high frequency may, therefore, 
be a set of short wires of approximately equal lengths, a portion 
of the length consisting of a very fine wire. The wire must be of 
very small diameter to obtain fairly large resistances in the short 
length allowed. This fin,e wire is of resistance material, the length. 
is adjusted to give the required resistance, and the remainder of 
the length is of relatively thick copper wire. In a set used by this 
Bureau, the resistance material' is manganin, used because the 
.resistance does not change appreciably with temperature. In 
'order to protect the delicate wires from breakage each is mounted 
in a glass tube. The copper ends of each standard are amalga
mated for insertion in small mercury cups; the amalgamation 
must be renewed at frequent intervals. They are 7 cm long; the 
resistances have values from 0.2 to 40 ohms; the resistance wires 
have lengths from 0.5 to.6 cm, and diameters from 0.03 to o. I 2 nun. 
On account of the wire~ being of such small diameter, care is neces
sary to aVQid using currents that would overheat them. The 
inductances vary from o. I 5 microhenry for the 40-ohm standard 
to 0.08 microhenry for the o-ohm copper link. The difference, 
0.07 micro henry , is negligible exeept in rare cases. The resistances 
have been found to remain satisfactorily constant for several 
years .. 

Decade resistance boxes' are also useful as standards whcn 
properly made and used with caution. The resistance units must 
be made very short and of sufficiently fine wire. When such a set 
is used in a circuit of low inductance, variation of the resistance 
setting may vary the inductance of the circuit. In some methods 
of resistance measurement this merely requires retuning to 
resonance. 
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46. JlBTHODS 01' JlEASUREJIBlIT 

The methods of measuring high-frequency resistance may be 
roughly classed as: (I) Calorimeter method, (2) substitution 
method, (3) resistance-variation method, and (4) reactance
variation method. 

The fourth has frequently been called the "decrement method," 
but it is primarily a method of measuring resistance rather than 
decrement, exactly as the resistance-variation method is. Thus, 
the measurement of decrement is the same problem as the measure-

- ment of resistance. When applied to determine the decrement 
" of trains of waves, radio-reSistance measurement accomplishes 

something similar at high frequencies to what is done at low fre
quencies by wave analysis. Either may be used to measure the 
decrement of a wave under certain conditions and, in fact, the 
results of resistance measurement by any method may be ex
pressed in terms of dec~ement. 

All four methods may be used with either damped or undamped 
waves, though in some of them the calculations are different in 
the two cases. They are all deflection methods, in the sense of de
pending upon the deflections of some form of high-frequency 
ammeter. In the" first and second, however, it is only necessary 
to adjust two deflections to approximate equality, while in the 
third and fourth the deflections may have any magnitude. 

47. CALORDIETER JlBTHOD 

This method may be used to measure the reS1stance either of a 
part or the whole of a circuit. The circuit or coil or other appa
ratus whose resistance is desired, is placed in some form of calo
rimeter, which may be a simple air chamber, an oil bath, etc. The 
current is measured by an accurate high-frequency ammeter, and 
the resistance Rx is calculated from the observed cUlTent I 

FIG. I26.-Mellwd of 1MtUUriflg resistance 
by co.lorimetn method 

and the power, or rate of heat production, P. 
P-RxT' (77) 
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While P might be measured calorimetrically, in practice it is 
always measured electrically by an auxiliary observation in terms 
of low-frequency or direct current. Thus, it is only necessary to 
observe the temperature of the calorimeter in any arbitrary units 
when the high-frequency current flows after the temperature has 
reached a final steady state, and then cause low-frequency current 
to flow in the circuit, adjusting its value until the final temperature 
becomes the same as before. Denoting by the subscript 0 the 
low-frequency values 

From the lotown low-frequency value of the resistance, therefore, 
and the observed currents, the resistance is ·obtained. 

The high and low frequency observations are sometimes made 
simultaneously, using a duplicate of the apparatus. whose resist
ance is desired, placed in another calorimeter as nearly identical 
with the first as possible. High-frequency current is passed 
through one, low frequency through the other, and the calorim
eters kept at equal temperatures by means of some such device as 
a·differential air thermometer or differential thermoelement. To 
compensate for inequalities in the two sets of apparatus, the high 
and low frequency currents are interchanged. This method may 
be found mOl'e convenient in some circumstances, but the extra 
complication of apparatus is usually not worth while, and the 
value of the measurement depends upon the accurate observation 
of the high-frequency current I, just as the simpler method does. 

The calorimeter method, while capable of high accuracy, is 
slow and less convenient than some of the other methods. It 
has been used by a number of experimenters to measure the 
resistance of wires and coils. 

48. SUBSTITl1T~ON METHOD 

This method is applicable only to a portion of a circuit. Sup
pose that in Fig. 126 the coil L is loosely coupled to a source of 
oscillations. The capacity C is varied until resonance is obtained, 
and the current in the ammeter is read. A resistance standard is 
then substituted for the apparatus Rx and varied until the same 
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current is indicated at resonance. If the substitution has changed 
the total inductance or capacity of the circuit, the retuning to 
resonance introduces no error when undamped or slightly damped 
electromotive force is supplied, provided the change of condenser 
setting introduces either a negligible or known resistance change. 
In the case of a rather highly damped source, however, the 
method can only be used when the resistance substitution does 
not change the inductance or capacity of the circuit. The un
known Rs. is equal to the standard resistance inserted, prO'Vided 
the electromotive force acting in the circuit has not been changed 
by the substitution of the statidard for Rx; this condition is dis
cussed below. 

Unequal Deflections.-The resistance standards usually used 
are not. continuously variable, and hence the standard used may 
give a deflection of the ammeter somewhat different from original 
deflection. 

To determine the- resistance in this case, three deflections are 
required, all at resonance. The apparatus, sayan absorbing con
denser, of unknown resistance Rx is inserted and the current Ix 
observed; then a similar apparatus of known resistance RN is 
substituted' for it and the current IN observed; and finally a known 
resistance.R1 is added and the curr~t 11 oQ"serVed. The relations 
between' these '. quantities" and the electromotive force involve the 
unknown but constant resistance of the remainder of the circuit 
R, thus, assuming undamped emf, 

E 
Rx+R=

Ix 
E RN+R=
IN 
E 

R1 +RN+R=I
t 

IN_I 

fromwhich,Rx-KN=R t ~x 
~-I 
11 

Or, in case the resistance of a current-square meter, thermoele
ment, or similar apparatus is desired, the procedure would be to 
observe the current I when the resistance R is that of the circuit 
alone, the cun _&It Is when the apparatus of resistance Rs is 
inserted in the circuit. and the current II when a known resistance 
R. is substituted. 
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Then 

From which, 
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This method is closely related to the resistance-variation method; 
see formula (80) beiow. 

A PPlication oj M ethod.-The substitution method is -yery con-
- venient an,d rapid, and i~ suitable for measurements upon antennas, 

spark gaps, etc., and for rough measurements of resistances of 
condensers and coils. In iacUo laboratory work, however, using 
delicate instruments and With loose coupling to the source of 
oscillations, it.is found that. in some cases it is not a highly accurate 
method, except for measuring small' changes in resistance of a 

,circuit. The reason for'this is that there are other electromotive 
forces acting in the circuit than that purposely introduced by the 
coupling coil, viz, emf's electrostatically induced between various 
parts of the circuit. When the apparatus under measurement is 
removed from the circuit; these emf's are changed, and there is no 
certainty that when the current is made the same the resistance has 
its former value. Something of the same difficulty enter~ into the 
question of grounding the circuit in the following method, as 
discussed below. 

49. RESISTANCE VARIATION METHOD 

As this method measures primarily the resistance of the whole 
circuit, ~e principle may be readily understood from the diagram 
of the simple circuit, Fig. 127. 

If the resistance of some particular piece of apparatus, inserted 
at P, for example, is to be found, the resistance, of the circuit is 
measured with it in circuit and then remeasured in the same way 
with it r~oved or replaced by a similar apparatus of known 
resistance; and the resistance of the apparatus is obtained by 
simple sul:>traction. 
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The measurement is made by observing the current I in the 
ammeter A when the resistance Rl has its zero or minimum value, 
then inserting some resistance R1 and observing the current II. 
Let R' denote the resistance of the circuit without added resist
ance, and suppose a sine-wave electromotive force E introduced 
into the circuit by induction in the coil L from a source of 
undamped' waves. For the condition of resonance 

E 
l 1- R +R1 

from which the resistance of the circuit is given by 

R_...!1.... 
!..-l 
II 

FIc 12i .-CiTcvitjoT fllMUUring TuUM"" 
by tile Tesistance 'lJamtion metW 

(So) 

. The same method can be employed using damped instead of 
continuous waves, .and can even be used when the current is sup
plied by impulse excitation, but the equations are different; see 
(89) and (90) below. 

Precautions.-A limitation on the accuracy of the measurement 
is the existence of the emfs electrostatically induced that were 
mentioned above. In the deduction of (80) it is assumed that 
E remains constant. The virtue of this method is that these 
emfs may be kept substantially constant during the measure
ment of resistance of the circuit. . They will invariably be altered 
by the substitution of the apparatus whose reSistance is desired, 
but the resistance of the circuit is measured accurately in the two 
cases and the difference of the two measurements gives the resist
ance sought. In order to keep these stray electromotive forces 
unchanged when Rl is in and when it is out of circuit, particular 
attention must be paid to the grounding of the circuit. The 
shield of the condenser and the ammeter (particularly if it is a 
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thermocouple with galvanometer) have considerable capacity to 
ground and are near ground potential. A ground wire, if used, 
must be connected either to the condenser shield or to one side 
of the ammeter. If connected to the high-potential side of the 
inductance coil absurd results will be obtained. The resistance 
Rl also must be inserted at a place of low potential, preferably 
between the shielded side of the condenser and ammeter. 

Furthermore, care must be taken that the coupling between the 
measuring circuit and the source is not too close. Otherwise the 
current in the source and hence the emf E will vary somewhat 
when Rl is inserted. This will give incorrect resistance values 
which will depend upon the magnitUde ofR1• Whether such an 
effect is present can be "judged by opening and closing the meas
uring circuit and noting whether this produces a considerable 
change in the ammeter reading fu the source circuit; or by repeat
ing the measurement with reduced coupling. In order that the 
measurement can be made using very loose coupling it is necessary 
either to have a source of considerable power or to use a sensitive 
current-measuring device such as thermocouple and galvanometer. 

Use of Thermocouple.-As regularly carried out at the Bureau 
of Standards, in the resistance-variation method a pliotron is 

" used as a source of undamped emf, and current is measured with 
a low-resistance thermocouple in series in the circuit. The cur
rents corresponding to given deflections of the thermocouple gal
vanometer are obtained from a calibration curve; or from the 
law drxP, where d=deflection, 1£ the instrument follows this law 
sufficiently closely. When the deflections follow this law, equa
tion (80) becomes 

R= Rl 
.~ --1 

d1 

(81) 

Several values of resistance R1 are usually inserted in the circuit 
.and the corresponding deflections obtained; the resulting values 
of R are averaged. An example is given on page 192 below. 

When the thermocouple follows the square law accurately, the 
quarter deflection method may be used, which eliminates all cal
culation. When the deflection d1 is ?1 d, equation (81) becomes 

R=R 

This method requires a variable resistance standard such that Rl 
can be varied continuously in order to make d1 just equal to 
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U d. Practically. the same method is used if the resistance is 
varied by small steps, as in a resistance box, and interpolat
ing between two settings of R1• Suppose that the two values 
of Rl are R, and Rs and the corresponding deflections d, slightly 
less than U d, and da slightly greater than }( d, 

ds-ld 
R=Rs+ d -d (R,-RJ 

s , 

Use oj Impulse Excitation.-The procedure for the resistance
variation method is the same when the current is damped as 
when undamped. When the circuit is supplied by impulse exci
tation, so that free oscillations are produced, the theory of the 
measurement is very simple. The current being I when the 
resistance is R imd 11 V:hen the resistance R1 is added, the power 
dissipated in the circuit must be the same in the two cases, because 
the condenser in the circuit is chaFged to the same voltage by 
each impulse which is impressed upon it, and there is assumed 
to be no current in the primary after each impUlse. 
Therefore, -RP = (R +Rl)Il' 
-whence, 

This simple deduction of this equation is equivalent to the 
proof of (61) on page 93. As mentioned there, this method can 
be regarded as a true measurement of decrement, since the cur
rent flowing in the circuit has the natural decrement of the cir
cuit. It is difficult to obtain high accuracy by the method in 
practice because of the difficulty of obtaining pure impulse exci
tation. An example of such a mea.surement is given on page 
190 below. 

The method is specially convenient when an instrument is used 
in which the deflection d is proportional to the current squared. 
Then (84) becomes 

(85) 

This is still further simplified if the resistance Rl is adjustable, so 
. that d1 can be made equal to one-half d. The equation then 
reduces to 

R=R1 (86) 

This is commonly known as the half-deflection method. 
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Use of Damped Excitation.-The resistance variation-method has 
already been shown to be usable with either undamped or free 
oscillations. It can also be used when the source of emf is damped 
so that both forced and free' oscillations exist in the circuit. 
Equation (62) on page 94 above gives the relation between the 
currents and the decrements of the circuits. As there stated, 
such a measurement may be looked upon as a direct measure
ment of decrement. It is possible to calculate either the decre
ment 6' of the supplied emf as in equations '(63) to (65) when the 
constants of the measurement circuit are known, or the decre
ment 6 or resistance R of the measuring circuit when 6' is known. 

A convenient form of the solution for R is obtained from equa-

tion (66) and the relations 6 = JrL and 81 = 'If' t~, 

KI2 
R=:R1P_Kll' , 

. ,where 

(88) 

This is, of course, not an explicit solution for R, since K involves 
8 and therefore R, but gives a,ready means of finding R or 8 when 
the sum of the tlvo decrements 8' + 8 is known from some other 
measurement, such as the reactance-variation method described 
below. Thus, a combination of the two methods gives both 6' 
and 6, or ~' and R. 

There are two interesting special cases in which the measure
inent is simplified. When the decrement 6' of the supplied emf 
is very small and is negligible compared with &, equation (87) 
reduces to 

identical with (80) above, the equation for th~ use of undamped 
emf. This is to be expected, since undamped emf is the limiting 
case of small decrement. When, on the other hand, 8 and 81 are 
both very small compared with 8', K becomes unity and equation 
(87) reduces to 

This happens to be the same as equation (84) above, the equa
tion for the use ot impulse excitation. The proof given here 
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can not, however, be regarded as a deduction of equation (84) 
for impulse excitation, as it has been by some writers, since 
Bjerknes' equation (p. 187) is involved, which assumes that &' 
and & are both small. 

SO. REACT:Al'fCE V.A.RIA.TION METHOD 

This has been called the decrement method, a name which is 
no more applicable to this than. to the other methods of resistance 
measurement since all measme decrement in the same sense that 
this does. That the method primarily measures' resistance rather 
than decrement is seen from the fact that in its simple and most 
accurate form it utilizes undamped current, which has no decre
ment. 

E 
FIG. u8.-Circui'jor",easu"n9 resutance 

by th, reactafIU 'lHJriation method 

The method is analogous to the resistance-variation; method, 
two observations being taken. The current Ir in th~ ammeter 
is measured at resOnance, the reactance is then varied and the 
new current 11 is observed. The total resistance of the circuit R 
is calculated from these two observations. The reactance may 
be varied by changing either the capacity, the inductance, or the 
frequency, the emf being maintained constant. The reactance is 
zero at resonance and it is changed to some value Xl for the other 
observation. With undamped emf E, the currents are given by 

- F;2 
1 2--

r ·-R2 

12- £2 
1 - R2+X12 

From these it follows that 

This has a similarity to R =R1 I ~I/ the equation (So) for 

the resistance-variation method. It is also interesting that when 
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the reactance is varied by such an amount as to make the quantity 
under the radical sign equal to unity, th~ equation reduces to 

This is similar to R =R1 , which is the equation for the quarter
deflection and half-deflection resistance variation methods. 

SPecial Cases of Method.-When the reactance is varied by 
changing the setting of a variable condenser, the equation (91) 
becomes (27) given on page 38. For variation of the inductance, 
(91) becomes 

R= ±~ (L-Lr)~IlI~I12 
For variation of the frequency, (91) becomes 

It must be noted that variation of the frequency requires some 
alteration in the source of emf, and the greatest care is necessary 
to insure that the condition of constant emf is fu1fi11ed. 

A convenient method which differs slightly from those just 
. described is to observe two values of the reactance both corre

sponding to the same current 11 on the two sides of the resonant 
value I r. For observation in this manner of two capacity values 
C1 and C,,' 

Decrement Calculation.-It is often convenient to calculate 
directly the decrement of the circuit instead of the resistance. 
Formulas for decrement exactly corresponding to the resistance 
formulas already given are obtained by application of the simple 
relations between resistance and decrement and are. the same as 
formulas (96) to (100) below with 8' omitted. The formulas 
thus obtained are rigorous, as are the foregoing resistance formu
las, for undamped emf, and hold with sufficien1; accuracy for 
damped emf when the damping is negligibly small. 

When the damping of the supplied emf is appreciable, the 
same procedure is followed in making the measurement, and the 
equations are only slightly different. When the emf is supplied 
by coupling to a primary circuit in which current :ls flowing with 
a decrement 8', Bjerknes' classical proof shows that the sum of 
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the primary and secondary decrements -is given by the same 
expression as that which gives the decrement 8 of the secondary 
when the emf is undamped. Thus (27), (93), (94), and (95) 
correspond to 

Formula (98) is also equivalent to 

(100) 

These formulas are correct only when: (I) The coupling between 
the two circuitS is so loose that the secondary does not appre
ciably affect the- primary, (2) 8' and 8 are both small compared 

with 271', and (3) the ratio (Cr~C)- and the corresponding ratios 

are small compared with unity. 
In any of these methods the calculation is obviously simplified 

if the reactance is varied by such an amount as to make 11' = UIr'.

This is done very easily when the current measuring instrument 
is graduated in terms of current squared. The quantity under 
the square-root sign in all the preceding equations becomes unity, 
greatly simplifying the formulas. A still further simplification 
by which all calculation is eliminated is utilized in special decre
meters as described below, section 55. 

51. RESISTANCE OJ' A WAVE IlETER 

The accurate measurement of resistance or decrement of a wave
meter circuit is of first importance because the wave meter is fre
quently used to measure oilier resistances and the decrements of 
waves. It is the calibration of a resistance-measuring standard. 
Several forms of the resistance-variation and the reactance
variation methods may be used. 

4868610-58-13 
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The resistance of a wave meter is, of course, not a single, con
stant value. It varies with frequency and with the detecting or 
other apparatus connected to the wave-meter circuit. UsuaUy 
both the resistance and the decrement of the circuit vary with the 
condenser setting. It is usually desirable to express either re
sistance or decrement in the form of curves for the several wave
meter coils, each for a particular detecting apparatus or other 
condition. An example of such a curve is given on page J 90. 

Resistance Variation.-Any of the_ forms of the resistance
variation method may be used. The apparatus and procedure 
are the same in all cases. The wave-meter coil is loosely coupled 
to the source. The current is read on the indicating device shown 
schematically as A in Fig. 129. A resistance standard of the type 
already described is then inserted at Rl and the current read 

• c E 
FIG. 129.-Measurement of 'Wave meter resistance 

again.- The calculation of resistance depends on the damping of 
" the source and the kind" of current-measuring device. 

When a pliotron, arc, or other source of undamped waves is 
used, formu1a (80) above is used. When the current-measuring 
device is a current-square meter, thermocouple or crystal detector 
with galvanometer, or other apparatus which is so calibrated that 
deflections are accurately proportional to the square of the current, 
and when in addition a continuously variable resistance standard 
is used, the quarter-deflection method may be employed elimi
nating aU "calculation. As explained on page 182, the resistance 
of the circuit is equal to the inserted resistance required to reduce 
the deflection to one-quarter. " 

When a buzzer or other damped source is used, some auxiliary 
measurement or special condition is needed, in order to evaluate 
or eliminate the decrement of the source. If this decrement is 
known, the decrement or resistance of the wave-meter circuit 
may be obtained. The solution is, however, complicated and, 
as a matter of fact, thi.s method in not used. Instead of 8', 
the decrenoent of the source, being known explicitly, the more 
usual case is tllat 8' + 8, the sum of the decrements of source and 
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wave meter, is known from a measurement by the reactance-vari
ation method. The wave-meter resistance is then calculated by 

KI' 
R-RIP_Kl11~ 

& 
. where K - I + &' ~ &' and resistance and decrement are related 

by & - :f and the similar formulas given on page 316. The c:ucu-

lation is considerably simplified in the two special cases of &' very· 
small or & very small; formulas (98) and (99), respectively, apply. 
The latter is identical with the equation for impulse excitation, 
but with that exception these methods may be used only when 
a' and & are both small. 

For impulse ~"tcitation from a buzzer or other source, equation 
(84) is used to calculate the resistance. When the current indi- . 
cator is calibrated in terms of the square of current and the 
resistance standard is continuously variable, the measurement is 

. conveniently made by the half-deflection method. In this case 
the resistance of the circuit equals the inserted resistance. 

Reactance Variation.-This. method may be used with either 
.. a damped or undamped source. When the emf is undamped or of 

extremely small dampirig, formulas (27) and (93) to (95) apply. 
It is customary to reduce the labor of computation by varying the 

reactance by such an amount that .Jl/~111=1' in which case 

R= 
±(C,,-C) (101) 

61C"C 

R .... ±w (L-L,.) (102) 

R-
±L (Wl-Wr') . ( 103) 

W 

I C,-C1 ( 104) R-=- C, C1 2w 

When damped emf is used, formulas (96) to (100) apply. They 

also are simplified in practice by making ... / III .... I 
\' 1,.'-11' . 

They require either that &', the decrement of the source, be 
known, or that another relation be obtained betweer &' and ., by 
an independent measurement. It is not often that a source I 
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of fixed, known decrement is maintained in a laboratory, as the 
decrement varies with frequency and every other condition of use. 
Hence, the usual procedure is the combination of this measurement 
with a resistance-variation measurement as described above. 

An example of measurement of wave-meter resistance expressed 
in terms of decrement is given in Fig. 130. This shows the results 
of two independent measurements, one by the resistance-variation. 

O~----~-----T-----r----~----~----T-----r-----.---~ 

• - lIu/nAMe£ VARIATION 
OMPULSI. EXeJTATION) 

- ,\EAeTANCE VARIATION 
41MDAMPED EXCITATION) 

FIG. 130.-Varidtioll of the decrement of a 'W(J7Je meter with condenser setling 

method, using impulse excitation and equation (84), and another 
by the reactance-variation :J:llethod employing equation (27). 

52. RESISTANCE OF A CONDENSER 

The methods ordinarily used for measurement of resistance of a 
condenser or of an inductance coil require a variable condenser 
whose effective reSistance must be either negligibly small or accu
rately known. This condenser is used to. retune the circuit to 
resonance after the unknown is taken out of the circuit. The 
standard condensers of negligible resistance used _ at the Bureau 
of Standards are described on page 119. These measurements 
may be made with an ordinary wave meter, provided the resist
ance of the circuit is accurately known for different condenser 
settings. 

Simple Methods.-The simplest method is that of substitution. 
The condenser to be tested is connected in series with a coil and 
an ammeter of some sort, and loosely coupled to a source. The 
condenser is then replaced by the standard condenser and a series 
resistance. The resistance required to make the deflection at 
resonance the same as before is taken as the resistance of the 
condenser. This method is not very accurate, because the change 
of condensers changes the emf's electrostatically induced in the 
circuit. 
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Another method utilizes the principle of reactance variation. 
The frequency supplied to the condenser circuit is varied by 
changing the setting ofa condenser in the supply circuit. Under 
certain contlitions, equation (27) or (95) applies. The method 
can be made to give phase differences directly by use of a suit
able scale of phase differences on the condenser in the supply 
circuit. (See sec. 55.) 

Precision Method.-Accurate measurements may be made by 
the resistance-variation method. The circuit is tuned to resonance 
by varying the frequency supplied, and the total resistance of the 
circuit is measured, with the unknown condenser in circuit. It is 
replaced by the standard conden5e!, the setting of which is varied 
until resonance is obtained, and then the resistance of the circuit 
is measured again. The difference of the two measured values is 

FIG. 13I.-Circuit wed for measuremmt of 
high-.freqruncy iuistaftCe of a condenser 

the resistance of the condenser under test. As previously noted, 
precautions are necessary to avoid changing the stray electro
static emf's in the circuit when the resistance Rl is introduced. 
In respect to this it has been found desirable to insert Rl between 
the condenser and the current-measuring device, and, if a ground 
wire is used, to connect it to the shielded side of the condenser or 
to the ammeter case. Also, the coupling must be loose enough 
so that too much power is not withdrawn from the source. 

The manipulation is made more convenient by using a double
throw switch to place the two condensers in circuit. The base of 
the switch must be a material which has very small phase differ
ence; paraffin has been found suitable. The resistance standards, 
when in the shape of short links, may be used as part of this 
switch, as shown at Rl in Fig. 132. Another refinement of the 
measurement is to place a small variable condenser C1 of negligible 
resistance in parallel with the inductance coil. This gives a fine 
adjustment to resonance. 

Emmple.-An example of a measurement at one frequency 
with a pliotron as a source of undamped emf is given below. The 
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condenser is a fixed condenser with molded dielectric. The 
column headed "cl" gives deflections of galvanometer attached to 

eN 
FIG. 132.-Circuit for precision measurement of con

tinuer resistance with switching device and small 
tuning conde7Uer 

a thermocouple; deflections are proportional to the square of 
the current .. 

1'ABLE 4.-Observations on Resistance of a Mica Condenser 

-

GI1--.r R-~ 
C RI ~:!-1 ..J:!-1 Zero Detlec:tIoIl d Meand 

dl 
dl 

0 13.95 45. 70 3L7S 31.89 ................ 
0.503 13.95 3L68 17.73 17.78 0.340 1.~} 

XO ••••• 
.110 13. lIZ 27.30 13.31 13.30 .541 1.479 1.47r 

L042 .13.90 2".12 10.92 10.!U .701 1.472 
.110 13.95 27.11 13.23 ............ ............... 

, • 503 13.90 31.75 17.13 .............. .............. 
0 13.92 45.95 32.03 ............. ............ 
0 13.91 .... 51 34.60 34.51 ............. 

• 503 13. 92 32.45 11. sa 11. 62 .362 
1. S90} 

.110 13.92 27.72 13.80 13. II .512 1.391 1." 
R ••••. L042 13.. 25.15 11.27 11.27 .752 1.317 

• aiD 13.. 27.70 13.12 ............ .............. 
• 503 13.90 32.60 11. 70 ............ .............. 
0 13. 95 .... 50 34.55 ............ ............. 
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The resistance of a condenser is generally measured at several 
frequencies. If the resistance is mainly due to dielectric absorp
tion, the' resistance is generally inversely proportional to fre
quency. Variable condensers are usually measured at several 
settings. For a variable air condenser with semicircular plates 
having a small resistance Inainly due to dielectric absorption in 
the separating insulators, the resistance is inversely proportional error r 

to the squ~e of the setting} at constant frequency. I.e p., 

53. RESISTABCB OF A COIL 

The resistance of a coil depends upon its position in the circuit. 
i.e., whether the emf acting ,upon the circuit is impressed in the 
coil itself or at ,some other point in the circuit. This difference 
arises frotp. the effects due to the capacity of the coil. When the 
emf is induced in the coil itself, the capacity of the coil is to be 
considered in series with the inductance of the coil but in parallel 

FIo. 133.~ircvi'for ~ring high-fre
lJ1""Icy resistance of a coil by 1M substi
tution ff'Uthod 

with the rest of the circuit. When, however, the emf is impressed 
at some other point in the circuit, the coil capacity and inductance 
are in parallel with each other. When the resistance of a coil is 
measured by any of the methods given in this section, the value 
of the resistance obtained is valid for the coil only when used in 
the same position relative to the driving emf. 

The simplest method is that of substitution. In a wave meter 
circuit coupled to a source of emf by an independent coupling 
coil, the deflection is first observed with the coil whose resistance 
is desired in circuit. If the wave meter condenser resistance 
is known for various settings, the coil is then replaced by a stand
ard coil whose resistance is known, the condenser retuned to 
resonance, and resistance inserted until the deflection is the 
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same as before. The change of coils may be made by a double
throw switch. If a variable inductor of known resistance is 
available, the procedure is still simpler, as the condenser setting 
need not be changed; the coil under test is replaced by the variable 
inductor, which is used to obtain resonance, and then resistance is 
inserted to equalize deflections. As in previous cases, the sub
stitution method is not an accurate one, but is valuable for 
speedy determination of approximate values. 

More accurate measurements may be made by either the resist
ance-variation or the reactance-variation method. Either of 
these methods may be used to determine the resistance in each 
of the three following procedures. 

Known Circuit.-The circuit consists of the unknown coil, a 
condenser, the current-indicating instrument, and connecting leads. 
The emf is introduced into the circuit by coupling to the unknown 

coil. The resistance of the total 
circuit is obtained by the resist
ance-variation or the reactance
variation method and the coil 
resistance determined 1;>y sub
. tracting the resistance of the rest 

FIG. 134·-Coil resistance measurement in of the circuit.· The· condenser 
terms of known circuit or standard coil 

should be practically perfect or 
of known resistance, and the leads should be of negligible or 
calculable resistance. If the indicating instrument is a thermo
element or current-square meter with fine wire heating element, 
its resistance may be determined with direct current~ In doubtful 
cases it can be determined at the.frequency of the measurement 
by a separate experiment as outlined on page 179. Thermo
elements of low resistance, as described on page 157, are especially 
suited for this measurement, since the precision is higher if the 
resistance of the indicating device is a small part of the total 
resistance of the circuit. 

Known Coil.-Two resistance measurements at high frequency 
are required when the unknown coil is compared with a standard 
coil of known resistance. The inductance of the standard coil 
should be of the same order of magnitude as that of the unknown, 
but need not be equal to it. 

The standard is substituted for the unknown and the condenser 
varied for resonance and the resistance of the circuit obtained in 
each case. 

Auxiliary Coil.-The third procedure is to measure the resistance 
of a simple radio circuit consisting of a condenser, ammeter, 
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aild any coil, all in series, and then insert the coil to be tested, 
retune to resonance, and measure the resistance again. The coil 
must be inserted. at such a place in the circuit that it has no 
mutual inductance with the auxiliary coil, and so that there is no 
emf induced in it by the source. 

54. DECREMENT OJ' A WAVE 

Any measurement of the resistance of a circuit by the methods 
already given is in a sense a measurement of decrement, since it 
enables calculations of the decrement which the circuit would 
have when oscillating freely. In particuiar, the use of impulse 
excitation with the resistance-variation method measures the 
decrement of the oscillations actually existing in the measuring 
circuit during the measurement, and therefore the decrement of the 
wave emitted by the measuring circuit. 

There is a class of decrement measurements entirely apart from 
the measurement of decrement or resistance of a circuit. This is 
the determination of decrement of an emf, due either to a nearby 
antenna or other circuit or to a wave traveling through space. 
The fundamental principles of decrement measurement have 
been given in section 26 above. A simple wave-meter circuit is 
placed so as to receive the wave and a decrement measurement is 
made by either the resistance-variation or the reactance-variation 
method. If the resistance of the wave-meter circuit is known 
for the frequency and other conditions of the measurement, the 
decrement of the wave is calculated. For the resistance-variation 
methocl. a', the decrement of the wave, is given by formula (63), 
page 63, or one of the simplified formulas (64) or (65). 

For the reactance-variatiOn method the decrement is given by 
(96) to (100), page 187, or, in case the simplified procedure is 
followed, ma1dng 112 - }41 r'. 

I' +i_1I"±(Cr -Cj 
C 

fU ~ ±(L-Lr) 
U +U='II" . Lr 

3' +3 -11" ± (r.J' - "'r') 
'" "'r 

3' +3=-'II"C,-C1 

C,+C1 

3' +3 -11" ± (~r' - ~') 
- ~J. 

( 105) 
• 

(106) 

(loS) 

(109) 
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The measurement may also be made by a direct-reading decre
meter (see next section), and (8' +8) read directly from the scale 
of the instrument. 

When the resistance or decrement of the wave-meter circuit is 
not known, measurements are made by both methods: and the 
combination of the two yields the value of 8', making use of equa
tion (63). 

55. THE DECREMETER 

A decremeter is a wave-meter conveniently arranged for meas
urements of resistance or decrement. The forms usually employed 
make use of the reactance-variation method. Ways have been 
devised. for manipulating the instrument in such a way that the 
decrement may be read directly from a scale. While, of course, 
resistance can be calculated from a measured value of decrement, 
the principle application of the decremeter is in the measurement 
of the decrement of a wave. 

Another important, use is in the measurement of phase differ
ence of a condenser. Since the decrement due to a condenser is 
.... times its phase difference, a measurement of decrement gives 
directly the phase difference; if desired, the scale may be cali
brated in terms. of phase difference instead of decrement. 
, Determination of the Scale of a Decremeter.-Any wave meter 
whose Circuit includes some form of ammeter may be fitted with 
a special scale from which decrements may be read directly. 
The procedure for a wave meter having any sort of variable con
denser is given liere. 

In the usual use of the reactance variation method of deter
mining decrement, the current Ir is observed when the condenser 
is adjusted to the value Cr to produce resonance, and the con
denser is then changed to another value C and the current I, 
read. When the second condenser setting is such that the I,' == 

i I r', the decrement is calculated by 

8' +8='11" ± (Cc-C) 

A certain value of decrement therefore corresponds to that dis
placement of the condenser's moving plates which varies the 
capacity by the amount (Cr-C). The displacement for a given 
decrement will in general be different for different values of C, 
the total capacity in the circuit. At each point of the con
denser scale, therefore, any displacement of the moving plates 

which changes the square of current from I r ' to i 1/' means a 

certain value of (8' +8). 
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A special scale may therefore be attached to any condenser 
with graduations upon it and SQ marked that the difference be-

tween the two settings, when the square of current is Ii and .!. I l, 
2 

is equal to the decrement. The spacing of the graduations at 
different parts of the scale depends upon the relation beween 
capacity and displacemt-.nt of the moving plates. When this rela
tion is known, the decrement scale can be predetermined. A 
scale may therefore be fitted to any condenser, from which de
crement may be read directly, provided the capacity of the circuit 
is known for all settings of the condenser. The decrement scale 
may be attached either to the moving-plate system or to the fixed 
condenser top. It is usually convenient to attach it to the unused 

. half of the dial opposite the capacity scale. The value of decre
ment determined by this method is (8' + 8), where 8 is the decre
ment of the instrument itself. This must be known from the 
calibration of the instrument (e. g., as in sec. 51), the value of a', 
the decrement of the wave under measurement, being then ob-

. tained by subtraction. . 
Simple Direct-Reading Decremeter.-It is particularly easy to 

make a de.cremeter·out of a circuit having a condenser with semi
. circular plates. Such condensers follow closely the linear law, 

C=a8+Co, 

where 0 is the angle of rotation of the moving plates and a and 
Co are constants. It can be shown that the decrement scale ap
plicable to such a condenser is one in which the graduations vary 
as the logarithm of the angle of rotation. Furthermore, the same 
decrement scale applies to all condensers of this type. This scale 
has been calculated ~d is given in Fig. 135. It is calculated to 
fit equation (loS), for observations on both sides of resonance, 
and not for equation (105). This scale may be used on any con
denser with semicircular plates. The scale may be cut out and 
trimmed at such a radius as to fit the dial and then affixed to the 
condenser with its 0 point in coincidence with the graduation 
which corresponds to maximum capacity. This usually puts it on 
the unused half of the dial opposite the capacity scale. If the 
figures are trimmed off, they can be added over the lines in red 
ink. If it is desired not to mutilate the page, the scale may be 
copied. This scale gives accurate results if the capacity scale is 
so set that its indications are proportional to the capacity in the 
circuit. 
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A measurement of decrement is' made by first observing the 
current-square at resonance, then reading the decrement scale at 
a setting on each side of resonance for which the current-square 

FIo. I35.-Direct-reading decrement scale for any semicircular
piau condenser 

is one-half its value at resonance. The difference between the 
two readings on the decrement scale is the value of ~' + ~ . 

The scale permits accurate measurement of fairly large decre
ments, but offers no precision in the measurement of very small 
decrements, particularly at the low-capacity end of the scale. 
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A similar scale is readily made to read phase differences di
rectly. The readings of Fig. 135 are all multiplied by 18.24, to 
give phase differences in degrees. The instrument is then specially 
valuable in measuring the phase differences of condensers. 

Decremeter with Uniform Decrement Scale.-Just as it is pos
sible to determine a decrement scale to fit a condenser having any 
sort of law of capacity variation, it is equally possible to design 
a condenser with capacity varying in such a way as to fit any 
specifi.ed decrement scale. A uniform decrement scale-i. e., one 
in which the graduations are equally spaced-is particularly con
venient, and is the kind used in the Koister decremeter. A uni
form decrement scale requires that the condenser plates be so 
shaped that for any small variation of setting, the ratio of the 
change in the capacity to the total capacity is constant. The 
condenser required to give this uniform scale has its moving 
plates so shaped that the logarithm of the capacity is prOJior
tion,a.l to the angle of rotation of the plates. This condenser is 
discussed above on page 116. 

The decremeter is fully described in Bulletin of the Bureau of 
Standards, 11, page 421; 1914 (Scientific Paper No. 235). A 
view of the inside arrangement is shoWIl in Fig. 217, facing page 
320, of this circular .. The spiral shape of ·the condenser moving 
plates is shown. Fig. 218, facing page 3:30, shows the exterior of 
the instrument. The decrement scale is not attached directly to 
the moving plates, but is on a separate shaft geared to the moving 
plates at a 6 to I ratio. The decrement scale is thus opened out, 
so that very precise measurements may be made. 

To measure decrement the condenser setting is first varied to 
obtain maximum deflection of the current-square meter, and then 
varied until half this deflection is obtained. The movable decre
ment scale is then set at zero and clamped to its shaft, and the 
condenser setting is varied until the same deflection is obtained 
on the other side of the maximum. The reading on the decrement 
scale is the value of decrement sought. 

This decremeter is used in the inspection service of the Bureau 
of Navigation, Department of Commerce, and by radio engineers 
in the Army and Navy and elsewhere. 
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SOURCES OF mGH-FREQUENCY CURRENT 

56. ELECTRON TUBES 

For the purposes of measurement as well as in the transmission 
of radiograms, sources which furnish undamped currents are 
coming into more general use than those which supply damped 
oscillations. Thus the various forms of spark, used almost 
exclusively in the past, are giving way to the electron-tube gen
erator, the arc, and the high-frequency alternator. These sources 
are used both in radio communication and in laboratory work, 
but for the latter the electron tube is preeminently the best. 
When the source furnishes undamped current many methods of 
measurement are simplified, and since the sharpness of tuning is 
increased, a higher precision is obtainable in methods which 
depend upon tuning to resonance. 

Since most of the measurements at radio frequencies are based 
upon deflection methods, the primary requirement of a source 
for such measurements is that the intensity and frequency of the 
generated current be constant. It is only within the past few 
years that an almost ideal source has become available, viz, elec
tron-tube generators, such as the pliotron, audion, oscillion, etc. 
These electron tubes consist of an .evacuated bulb containing the 
following three elements: 

(a) A heated filament which acts as a source of electrons. 
(b) A metal" plate" placed near the electron source. (Across 

the plate and :filament, outside of the bulb, is connected a bat
tery, so that an electron current flows from filament to plate.) 

(c) A .. grid" consisting of fine wire or of a perforated metal 
sheet placed between plate and filament so that the electrQns 
have to pass through the grid to get from :filament to plate. 

Using these sources, undamped high-frequency current can be 
obtained which is as steady as the current from a storage battery 
and strictly constant in frequency. Furthermore, these genera
tors are extremely flexible as to the frequencies which can be 
obtained, the same tubes having been used to generate currents 
ranging in frequency from I cycle in two seconds to 50000000 

cycles per second.2S A high-frequency output of 500 watts or 
more has been attained with a single tube. For ordinary meas
uring purposes with sensitive iI;l.dicating devices, such as a thermo
element and galvanometer, about 5 watts of high-frequency 

,. See reference No. IJ8, Appendix •. 
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output are sufficient. When it is desired to use low-range hot
wire ammeters, 10 to 20 watts may be required. 

On account of the extreme importance of the three-electrode 
tubes, both as generators and as detectors, and since the full 
realization of their utility and a satisfactory explanation of their 
functioning are of recent date, it is worth while to outline rather 
fully the phenomena upon which their operation is explained. 

Thermionic Emission.-The modern conception of current flow 
in metals assumes that the conduction of electricity consists in 
the motion of electrons (see p. 8) under the action of an applied 
electromotive force. When not acted upon by an external emf 
these small negatively charged particles move about in the metal 
in zigzag paths in all directions, colliding with the atoms of the 
metal. Their mean velocity of motion depends upon the tem
perature, increasing with the temperature. At the surface of the 
metal, according to the theory of Richardson,'8 the electrons are 
restrained from leaving the metal by electric forces entirely simi
lar to the molecular forces which cause the surface tension of a 
liquid. Further, just as in the evaporation of a liquid, a certain 
number of electrons will in each second attain a high enough 

, velocity to escape from the metal, and since. the mean velocity 
. mcreases with the temperature the number of electrons escaping 

" per second ·will increase with the temperature. The heated fila
ment in the audion or pliotron is in this manner a source of 
electrons. The withdrawal of the negative electrons from the 
heated filament leaves it positively charged, thus tending to draw. 
them back again and a state of equilibrium may be attained in 
which the same number are drawn back per second as are being 
emitted. When, however, a body maintained at a positive 
potential relative to the filament is brought into the field a certain 
proportion of the electrons will be attracted to the positive body 
and constitute a current of electricity between the filament and 
the positively charged body. In the electron tube this body is 
the "plate" and it~ potential is maintained positive with respect 
to the filament by a battery commonly called the B battery. If 
in the case of a tube with an extremely high vacuum the voltage 
of the B battery is increased, the flow of electrons or "plate 
current" will increase up to a point where practically all of the 
electrons emitted by the filament are being drawn over to the 
plate. If, on the other hand, the plate voltage is kept constant \ 
and the filament temperature increased, thus increasing the 

• See reference No. 131, Appendix •• 
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number of electrons emitted per second, the plate current will 
also increase up to a certain temperature, but beyond this tempera
ture will remain practically constant even though more e,1ectrons 
are being given off. The explanation of this behavior n is that 
the stream of negative electrons flowing through the tube acts as 
a space charge of negative electricity which neutralizes the field 
due to the positive plate. In consequence only a limited number of 
electrons can flow to the plate per second with a given plate voltage, 
and the remainder are compelled to return to the filament again. 

Grid Control.-If in any way this space charge is neutralized, 
there will be an increase in the plate current; on the other hand, 

Grid. Vol tQq e. 

FIG. 136.-Variation oj plate current (usu
ally in milliamperes) and grid current (us
wally in microamperes) .with grid voltage 

anything that will aid the space charge will result in a decrease 
in the plate current. In the audion or pliotron these effects are 
brought about by the grid of wires between the plate and filament. 
If this grid is charged positively with respect to the filament, the 
effect of the space charge will be neutralized to an extent depend
ing upon the charge on the grid, and the electron current through 
the tube will increase until the field due to the grid charge is also 
neutralized by the space charge.2S Some few electro:as will strike the 

If See reference No. 133. Appendix •. 
• In tubes which are not evacuated to a hi&h degree. the residual Ps JDaY becoJne ioaiud and lIlarkedly 

alfect the heh .. vior of the tube. The ionization of the PII tends to neutralize the space charII'!. thus per
lIlittin& Jareer currents to pass throu&h tile tube. To a certain extent such ionization iE of value in the use 
01 the tube as a detector. thou&h when the ionization becoJnes intense and the tube shows a blue &low. so 
Jar", a current _ throa&h the tube that it is1Ul&ffected by variatioas of the &rid volta ... and its detect
iDe qualities are loR. 
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grid wires and there will result a flow of current in the grid circuit, 
but this will, in general, be small relative to the plate current. If 
the grid is charged negatively with respect to the filament, the 
charge on the grid will then aid the space charge in driving the 
electrons back to the filament, resulting in a lowering of the plate 
current. In this latter case the number of electrons striking the 
grid Will be very small and in consequence practically no current 
will flow in the grid circuit. The control of the plate current by 
the grid voltage and also the dependence of the current in the grid 
circuit upon the grid voltage are shown in curves of Fig. 136. 
Curve A shows the current in the plate circuit when the B battery 
is kept ·constant, but different voltages are applied between the 
grid and that terminal of the filament to which the negative of the 
filament battery is connected. Curve B represents on a magnified 

FIo. 137.-ScIwrrN of COfSMdiofU for tktermining characteristic C'l&rvu 

scale the current in the grid cirCuit for different voltages of the 
grid with respect to the negative terminal of the filament. The 
ordinates and shape of these so-called characteristic curves depend 
upon a number of factors, such as B battery voltage, fineness and 
spacing of the grid wires, location of the grid relative to the other 
elements, etc. Fig. 137 shows the scheme of connections which 
may be used in determining such curves. The ammeter AI 
measures the current in the grid-filament circuit and A, measures 
the plate current. By means of the sliding contact on the shunt 
resistance to the battery C, the voltage between the filament and 
grid may be varied and made positive or negative, the voltage 
being read by the voltmeter V. The B battery voltage is held 
constant while the curve is taken. 

486861 0-~8-14 
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57. ELECTRON TUBE AS DETECTOR AND AMPLIFIER 

As Detector of Damped Oscillations.-A single tube may per
form separately or simultaneously the functions of a detector, 
amplifier, and generator. It will first be considered as a simple 
detector of damped oscillations. The circuits shown in Fig. 138 
indicate one possible way of using the tube as a detector. The 
circuit LCt is tuned to the oscillations in the antenna A. The C 
battery with variable resistance permits the adjustment of the 
grid potential with respect to the filament, so that the tube may be 
worked at any point on the characteristic curve of the plate cur
rent. Suppose that this voltage is adjusted to correspond to the 

FIG. 138.-Possib" circuits for vsing 1M electron tub, as G detector of da_ped 
oscillations 

point X (Fig. 139) where the change in slope of the curve is large. 
If now a train of oscillations is set up in the antenna and hence in 
the secondary circuit, the alternating voltage across the condenser 
terminals will be superimposed upon the steady voltage of the 
C battery. It will be seen from the characteristic curve that an 
increase in voltage, say, from a to b, produces a large increase in 
the plate current (i. e., from x to y), while a decrease in voltage of 
the same amount from a to c produces a lIluch smaller change j 

(from x to z) in the current. Thus, as the result of a wave train 
such as (I) in Fig. 140, the plate current will be changed about its 
normal value in some such way as (2) which is equivalent to a 
resultant increase in plate current. This increase of plate current 
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during a train of waves gives rise to a pulse of current in the tele
phone as shown in (3). This pulse will act upon the telephone 
diaphragm, and if the wave trains and hence the pulses in the 
telephone current are arriving at the rate of 1000 per second (cor
responding to the spark frequency at the transmitting station), 
a looo-cycle note will be heard in the phone. This use of the tube 
as a detector is entirely similar to the use of a crystal detector. 

Condenser in Grid Lead.-If a condenser is inserted instead of the 
C battery in the leadto the grid, as C, in Fig. 141, the behavior 

C Q. b 0 
Gr~d VoitOoCJe. 

FIo. I39.-Plau c1loraCUristic, showing region of CUfW '111._ 
tw:tijying action is lar~ 

of the tube as a detector of damped 21 oscillations is altered and 
depends to a great extent upon the characteristic curve of the 
grid current. The grid is insulated from the filament by the con
denser Cs, exceptiJig for such leakage as may take place through 
this condenser or in or about the tube. Suppose:first that the 
tu1;>e is put into operation with the grid and filament at the same 
potential and with no incoming oscillations. It will be seen from 

• AIthoaIh damped OKillatiaal an: ftfernd. to here uul In the tuua1 tI'eabaeIlts 01 the II!biect. the 
_ coasiduatiOlllapplyto 1UIdamped OKilJatiaaa whim an: periodicalJ)'lnterrupted either In the traDe-
Jllittillc« recemq cin:uits _ that the tube ___ ~« tnIDa 01 __ 
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the filament-grid curve that there will be a flow of electrons to the 
grid and the grid will become negative with respect to the filament, 

<D 

FIG. I40.-Action of tM ,1«:l1on "'114 MIJ detector: (I) 17&COffIing tnci1,. 
lations, (2) variations .in plate cur,,,,t, (J) ,ff«tiw telephone "'UUIS 

thereby reducing the flow to itself and to the plate until the leakage 
away from the grid is equal to the flow to it. In some tubes the 

--

FIG. I4I.-The ,lectron t'Ub, as a detector of damp,d oscillations, 'USing a con
dens". in the grid circui t 

grid may be so highly insulated that it accumulates a negative 
charge sufficiently high to reduce the plate current practically to 
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zero. In such cases it is necessary to provide an artificial leak 
through a high resistance across C ,. 

Suppose now that the grid has attained its equilibrium potential 
and the plate current its corresponding value and a series of wave 
trains impinges upon the antenna as in (1) of Fig. 142. The 
oscillations in the circuit LCI will cause the grid potential to 
oscillate about its normal value. When the grid becomes positive 

~ijUUUUV- ~ijUUUUii" 

Incominq Osc.IIQtions· 

+~-----------------------------------
® 

+ 
~-------------------------------------Plate CU'I"rent 

Pulses in phone. . 
FIG. 142.-Actio7l oj 1M .lIctro7l tub, /U CI dlt.ctor C07lMCted /U i7l Fig. I4I 

relative to its normal value there will be a considerable increase in 
the flow of electrons to it, overbalancing the reduction in the 
flow when on the negative half of the wave. Thus, during a 
wave train the grid will accumulate a negative charge and its 
mean potential will be lowered, as in (2) of Fig. 142. In conse
quence the mean plate current will be reduced. However, 
between wave trains the excess charge on the grid will leak off, 
restoring the plate current to its normal value. This is sliown 
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in (3) of Fig. 142. Each wave train will produce a reduction 
in the current through the phones as in (4) of the same figure 
and a note corresponding to the wave train frequency will be 
heard. 

-
• • · • -.J.--

FIo. I43.-U"'II/.lcInm "'" GIG. GffI/JUjiM 

Amplification.-H, as in Fig. 143, a source of alternating emf 
were interposed between the filament and grid of an audion 
or pliotron, the Potential of the grid with respect to the filament 
would alternate in accordance with the alternations of the 

FIG. 144.-Variations 0/ plate current with grid 'lJol~ 

generator. These variations of the grid potential produce changes 
in the plate current corresponding to the plate characteristic. 
H the mean potential of the grid and the amplitud~ of its alter
nations are such that the plate current is always in that portion of 
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its characteristic where it is a straight line, then the alternations 
of the grid potential will be exactly duplicated in the variations 
of the plate current and the latter will be in phase with the former, 
at least in a high vacuum tube. Thus, if (a) of Fig. 144 represents 
the alternating potential of the grid, then (b) would represent the 
fluctuations of the plate current. For a given amplitude in (a), 
the amplitude of the alternating component in (b) will depend 
upon the steepness of the plate characteristic, increasing with 
increasing slope. The .alternator in the grid lead supplies only the 
very small grid-filament current, thus the power drawn from it is 
ext:relnely small. The power represented by the alternating 
component of the plate current is, however, considerable; thus 
there is a very large power amplification. This larger source of 

-~ -r • • • • • • • -A.-
-!!!!!- . 

power might be utilized by inserting the primary P of a trans
former in the plate circuit, as in Fig. 143, in which case the alter
nating component alone would be present in the secondary S. 
This illustrates the principle of a vacuum tube as a relay. The 
voltage in S might again be inserted in the grid lead of a second 
vacuum tube and with proper design a further amplification ob
tained in the plate· circuit of the second tube. This may be 
carried through further stages and illustrates the principle of 
multiple amplification. 

Regeneratiw Amplification.-lt has been shown by E. H. 
Armstrong'O that amplification simjlar to that obtained with 
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several stages may be secured with a single. tube. Instead of 
feeding the voltage of the secondary coil S into the grid circuit of a 
second tube it is fed back into the grid circuit of the same tube 
so as to increase the voltage operating upon the grid. This results 
in an increased amplitude of the plate-current alternations which 
likewise being fed back into the grid circuit increases the voltage 
operating upon the grid, etc. 

One form of the so-called feed-back circuit for rectifying and 
amplifr.ng damped oscillations is shown in Fig. 145. The oper
ation of the circuit, used as a receiving device, is the same as that 
described above for the case of a condenser in the grid lead. The 

. cOndenser C2 is merely to provide a path of low impedance across 
the ph6nes for the high-frequency oscillations. The coils P ~d S 
constitute the feed back by means of which the oscillations in 

the tuned circuit are reinforced. The mutual inductance between 
Sand P must be of the proper sign SQ that the emf fed back aids 
the oscillations instead of opposmg them. . 

58. ELECTRON TUBB AS GBRERATOR 

Generation of Oscillations.-If the coupling between the coils 
P and S in Fig. 145 is continuously increased and the values of 
L, S, and C and the resistance of this circuit are suitable within 
certain limits, the emf fed back by the coil Pinto· the oscillatory 
circuit at any instant will become greater than that required to 
just sustain the oscillations in the circuit. In this case any oscil
lation, however small in the circuit L, S, C, will be continuously 
built up in amplitude until a limit determined by the character
istics of tube and circuits is reached. In other words, the tube 
self-generates alternating current of a frequency determined by 
the natural frequency of the oscillatory circuit. 
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-
Numerous circuits have been devised to produce oscillations. 

Fig. 146 shows a method of connection which is suitable for pro
ducing large currents. The oscillatory circuit is in the filament
plate circuit and a coil between filament and grid. The operation 
of this circuit is somewhat different from that outlined above. 
Instead of transferring all of the energy necessary to sustain the 
oscillations from the plate to the grid circuit as in the preceding 
case, only an emf which serves as a control is here transfetTed. 
Thus, the grid circuit plays a similar part to that of the slide valve 
in a reciprocating engine. The path of the current flow within 

---· • • • • --'--

FrG. I47.-Gennatmg circuits in which the oscillatory circuit is 
ind'IICtiv,ly covpled to .both the grid and plate circuits 

the tube from plate to filament may be regarded as a variable 
resistance, the value of which depends upon the potential of the 
grid. If the potential of the grid is alternating, the resistance 
will increase and decrease in accordance, thus throwing an alter
nating emf upon the oscillatory circuit in series with this resistance. 

The oscillatory circuit which determines the frequency may be 
a separate circuit, as in Fig. 147. Here the coupling M z supplies 
the e¢ to reinforce the oscillations and Ml furnishes the emi to 
the grid. The condenser Cf is a large fix~d condenser which 
serves as a path of low impedance across the battery for the high
frequency alternations in the plate circuit. 
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In addition to the above types of circuit in which electromag
netic coupling between the plate and grid circuits is, used to trans
fer emfs from one to the other, there are also circuits in which 

.. ,SUOI' electrostatic coupling is utilized. This is illustrated in Fig. 148, 
- e. p.2 in which the condenser C, serves as the coupling. The induc

tances Ll and L, should be variable and approximately equal. 
CI is a fixed condenser which serves as a path of small impedance 
for the high frequency around the battery. The frequency is 
primarily determined by the inductances Ll and L, and the con
denser C,. The parallel connection of C1 and Ll serves as an 
"absorbing" circuit-that is, as C1 is increased from a very low 

~-J-I"'I'·II'I'I'IJ.-+---
Cf 

.rror FIG. I4B.-Generoting cifCUiu in which tM p14" aM grid cin:wiu are 
•••. p. 2 ekctrostatically coupled 

value-the current circulating around this circuit will increase up 
to a certain point and may considerably exceed the current in the 
other portions of the circuit. 

Reception of Undamped Oscillations.-If two sources, which 
separately furnish undamped oscillations of, say, 100 000 and 
101000 frequency, as shown in (a) and (b) of Fig. 149, act together 
upon the same circuit, the resultant oscillations in the circuit, 
obtained by adding the components, will be of the form shown in 
(c). The mode of adding the components is illustrated in Fig. 
ISO. The amplitude of the combined oscillation will rise and fall, 
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becoming a maximum when the component oscillations· are in 
phase and a minimum when they are 1800 out of phase. The 
beats or periodic rise and fall in amplitude occur at a rate equal 
to the difference in frequencies of the two oscillations. Thus, the 

8081\1\1\0881\1\(\000 
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FIG. 149.-Pnncipl. oj INterodyM reception; (0) incoming 
oscillations, (b) oscillations produc.d by 1M ,,,be, (c) r/ISVU-

'. . 
beat frequency in the case assumed above would be 101 000-' 

100 000 = 1000 per second. If rectified, these beats will produce 
II. note in a telephone of like frequency. In the reception of 
undamped signals by this method, called the heterodyne method, 

II . 
\ • 

FIG. Iso.-MOtU oj adding component oscillations 

the incoming signals represent one component oscillation. The 
other oscillation is generated in the receiving apparatus and both 
act in the same circuit. The rectified resultant furnishes a 
musical note in the phones, the pitch of which can readily be 
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FIG. 151.-Va!'iatiom of _'" grid 'UOltage a'l'ld _'" plate cunrnt as 
beat oscillatiom are being produced 

of the same frequency are set up in the circuit L C, and as ex
plained above are amplified on account of the feed back between 
Sand P. Further, the coupling between Sand P is such that 
the tube oscillates, the frequency of these oscillations depending 
largely upon the constants of the circuit L C. H this latter fre
quency is adjusted to be slightly different from that of the incom
ing oscillations, beats will result and the potential of the grid will 
follow the beat oscillations. Just as explained before in the case 



I •• 

Radio Instruments and Measurements 21 5 

of reception with a grid condenser, there will be an increased flow 
of negative electricity from the filament to the grid when this 
latter is positive and its mean potential will be lowered. Thus, 
as the oscillations in the beat are increasing the potential of the 
grid will become lower. The plate current will follow the varia
tions in potential of the grid, reproducing the beat oscillations 
and decreasing in mean value as the mean potential of the grid is 
lowered. The curve (a) of Fig. 151 represents the beat oscillations 
in the circuit L C. In (b) is shown the oscillations of the grid 
potential, the mean potential being indicated by a dotted line. 

--. I 
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FIo. 152.-" Ultratulion" circuitfor receiving undamped oscillations 

In (C) is shown the plate current, the mean value of which is also 
shown by a dotted line. The telephone current will likewise cor
respond to this mean value and hence the note will correspond to 
the beat frequency. In Fig. 152 is shown the connections for the 
circuit used by L. De Forest, the inventor of the audion, for the 
reception of undamped oscillations and called the .. ultraudion. " 
The oscillatory circuit is connected between the grid and plate 
with a condenser in the grid lead. The variable condenser C 2 

shunted across the plate battery and phones is important in the 
production of oscillations; in general, its value can not be increased 
beyond a certain point without stopping the oscillations. 
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By this beat method high sensitiveness. and selectivity are 
attained in receiving. Interference is minimized because even 
slight differences in frequency of the waves from other sources 
result in notes either of different pitch or completely inaudible. 

Tone Modulation of Radio Currents from Electron Tube.-In 
undamped wave radio transmitters, the radio-frequency currents 
may be modulated by the use of what may be called "tone cir
cuits." It is then possible to take advantage of the very selective 
tuning obtainable with undamped waves without employing beat 
methods of reception. Since undamped high-frequency currents 
can be produced from electron tubes, it is particularly convenient 
to apply to these tubes devices for impressing an audible tone on 

l\ 
. tl;1e currents generated. This means . \ 
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that a periodic variation of the ampli
tude of the radio-frequency current is 
produced, this periodic variation being 
of audible frequency. Radio currents 
modulated in this way may be pro
duced from electron tubes in the three 
ways described below. . 

Modulation of Electron Stream.-The 
electron current through the tube may 
be modified by placing the tube in a 
strong magnetic field which varies in 
strength with an audible period. The 
circuits shown in Fig. 146 or in Fig. 
160 may be used. A coil wound around 
the electron tube is supplied with cur
rent from a 500-cyc1e generator, as in 

FIG. IS3.-Modulation of gener
ated ~"ent by action of low
frequency magnetic field· on 
ei«tron stream 

Fig. 153, or a direct current through the 
coil may be interrupted by means of a buzzer. 

Modulation of Grid Potential.-Instead of modulating the 
current by external means~ advantage may be taken of the 
characteristics of the tube itself. The potential of the grid with 
respect to the filament may be varied with a relatively slow 
period by means of the arrangement shown in Fig. 154, where an 
audio-frequency circuit is inserted in the lead to the grid of the 
electron tube. The circuit La(a is tuned to resonance with the 
L2 circuit which is coupled loosely to it. Any of the various 
methods of generating alternating currents may be used for this 
purpose if a circuit such as LaC a is inserted in the grid lead and an 
alternating current of an audible frequency induced in it. For 
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example, the L, circuit may be supplied from a 500-cycle genera
tor, with L. equal to 50 millihenries and C. equal to 2 microfarads . 
. The audio-frequency current may, like the radio-frequency 
current. be generated by an electron tube. In this case the La 

FIo. 1S4.-ModtdatiMa of glUftJw ,""111' by -,., of periodic CM1IgU 
of grid '#Oz. 

circuit referred. to abOve is replaced by the oscillatory circuit of 
the audio-frequency generator as in Fig. 155. It will be noted 
that the same type of circuit is used for generating audio as for 
generating radio currents. it being necessary merely. to provide 

Flo. ISS.-M.tItod of MtI!/ - .z.mOtS ,.b. for prodv.citl!/ periodic CMfIgU of grid '#O~ 
itS afSOlMr ,"b. gmnantl!/ radio-fr,fJf"1ICy Ctml1l' 

suitable values of Lt. La and Ca. There must be mutual induc
tance between L t and L, of Fig. ~ 55 just as between the coils in the 
grid and plate circuits of Fig. 146. The audio and the radio 
frequency generators may be operated from the same batteries. 
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Self-Modulating Tube.-In the methods previously described, 
means for modulating are provided outside of the radio-frequency 
tube. This, however, is not necessary, for it is possible to generate 

FIG. Is6.-A"axgemnr.tforproducingtnodulatetlradio-freqtuney 
. C#"ent by u.se of a sixgle tube 

both audio and radio frequency currents simultaneously.from the. 
same tube.: Two arrangements of circuits whereby this may be 
done are shown in Figs. 156 and 157. In these two diagrams the 

FIG. 157 .-Method of coupling tone-circuit generator to an antenna 

radio-frequency circuit is L,C,. The circuits L,C, and L.Cs 
are of audio-frequency. There is mutual inductance between 
L. and L, as well as between L, and L ,. 
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Any of the arrangements described above may be used. to produce 
modulated radio-frequency currents in an antenna by coupling 
the antenna to the radio-frequency coil Ll as in Fig. 157. For 
making signals a key may be inserted in the lead to th~ grid or in 
the connection between the filament and the B battery, or in 
the audio circuit LIC. as shown in Fig. 157 .. 

The pitch of the note given by these tone transmitters may be 
varied at will by changing the constants of the audio circuits 
LaC. and L,C,. Thus, several transmitters. may operate using 
the same wave length but having different modulating tones. 
The receiver, if provided with m~s for tuning to the audio as 
well as to the radio frequency, will. be free from interference 
even by other stations using the same wave length. This method 
of transmitting offers the considerable advantage that the tone 
is a pure musical note and does not change in pitch with slight 
changes in the tuning of the receiving station as in beat meth-
ods of reception. . 

Electron Tube GS GenerGtor for MeGSUrement Purposes.-It is 
desirable in generating oscillations for measurement purposes that 

. the amplitude and frequency of the. generated current shall be 
. constant and that the set-up shall be simple and flexible. By 
-the latter term is meant that -a. wide range of wave lengths may 
_"be obtained with the same apparatus. 

Constancy of amplitude and frequency are easily obtained, 
the main requirement being steadiness in the batteries supplying 
the :filament heating current and the electron current between 
plate and filament. High-frequency current, constant both in 
magnitude and in frequency to better than one-tenth of 1 per 
cent over long intervals of time, is readily obtained. When two 
or more tubes are operated in parallel "on the same B battery 
changes occur in the intensity of the current furnished by one 
tube at the instant the second tube is put into operation or when 
the operation of the seco,d tube is changed. Independent fila
ment batteries should always be used. The circuit shown in 
Fig. 146 is simple and flexible. The frequency generated is ordi
narily varied by changing the capacity C1• With given coils, as 
the capacity is increased, there comes a point where the oscilla
tory current falls off and finally "breaks". It is then necessary 
to use coils of greater inductance in order to obtain longer wave 
lengths. 

Another circuit similar to the above and which has shown 
itself to be convenient is shown in Fig. 160. Here the coils Lt 
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and L2 may be wound in a single layer adjacent to each other 
on the same fonn. Taps may be brought out on each coil so as 
to use the number of turns desired. The condensers C2 and C 4 

are large fixed-value condensers which should be of low resistance. 
C1 is the tuning condenser. A tungsten lamp is introduced in 
series with the B battery to protect !the filament of the tube in 
case of an accident. The measuring circuit may be coupled 
directly to the coils Lu L 2 , or to a special coil of a few turns 
inserted in series with either of these coils, preferably on the side 
connected to the B battery since this point is held at constant 
potential by the large capacity of battery to ground. 

The B battery may be inserted directly in the lead from the 
plate instead of adjacent to the filament as shown above. With 

FIG. 160.-Scheme of connections for 
pliotron generator 

such connection, however, care must be taken that there is very 
little capacity between the two batteries or their leads; if the 
batteries or their leads are not well separated and insulated from· 
each other, the high-frequency current is much reduced. An 
advantage of locating the B battery adjacent to the plate is that 
a single continuous coil may provide all the inductances required 
in the circuits. Thus, as shown in Fig. I6I below, connections 
may be made to the coil LL from filament, grid, plate, condenser, 
and high-frequency ammeter by movable contacts. Great lati
tude of adjustment of the several inductances is thus allowed, 
and the connections are· very simply shifted from one type of 
circuit to another, so that the proper connections to give maxi
mum current for any wave length are made by simply sliding 
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these contacts. An advantage of the mode of drawing the cir
cuits shown in Fig. 161 is that it brings out that the several 
types of connection are equivalent. 

59. POULSEN ARC 

Another valuable source of undamped oscillations for measure
ments with moderate or high power is the Poulsen arc. If, as 
in Fig. 162, an ordinary direct-current carbon arc in air is shunted 
by a circuit containing capacity and inductance in series, oscilla
tions may be obtained in the shunt circuit. Since the oscillations 
obtained with this simple arc are, in general, of audible frequency, 
the arrangement is called the singing arc. Numerous attempts 

PQ 
T 
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FIG. 16I.-Pliotron getU!Tator using a single coil with sliding contacts 

have been made to utilize the arc in air as a generator of high
frequency currents, but it waS found that the power of the 
oscillations rapidly cecreased with increasing frequency so that 
it was impossible to attain frequencies higher than about 10 000. 

v. Poulsen, however, found that by modifying the arc in the 
following respects, high powers could be obtained at least up to 
moderately high radio frequencies: 

I. The arc is surrounded by a hydrocarbon atmosphere such as 
coal gas or alcohol vapor. 

2. Copper instead of carbon is substituted for the positive 
electrode. 

Further, it is desirable to cool the copper electrode by water 
drculation, to rotate the carbon electrode, and (particularly for 
high powers) to provide a transverse magnetic field across the arc 
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to blow it out. The source supplies several hundred volts. The 
action of the arc in generating oscillations is roughly the following: 
When no current is flowing through the gap a high voltage is re- ' 
quired to start the arc. Immediately, however, upon starting the 
arc the path of the discharge is ionized and the resistance of the 
arc is greatly reduced; in fact, the greater the current through the 
arc the greater the ionization and the lower its resistance. In 
series with the direct-current source of supply a,re choke coils and 
regulating resistances which tend to keep the supply current con
stant. Suppose that the arc is suddenly extinguished and 
'deionized. On account of the magnetic energy in the supply cir
'cuit the voltage across the arc will rise very rapidly, at the same 
time charging the condenser in the oscillatory circuit until a suffi
cient voltage is reached to strike the arc and again ionize the path 
of the discharge. The resistance of the arc immediately falls, 

FIo. 162.-Prod'IICtion of high
frequency cv"ents by means of 
the Powl.sen arc 

hence the condenser discharges through 
it, and on account of the inertia of the 
discharge, becomes charged again in the 
opposite sense. It then starts to dis
charge through the arc again, but in the 

. opposite direction' to the. flow of cur
rent from the source. Thus, the result
ant current through the arc is reduced, 
and when the discharge current of the 
condenser increases up to that of the . 

supply, the resultant becomes zero. At this pofut the arc is ex
tinguished, and, as a result of the features introduced by Poulsen, 
is rapidly deionized. The supply current completes the con
denser discharge and again charges up the condenSer to the point 
where the arc will strike again, and the cycle is repeated. It can 
readily be seen that while the discharge of the condenser is de
pendent upon the natutal period of the oscillatory circuit, the 
charging depends upon such factors as arc length, constants of 
the supply circuit, etc., so that the period of the oscillation like
wise depends upon these latter factors. Further, the. voltage to 
which the condenser is charged, and hence the amplitude of the 
oscillation, depends upon the length of the arc, rapidity of deioniza
tion, etc., so that the one factor of arc length affects both the fre
quency and intensity of the high-frequency oscillations. 

In order to obtain constancy in the oscillations such as is neces
sary for measuring purposes it is necessary that the arc length 
remain constant. Whin tlie arc is burning it tends to eat into the 
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electrodes, and thereby increase its length, and then move to 
another spot with a shorter gap. This results in unsteadiness in 
both the frequency and amplitude of the oscillations. In some 
constructions the arc is caused to revolve slowly around a cylin
drical electrode by means of a radial-magnetic field, in otherS one 
of the electrodes is slowly revolved. In either case care must be 
taken to insure that the distance between the electrodes shall be 
constant; otherwise slow changes in frequency and intensity will 
result. In all cases a transverse field used to gain high power will 
increase the irregularities. In general, the fluctuations are min
imized as the capacity in" the oscillatory circuit is decreased, the 
wave length increased, and the supply current incieased. It is 
practically impossibl~ to attain reasonable steadiness in the opera
tion at wave lengths much shorter than 1000 meters, though satis
factory operation is attainable at longer waves. 

60. mGH-FREQUENCY ALTERNATORS AM> FREQUENCY TRAKSFORllERS 

Tlie direct generation of high-frequency currents by means of 
alternators is a difficult problem; in.general, very high speeds of 
rOtation are required," and the losses in the machine from eddy" 

. cUrrents, hysteresis and dielectric absorption are likely to be very 
great. However, two types of. generatorS have been successfully 
evolved and have been developed to very high powers for radio 
transmission. 

Inductor Alternato-r.-The first of these is of the inductor type, 
which has been developed by E. F. W. Alexanderson, of the Gen
eral Electric Co. This machine has stationary field and arma-

" ture windings and a solid steel rotor provided with slots cut at 
equal intervals near the circumference and filled with a nonmag
netic material. As the rotor revolves the magnetic circuit of the 
field is closed alternately through the nonmagnetic material :filling 
the slots and the steel between the slots; thus the magnetic flux 
due to the field is alternately decreased and increased. This flux 
threads the armature coils, setting up an alternating emf in these; 
By providing the rotor with 300 slots around the circumference 
and driving it at a speed of 20 000 revolutions per minute a fre
quency of 100 000 cycles per second is attained. In a later design 
the frequency has been increased to 200 000 cycles per second. 

It is stated that there is no difficulty in attaining a constant 
speed with this machine, and hence it should be of great value for 
measuring purposes within the range of frequencies covered. A 
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further extremely valuable feature is that the frequency can be 
determined absolutely from the speed. 

Goldschmidt Alternator.-A second type of alternator is the so
called reflection type due to R. Goldschmidt. The rotor and stator 
are each laminated and provided with windings. The principle 
upon which the operation of this generator is based is as follows: 
If an alternator is excited with alternating current of frequency 
Nt, it will generate current of two frequencies Nt + N3 and 
Nt - N3 where N, is the frequency which would be generated with 
direct-current excitation. If Nt = N3 = N then the frequencies 
would be 2N and o. If the current of fr:equency 2N is used to 
excite the field of another similar generator running at the same 
speed, generated frequencies of 2N + Nand 2N - N-that is, 3N 
and N-would result. Thus, a series of generators running at a 
moderately high speed could be used for generating high-frequency 
currents. In the Goldschmidt generator this frequency multipli
cation is attained in one machine. The stator is excited with direct 
current and current of frequency N is generated in the rotor. Since 
the induction of currents depends only upon the relative motion of 
rotor and stator we may consider that the rotor field is excited 
with current of frequency N and that the stator is rotating in this 
field. Consequently,. currents of frequency 2N and 0 will be gen
erated in the stator. The fields of these currents in turn react 
upon the rotor, producing in it currents of frequency 3N and N, 
and in this manner the frequency is successively stepped up, the 
frequencies in the rotor being odd multiples of N and those in the 
stator even multiples. In order that the flow of current of these 
freque,ncies may not be prevented by the reactance of the circuits, 
the principle of resonance is utilized and tuned circuits are pro
vided for each frequency up to that which is to be used. The 
flow of current corresponding to the lower frequencies is sup
pressed to a great extent. For as we have seen, starting with the 
fundamental frequency N, after two • • reflections" we again have 
an induced frequency N in company with 3N. It may be shown 
that these two currents of frequency N will be opposite in phase and 
hence tend to neutralize each other. This is likewise true of the 
magnetic fields so that the losses due to hysteresis and eddy cur
rents will be caused mainly by the field of the utilized frequency 
alone. While these machines have been developed very satisfac
torily for radio transmission purposes, it is doubtful whether they 
could be readily utilized for measuring purposes in the laboratory 
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since the multiplicity of tuned circuits would render frequency 
changes difficult • 

•• Static" Frequency Transformers.-5everal methods of fre
quency multiplication have been devised which are based upon the 
distortion of the wave of magnetic induction in iron from that of 
the impressed magnetizing force. Since these frequency multi
pliers have no moving parts they are called static frequency trans
formers. The principle is well illustrated in the method of tripling 
the frequency, due to J oly. Fig. 163 is a typical curve showing the 
variation of induction in iron with- the magnetizing force. As the 
magnetizing force is increased from zero the resultant fiux of induc
tion in the iron at first increases rather slowly, then very rapidly J 

and- then less rapidly, again becoming almost constant at a value 
called the saturation value. If the magnetizing force is alternating 
and sinusoidal and of such an amplitude that the maximum value 
comes on the steep part of the induction 
curve as atA, Fig. 163, the resulting alter
nating wave of magnetic induction will 
be peaked, as in b, Fig. 164. If, however, 
the maximum magnetizing force has a J 
value stifficiently high to bring up the in- 1 
duction to'the flat part of the curve where 

8 

M"9...t .. ~ F'_ it is changing very slowly, as at B, Fig. 
163, then the resulting alternating wave 
of induction will be fiat topped, as in c, 
Fig.16+ Thewaveformbindicatesthat 

FIG. 163.-:Variation of mag
netic iMwction in iron 'With 
magnetUing forc, 

there is a strong harmonic oscillation of three times the fundamental 
frequency impressed upon the fundamental oscillation and differ
ing in phase from it by 180°. The wave formc1ikewise indicates 
the presence of a strong harmonic of three times the fundamental 
frequency but which is in phase with the fundamental. If, there
fore, the two waves b and c can be combined in such a manner that 
the fundamental frequencies are 180° out of phase and hence 
neutralize each other, the harmonics of triple frequency will be in 
phase and will exist alone. This is illustrated in curve d which is 
obtained by subtracting the ordinates of the curve c from those of 
curve b. This method is applied by means of transformers as 
illustrated in Fig. 165. The alternator supplies current of the 
fundamental frequency f to the primaries PI and P 2• PI has few 
turns and P2 many turns, so that the iron is magnetized more in
tensely in 2 than in I. The two secondaries SI and S2 are so 
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wound and connected that the emf's of the fundamental frequency 
neutralize each other, but the triple harmonics cause a current 
:Bow in the tuned circuit of frequency 3f. Thus with an initial 
frequency of 10 000 cycles per second, a frequency of 30 000 can 

Flo. 164,.-Mnhod of combining alternating waves of 
magnetic induction so as to triple thefrequency 

be obtaitied with one transformation.· This corresponds to a
wave length of 10000 meters and is suitable for long-distance 
transmission. Large powers may be generated. 

For measuring purposes it would be' possible to step up the 
frequency through several stages obtaining 3, 9; 27, etc., times the 

error 
••• p.2 

Jf 

5. 

f 

52 

FIo. 16S.-US, of two transformers for producing fre
quency transformations 

fundamental frequency. This !night furnish a valuable method 
of determining high frequencies in terms of lower frequencies, 
which latter can be deterInined absolutely from the speed and 
Dumber of poles of the alternator. 
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61. BUZZERS 
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The buzzer is a very convenient source of damped oscillations 
for measurement purposes. Since, in general, it furnishes only 
very small power, it is used in conjunction with very sensitive 
detecting instruments. A number of different modes of connec
tion may be used in generating oscillations with a buzzer. That 
shown in Fig. 166 has been found to be very satisfactory. The 
current from the battery B flows through the adjustable resistance 

z 

-R, the coils F, armature contact 
A, and coil L 1• When through 
the action of the buzzer the con
tact is opened, the energy due 
to the current in the coil L1 is 
transferred to the condenser, C 1, 

giving it a charge.. The con
denser then discharges, causing a fiG. 166.-Us. oj buzzer as a SOUTce oj 
train of oscillations in the Circuit ","mt oj definite JTequency 

C 1 Lu the frequency of which depends upon the constants of this 
circuit with a small correction for the capacity added by the leads, 
etc., of the buzzer circuit. Thus, each break of the buzzer sets 
up a train of oscillations in the circuit C1 L1:' The circuit L, C, 1s 
a measuriilg circuit coupled to the driving circuit Ll C1 • . The 
current in the measuring circuit may be indicated by a gal
vanometer and thermoelement' (T) inserted directly in the 
circuit or any other sensitive device. 

FIG. 167.--B_circuiIClJpabr. 
of JlToducing cu"mls by shod 
ncit4tion 

Constancy of the high-frequency cur
rent depends upon the steadiness of the 
buzzer action. This is obtained by using 
a good buzzer giving a note of high 
pitch, such as the Ericsson, by adjust
ment of the buzzer contacts and resist
ance R until the buzzer emits a clear 
and steady musical tone, by employing 
a constant battery, prefe!'ably a low-

voltage storage battery to insure steady direct current, and by' 
preventing sparking at the contact. This latter requirement is 
attained by sending only a moderate current through the buzzer 
and by using a fairly large fixed condenser C. across the buzzer 
field coils to absorb the magnetic energy stored therein which 
otherwise would produce a high voltage and sparking at the con
tact on break. 
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Another form of buzzer circuit which is frequently used and. is 
capable of furnishing somewhat larger currents is shown in Fig. 
167. In this case the condenser C1 is charged to the voltage of the 
battery when the buzzer contact is open and discqarges through 
Ll when the contact is closed. A possible objection to this 
circuit is the presence of the buzzer contact in the oscillatory 
circuit. 

If C1 in the above is a fixed condenser of several microfarads 
capacity and Ll a small inductance of only one or two turns, 
then the oscillations in the circuit Ll C 1 will be very highly damped 
and will last for a very short time, possibly only one or two 
oscillations. Under these conditions an oscillatory circuit coupled 
to Ll will be shocked into oscillations by what is called impact 
excitation, the frequency and damping of the oscillations will 

FIG. 168.-Typical spark circuit/or producing high-freqtwneyoscillations 

be those natural to this circuit and independent of the circuit 
Ll C 1. On this account this method of impact excitation is very 
useful in many measUrements. 

In place' of the very convenient buzzer many other forms of 
circuit interrupters may be used, such as the vibrating wire, 
tuning fork, rotating and mercury interrupter. 

62. TBE SPARK 

Certain forms of spark gap are simple and inexpensive sources 
of damped currents and so are often used as sources in high-fre
quency measurements. In some kinds of measurement it is neces
sary or advantageous for the oscillations to have a decrement. 

Simple SPark Gap~-In Fig. 168 is shown a typical circuit for 
the generation of high-frequency oscillations by means of a 
spark discharge. The alternator supplies the low-voltage wind
irig P of a step-up transformer. The high-voltage side S leads 
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to the terminals of the condenser C, across which is an inductance 
L and spark gap G in series. The coil L is loosely coupled to the 
measuring circuit LmCm (or to the antenna in transmitting). 
During an alternation, .as the voltage across 5 increases, the con
denser C becomes charged up to the point where the voltage is 
sufficient to jump the spark gap. The condenser then discharges 
through the inductance L and the gap G. The discharge consists 
of a train of oscillations of a frequency approximately corre
sponding to the inductance and capacity of the circuit. It is 
possible to adjust the voltage of the transformer and the length 
of the gap so that the discharge take<; place when the voltage is 
at a :maximum, either positive or negl.tive. In this case one 
spark and one train of oscillations is obtained per alternation 
of the supply, thus with a 6o-cyc1e generator the spark frequency 
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FIo. 16g.-Gr01ips of oscillation.r for CM' of tu10 spar" discharges pn cycz. 

will be 120. By shortening the gap Of raising the voltage several 
discharges per alternation may be obtained. These are called 
partial discharges and occur somewhat irregularly. The first 
case is illustrated in Fig. 169. In (a) is shown the transformer 
secondary voltage as it would be if the spark gap were absent 
and in (b) the current oscillation in the condenser discharge. In 

'Fig. 170 is shown the effect of the sp~k gap upon the damping 
of the oscillations in the high-frequency train. In a circuit with 
constant resistance the amplitude would decrease exponentially 
as indicated by the dash curve I, in the case of a circuit with a 
spark gttp the decrease of amplitude tends to become linear, as 
shown by the dash line 2. This is due to the increase in resistance 
of the spark as the amplitude of the current decreases, the effect 
depending upon the materiai. of the electrodes, etc. 
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Use of Resonance Transformer.-A serious· difficulty in the 
operation of .the spark circuit is caused by the short-circuiting 
of the transformer secondary by the spark. As a result there is 
a heavy flow of current through the gap causing the formation of 
an arc which reduces the amplitude of.the oscillations and destroys 
the electrodes. In order to eliminate this difficulty the resonance 
transformer is used. The alternator, transformer and secondary 

......... 
condenser are adjusted to make 
a system which is in resonance for 
the alternator frequency. When 
the condenser is short-circuited 

..L...4-,H--f--\--;I-t-+y-_-_-__ ~_= __ =_ _ by the spark the condition of 

PIG. 170.-Linear damping prodvced by 
1M increase of spark resistance as 1M 

- ampliHule of current decreases 

resonance is destroyed, and· in 
effect this is equivalent to the 
sudden insertion of a reactance 
in the transfonper primary. As 
a result, there is no heavy flow 
of current through the gap. . 

The theory of the adjustment of the system ·of alternator, 
-transformer, and secondary condenser to resonance is as follows. 
If we ~ve a simpie circuit of inductance and capacity in. series 
across the terminals of the alternator, as in Fig. 171, the condi
tion for resonance for a frequency f is 

f= I 

27f'.JLpCp 

where Lp is the total inductance of the circuit including the 
alternator. The combination of transformer and secondary 
condenser can be reduced to this simple 
case. Assmi1ing that all the induction 
linked with the primary winding of the 
transformer also passes through the 
secondary turns-that is, that there is Cr 
no magnetic leakage-and that the ratio 
of the number of secondarY turns to 

. . FIG. 171 .-Simple circuit equi7Ja-
primary turns is n, it may be shown lent to Fig. I68 

that a capacity C. in the secondary is 
equivalent to a capacity Cp =n2C. in the primary. The effect of 
inductance in the secondary is decreased in the ratio of I: n 2 when 
transferred back to the primary, hence inductance is inserted in 
the primary to tune to resonance. The total primary inductance 
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consists of that inserted plus the inductance of the alternator and 
that due to transformer leakage. This latter is small in the case 
of a closed.:core transfooner. Experimentally a fairly close adjust
ment to reso~ce JIJ.iLy readily be obtained by lowering the gen
erator voltage until no spark passes the gap and then varying. 
either the primary inductance or secondary condenser until the 
primary current or secondary voltage is a maximum. The primary 
inductance mayeonveniently consist of a solenoidal winding with 
an iron core that can be moved in or outto vary theinductailce value. 

When adjusted to resonance the voltage across the secondary 
condenser may rise to a value much higher than that correspond
ing to the voltage of the alternator and the transformer ral1o. In 
Fig. 172 is shown the way the voltage rises with each alternation 
until it is sufficient to jump the spark gap discharging the con
denser. The voltage then begins to rise again until the next 
spark takes place. The alternator voltage or spark length can be 

Spo.Tk Spo.rk 
FIo., 172.-Cofllknser 'lJoltage WMn the transformer system is aIljwl«l to 

ruonance 'With the generator 

adjusted to ob~ either one spark per alternation or one spark 
in several aJternations, as shown in the Fig. 172. 

In order to obtain constant high-frequency current with a 
simple spark gap it is desirable to use a low spark frequency in 
order to prevent heating of the gap which would lead to arcing. 
Magnesium electrodes have been found to give the best results 
and to furnish oscillations most closely logarithmic in damping. 
Zinc is also a good material. The gap, the voltage and reso
nance conditions should be adjusted to give a spark of moderate 
and uniform frequency. The alternator must run at constant 
speed., otherwise the voltage and resonance conditions will vary. 
Under· these conditions it is possible to attain high-frequency 
oscillations of a constancy which is probably not excelled by 
any other source of damped oscillations. 
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If the resonance transformer is not utilized, the arcing across 
the gap may be reduced by inserting resistance or inductance 
coils in the primary of the transformer and by employing an 
air blast to blowout the arc. Or, in place of the simple gap, a 
rotary gap, as shown in Fig. 173, may be utilized. Its character
istics are intermediate between those of. the simple and the 
quenched spark gap . 

. Quenched Gap.-It was found by M. Wien that if a series of 
short spark gaps be substituted for a single long gap and a dis

charge passed through them, the discharge path 
returns much more quickly after discharge to its 
initial condition of high resistance.· This is a result 
of the more rapid deionization of the gap and is 
called the quenching action. The quenching action 

FlO.I73·-Ro
ta

f,. is increased if the surfaces of the gaps are of silver 
ing .spa," gap 

or copper and the gap is kept cool and air-tight. 
In Fig. 174 is shown a cross section of a single gap sliowing the 
insulating gasket between the plates which renders the gap air
tight, the silver sparking surfaces and the flanges to provide a 
large cooling surface. The insulating gasket may be of paper, 
mica or rubber,and is about 0.2 mm thick, Its thickness· is 
exaggerated in the figure. A number of such gaps are stacked 
in series and clamped together, and either the leads to the gap 
are provided with clips so that the number of gaps used may 
be varied or means are provided for short-circuiting as many 
of the gaps as desired. In a quenched gap designed at the 
Bureau of Standards the construction of the 
plate is such as to permit air circulation on 
both sides of each gap. This is accomplished 
by inverting alternate plates. 

While close coupling with the secondary 
circuit in the case of ordinary spark gaps is 
to be avoided, since it causes the generation 

Flo. 174.-C,oss sec
tion of qun.checl gap 
plate 

of two frequencies (the so-called coupling waves, see P.48) of 
which only one can be utilized, good working of the quenched 
gap, on the other hand, requires a fairly close coupling between 
the primary and secondary circuits. This secures high efficiency 
and still permits a single wave to be obtained. The explanation 
is as follows: Assume first that the primary circuit contains an 
ordinary spark gap, the secondary (which may be an antenna) is 
fairly closely coupled to the primary, and that the two circuits 
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when. separated have the same natural frequency. Due to the 
coupling, oscillations of two frequencies, one lower and one higher 
than that common to the uncoupled circuits, will result in both 
circuits after the discharge takes place in the primary. The com
bination of the two frequencies will result in beats in both cir
cuits, the amplitude of the resultant oscillation will rise to a 
nlaximum and fall to a minimum in each circuit, being a maxi
mum in the primary when a minimum in the secondary, and vice 
versa. As a result, the total energy of the oscillations (excepting 
that dissipated) is transferred back and forth between the two 
circuits. Although the current in the primary circuit may pass 

FIG. 176.-C,,"m'in (a) primGl'yaM (6) .r«ondary 
'/IJMn wing an ordinary gap 

through a 'zero value, the rapidity of deionization of the ordinary 
spark gap is not sufficient to render it nonconducting in the 
short interval of time available and the spark reignites. The 
phenomena are shown in Fig. 176 where (a) represents the voltage 
oscillations in the primary and (b) the oscillations in the secondary. 

If, on the other hand, a quenched gap is used and the CO!lpling 
between the primary and secondary is favorable, it will become 
deionized when the primary oscillations are a minimum and 
thus prevent reignition. At this time all of the energy has been 
transferred to the secondary and, since the primary has become 
inoperative, this energy will be dissipated in a train of oscilla
tions of which the frequency and damping are determined 

486861 0-~8-16 
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entirely by the constants of the secondary circuit. The oscilla
tions of primary and secondary are shown in (a) and (b) of Fig. 
177. In ideal operation, the time during which the primary 
circuit is operative will be extremely short, tliere will be only 
the one frequency, and, since the major loss of power takes place 
in ~e high-resistance primary circuit, the efficiency will be high. 
With poorer operation the primary circuit may remain in opera
.non until the second or third mjnimllllJ.· In this case three 

, , 

FIc. 177.--c#rren' in (a) primary and (b) secondary when wing a qtwndud gap 

waves may be observed, the two coupling waves and the inter
mediate wave corresponding to the oscillations of the secondary 
by itself. 

The connections for the quenched gap are similar to those for 
a plain spark, using a resonance transformer. Best operation 
is generally obtained when the inductance in the primary circuit 
is somewhat greater than that required for resonance. On account 
of the rapid quenching of the gap, the supply alternator may have 
a frequency of 500 cycles and adjustments made so as to obtain 
One spark per alternation. 
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PART m.-FORMULAS AND DATA 

~ 

CALCULATION OF CAPACITY 

63. CAPACITY OF COl'fDDSERS 

Units.-The capacities given by the following formulas are in 
micromicrofarads. This unit is 10-12 of the farad, the farad being 
defined as the capacity of a condenser charged to a potential of I 

volt by I coulomb of electricity. The micromicrofarad and the 
microfarad (one-millionth of a farad) are the units commonly 
used in radio work. Radio writers have occasionally used the 
cgs electrostatic unit, sometimes called the "centimeter." This 
unit is I. I 124 micromicrofarads. 
, 'In the formulas here given all lengths are expressed in centi
meters and all areas in square centimeters. The constants given 
are correct 11 to o. I per cent. 

PAltAUBI. PLATB COl'lDBNSBR 

Let S"=surface area otone side' of one-plate" 
.,. == thickness of the dielectric 

K = dielectric constant (K = I for air, and for most ordinary 
substances lies between I and 10). 

C =o.o88SKS micromicrofarads. .,. (110) 

If, instead of a singl~ pair of metal plates, there are N similar 
plates with dielectric between, alternate plates being connected 
in parallel, -

C=O.o88sK(N - I)S (III) .,. 

In these formulas no allowance is made for the curving of the 
lines of force at the edges of the plates; the effect is negligible 
when.,. is very small compared with S . 

• The ~ts liven in the formUiu are correct for at.IIute units. To reduce to international units 
the.,.mea In.w.olute units should be ~u1tipned by 1.0005'. ThIs cillference need not be CODSiclend whell 
CllkaletJcme correct to I pet In 1000 oaly are required. 

235 
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VAlUABLB CONDENSER WITH SBMICIRCULAR PLATES 

Let N = total number of parallel plates 
1'1 = outside radius of the plates 
1', = inner radius of plates 
T = thickness of dielectric 

K = dielectric constant 
Then, for the position of maximum capacity (movable plates 
between the fixed plates), 

C=0.1390K (N - 1)(1'1'-1',') (II2) 
T 

This formula does not take into account the effect of the edges 
of the plates, but as the capacity is also affected by the contain
ing case it will not generally be worth while to take the edge 
effect into account. 

Formula (II2) gives the maximum capacity between the plates 
with this form of condenser. As the movable plates are rotated 
the capacity decreases, and ordinarily the decrease in capacity is 
proportional to the angle through which the plates are rotated. 

ISOLATED DISK 0., NEGLIGIBLB TmClO'mSS 

Let d = diameter of the disk 
then C = 0.354d 

ISOLATBD SPHBllB 
. -

Let d = diameter of the sphere 
then C=0.556 d 

TWOCONC~CSPHERBS 

Let 1'1 = inner radius of outside sphere 
1', = radius of inside sphere 
K = dielectric constant of material between the spheres 

C= I.II2K I'll', 
1'1-1'2 

TWO COA%IAL CYLINDERS 

Let 1'1 = radius of outer cylinder 
1', = radius of inner cylinder 

(II 5) 

K = dielectric constant of material between the cylinders 
l = length of each cylinder 

C 0.24161 

I 1'1 
og10-r, 

(II 6) 

This formula makes no allowance for the difference in density of 
the charge as the ends of the cylinders are approached. 
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64. CAPACITY 01' WlRES .AND ABTEBNAS. 

SIlIGLB LONG W1BB pApAum TO THE GR01J1U) 

237 

For a single wire of length l and diameter d, suspended at a 
height h above the ground, the capacity is 

C 0.24161 
- 1 . 4h 10 {l/2 +.Jl3/4 +d1/4} (II 7) 

oglO d + glO [/2 +.Jl3/4 +4h3 

Usually the diameter d may be neglected in comparison with 
the length l, and the following equations are convenient for 
numerical computations. 

4h_ 
For T<I, 

(IIS) 

F l_ or 4h< I, 

in which the quantities 

and 

may be interpolated trom Table· 6, page 242. 

These fopnulas assume a uniform distribution of charge from 
point to point of the wire. 

VBRTICAI. W1BB 

Formula (II9), omitting the kJ in the denominator, is sometimes 
used to calculate the capacity of a vertical wire. It applies 
accurately only when h is large compared with 1, and gives very 
rough values for a vertical single-wire antenna, the lower end of 
which is connected to apparatus at least several meters above the 
ground. 
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CAPAClTY B&'tW&Blt TWO B01lIZONTAL PARAua WIRES AT TBB ~ IlaGIlT 

Let d ... the diameter of cross section of the wires 
l-length of each wire 
A-the height of the wires above the earth 

D = distance between centers· of the wires. 
The capacity is defined as the quotient of the charge on one wire, 

divided by the difference in potential of the two wires, when the 
potential of one wire is as much positive as the other is negative. 

C 
0.12081 

- (120) 

{l/2+.JP/4+dI/4 4h} 1 {1/2+..JP/4+lJ3 ..J~} 
laglO 1/2+..JP/4+4h2 • (j - agiO 1/2+..Ji'/4+lJ3+4h'· D 

'In most cases d/l and D/l may be neglected in comparison with 
unity, and we may write 

C= 0.12081 
2D D2 

loglo ---d 8hZ 

TWO PARALLEL WIRES, ONE AB~VB THE OTHER 

(121) 

For the case of one wire placed vertically above the other, the 
fonnula (121) may usually be used, taking for the value of h the 

mean height of the wires, hi +h:. The potential of one .wire is 
2 

assumed to be as much positive as the other is negative. 

CAPACITY 01' TWO PARALLEL WIRBS JOINED TOGETBEll 

Let 1 = the length of each wire 
. D = distance between centers 

h = their .height above the earth 
d 0;= diameter of cross section. 

The wires are supposed to be parallel to each other and to lie 
in a horizontal plane. They are joined together so that they are 
at the same potential. The capacity is defined as the quotient 
. of the sum of their charges by the potential above the earth. 

C . 0.483 xl ( ) 

~ {1/2+..J1I/4+dI/4. ~}+l {1/2+..JP/4+D2 • ..J4h2+lJ3}' 122 
agiO 1/2+..JP/4+4h2 d agiO 1/2+..JP/4+lJ3+4h2 D 

which, in those cases ~here dZ/l2 and (~)' may be neglected- in 

comparison with unity J may be written in the following forms: 



F 41_ 
orT<I, 

F 
l_ 

or 41 <I, 
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, 

The quantities ~ and ~ are the same as in (lIS) and (II9) and 
may be obtained from Table 6, page 242. -

These formulas assume a uniform distribution of charge along 
the wire. 

This case is of importance in the calculation of the capacity of 
certain forms of antenna. The wires are supposed to be Joined 
together, and thus all are at the same potential. Their capacity 
in parallel is then defined as the quotient of the sum of all their 
charges by their common potential. 

An expression for this case as accumte as the preceding formula 
(120) for two wires would be very complicated. . The following 
simpler solution is nearly as accumte, and in view of the disturbing 
effect of trees, houses, and other like objects on the capacity of an 
antenna, Will suffice for ordinary purposes of design. ' 

Let n - number of wires in parallel 
D ... spacing of wires in parallel, measured between centers 
d =- diameter of wire 
II. - height of the wires above the ground 
l-length of each wire. 

Then if the potential coefficients be calculated as follows: 

P11 =4.60S[loglo4: -kIJ} 
Pu""4.60s [ioglo~ -kl] 

for~ <1, 

or, 

1>11 .... 4·60S [loglo ~ - k2J} l 
l for 411.<1, 

Pu = 4·60S [logloD - kJJ 
(126) 



----------- ----------- ------

Circular 0/ the Bureau 0/ Standards 

the approximate capacity of the n wires in parallel will be 

C= 1.1 121 + [Pll ~ (:- I)P12_k ] 

the quantities k, kl and k, being obtained from Tables 6 and 7, 
page 242~ 

Example.-To find the capacity of an antenna of 10 wires 0.16 
inch in diameter, in parallel, each wire IIO feet long, the spacing 
between the wires behIg 2 feet and their height above the ground 
80 feet. 

For this case 4.hll =320 or 114k =0·344 and Table 6 gives k, 
110 _ 

=0.146. 

lId 
2XI2XIIO 6 1 21 

2 = - 6 = I 500, oglo-d =-4.2175 0.1 

IIO 
lID=-=55 

2 

:. Pll=4.605 [4.218-0.146]=18.75 

PI' =4.605 [1.740 -0.146] = 7.340 

and from formula (127) and Table 7 the capacity is, reducing the 
length of the wires to cm 

C= (I.II2 X IIOX~0.5) +[18.75 +I~(7.340) -2.05] 

- 584 p.p./ =0.000584 11-/. _ ' - -. 

Example.-A second antenna of 10 wires, 3/32 inch diameter, 
ISS feet long, spaced 2.5 feet apart, and stretched at a distance of 
64 feet from the earth. 

For this case 114h= 15
6
5 =0.606, k,=0.249 

25 
21 

21ld = 39680, loglo(j = 4.5986 

lID =62, 10g1JID = 1.7924 

Pll = 20.04, Pl2 = 7. I I, Pll + 9P12 - 2.05 = 6.35 
10 

C I. II 2 X 155 X 30.5 8 / = 6 =0.000 29 p. • 
·35 -
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If the length of the antenna had been 500 feet, with the height 
4h 256 4h unchanged, then T= 5

00 
=0.512, k, =0.026, log,o (j =4.51 54, 

2h ' 
log,. D -1.7093; by (125) Pu =20.67, Pu=7·75, k=2.05, 

c- 1.112 X 500 X 30 .5 - 6 j 
- 6.99 -0.00242 JJ. 

65. TABLES I'OR CAPACITY CALCULATIONS 

TABLE 5.-l'or ConYerDng Common Logarithms Into Natural Logarithms 

c- .Man! C- • .tara. C- . .,.. c- .1IiunJ 

0 0.0000 25.0 
, 

57.565 50.0 115.129 75.0 172.694 
1.0 2.3OZI 26.0 59.167 51.0 117.433 711.0 174.!1!16 
2.0 4.1i05J 7:1.11 62.170 52.0 Itg.734 77.0 177._ 
1.0 1.!I07I ao &4.472 53.0 122.037 78.0 179.601 
4.0 t.n03 29.0 &6.775 M.1l 124.340 79.0 111.904 

5.0 11.511 !O.O &.078 55.0 126.&42 10.0 114. 'MYI 
1.0 13.116 11.0 71.310 56.0 1Z1.!M5 8LO 111.50!1 
7.0 11.111 12.0 7S.613 57.0 13L247 12.0 111. 812 
1.0 11.421 33.0 75.985 51.0 133.550 1&0 191.115 
'.0 aD. 7ZS 34.0 78._ 59.0 l35.151 14.0 1IS.417 

10.0 zs.026 15.0 10.90 eo. 0 l3I.l55 15.0 1I5.7aO 
11.0 25. SZII S6.0 I2.I1S 111.0 140.451 .. 0 191.022 
U.O 7:1.611 17.0 15.1. 62.0 142. 7IiO 17.0 aoo.3Z5 
13.0 29.134 Sl.0 17.4911 63.0 145.061 11.0 202.67:1 
14.0 S2.Z36 .. 0 11.101 &4.0 147.31i5 11.0 304 •• 

15.0 aUII 40.0 IZ.IOS 65.0 141.1i1i1 !IO.O 'MYI. zss 
11.0 S6.141 41.0 14.4OIi iii. 0 151.971 '1.0 •• 535 
17.0 •• 144 42.0 16. 701 67.0 l5&. Z7S IZ.O 211.131 
11.0 41.447 4S.0 19.011 iii. 0 l5Ii. 576 1&0 214.140 
tg.o 4&741 44.0 lOLI14 &.0 l5I.l7I 14.0 211.443 

JO.O 41.052 ' 45.0 103.Ci16 70.0 1111.111 95.0 211.746 
21.0 ::m 41.0 105.919 71.0 163.414 16.0 221.041 ' 
22.0 47.0 101. 221 72.0 165. 7IIi 17.0 221.351 
zs.o 52.959 41.0 110. 524 7S.0 11i1.01111 ... 0 ZZS.Ci5S 
24.0 55. ZIiZ 49.0 lU.1I27 74.0 170. 3111 '19.0 Z'ZI.956 

100.0 Z30.Z59 

The table is carried out to a higher precision than theformulas, e. g., 11.3026 is abbre
viated to 11.3°3 in the formulas. 

E_plu.-To illustrate the uae of such a table, suppose we wish to find the nat
ural logarithm of 37.48. The common logarithm of 37.48 is 1.57380. 

If we denote the number 11.3026 by M, then from the table 
1·5 M=3·4S39 
.073 M ... ~68I 
• 00080 M = .0018 

3· 6238--1og. 37· 48 
To find the natura1logarithm of 0.00748: The common logarithm is 3.87390, which 

may be written 0.8'390-3. Entering the table we :find 
0.87 M=2.0032 S -3 M=--6.9078 
.0039 M- ·00898 

sum 2.0122 
-6.9078 

-4- 8956 =natura11og of 0.00748 
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TABLE 6.-Per Use In Connection with Pormulas (118), (119), (123), (124), (125), 
and (126) , 

411/1 kl. l{4h kt 4hjl I kl I l{4h I kt 

0 . 0 0 0 0.6 0.035 0.6 0.247 
0.1 0.001 0.1 0.043 .7 .045 .7 .283 
.2 .004 .2 .086 .8 .057 .11 .3111 
.3 .009 .3 .1211 .9 .069 .9 .351 
.4 .016 .4 .169 1.0 .082 1.0 .313 
.5 .025 .5 - .209 

- - - - -- - -----, 

TABLE 7.-Values of k in Pormulas (127) and (146) 
- ----

It I D k k II k I D k 

2 0 1.111 11 2.22 16 2.115 
S 0.308 1.43 12 2.37 17 2.95 
4 .621 1.66 13 2.51 18 3.04 
5 .906 1.116 14 2.63 19 3.14 

10 '2.05 15 2.74 20 3.24 
-----"- --- - , -, 

CALCULATION OF INDUCTANCE 

66. GENERAL 

In this section are given formulas for the calculation of self and 
mutual inductance in the more common cireuits met with in prac
tice. The attempt is here made, not to present all the formulas 
available for this 'purpose, but rather the minimum number re
quired, and to attain an accuracy of about one part in a thousand. 
So far as' has seemed practicable, tables have been prepared to 
facilitate numerical calculations. In some cases, to render inter
polation mOre certain, the values in the tables are carried out to 
one more significant figure than is necessary. In such instances, 
after having obtained the required quantity by interpolation from 
a table, the superfluous figure may be dropped. In all the tables 
the intervals for which the desired quantities are tabulated are 
taken small enough to render the consideration of second differ
ences in interpolation unnecessary. 

Most of the formulas given are for low frequencies, this fact being 
indicated by the subscript zero, ,thus L o, Mo. The high-frequency 
formulas are given where such are known. Fortunately it is 
possible by proper design to render unimportant the change of 
inductance with frequency, except in cases where extremely high 
precision is required. 

The usual unit of inductance used in radio work is the micro
henry, which is one millionth of the international henry.s2 The 

• The CIOIIStants in the formulas for inductance liven here refer to absolute units, To reduce to inter .. 
aational units multiply by 0.99948. Since, however, an accuracy of the order of only one PIIrt in • thousaudI 
Is -.ht here, it will DOt be uecessary to take this difference into account, 
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henry is defined as the inductance "in a circuit when the electro
motive force induced in this circuit is one international volt, while 
the inducing current varies at the rate of one ampere per second." 
I henry = 1000 millihenries = 10' microhenries = 10' cgs electro
magnetic units. 

In the following formulas lengths and other dimensions are 
expressed. in centimeters, unless otherwise stipulated, and the 
inductance calculated will be in microhenries. 

Logarithms are given, either to the natural base E or to the 
base 10, as indicated. The labor involved in the multiplication 
of common logarithms by the factor 2.303 to reduce to the corre
sponding natural logarithms will be very materially reduced by 
the employment of the multiplication table, Table 5, page 241, 
which is an abridgement of the table for this purpose usually given 
in collections of logarithms. 

All of these formulas assume that there is no iron in the vicinity 
of the conductor or circuit of which the inductance is to be calcu
lated. Thus, the formulas here given can not be used to ca~culate 
the inductance of electromagnets. 

A much more comp-Iete collection of inductance formulas with 
. numerical examples is given in. the Bulletin of the Bureau of 
Standards, 8, pages 1-237; 1912;' also known as Scientific Paper 
~o. 169. 

67. sELF-INDUCTANCE OF WIRES' AND ANTBl'fN~ 

STRAIGHT, IlOUKD WIliIB 

If 1 = length of wire 
d = diameter of cross section 
~ = permeability of the material of the wire 

Lo=o.cxl2l [log, ~ - I +~J microhenries (J28) 

=0.0021 [2.303 loglo ~- I +~J microhenries (129) 

For all except iron wires this becomes 

L o =o..002l [2.303 loglo ~ -0.75J (130) 

For wires whose length is less than about 1000 times the diameter 

of the cross section (~ < 1000 ). the term #z should be added inside 

the brackets. These formulas give merely the self-inductance 
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of one conductor. If the return conductor is not far away, the 
mutual inductances have to be taken into account (see formulas 
(134) and (136». 

As the frequency of the current increases, the inductance 
diminishes, and approaches the limiting value 

La, =0.0021 [2.303 loglo ~ - 1 ] 

which holds for infinite frequency. 
The general formula for the inductance at any frequency is 

L =0.0()21 [2.303 loglo # -1 +p.aJ 

where 3 is a quantity given in Table 8, page 282, as a function of % 

where 

f = frequency. 
P = volume resistivity of wire in microhm-centimeters 

Po = same for copper 
p. = I for all except iron wires. 

For copper at 200 C, %0=0.1071 d ..[{. 
The value CIc of x for a copper wire 0:1 em in diameter at different 

frequencies maybe obtained from Table 19, page 311. Foracopper 
wire d cm in diameter Xc = 10 d CIc and for a wire of some other 

material x = 10 ~ a.c M' 
The total change in inductance when the frequency of the 

current is raised from zero to infinity is a function of the ratio of 
the length of the wire to the diameter of the cross section. Thus, 
the decrease in inductance of a wire whose length is 25 times the 
diameter is 6 per cent at infinite frequency; and for a wire 100 000 

times as long as its diameter, 2 per cent. 
Example.-For a copper wire of lerigth 206.25 em and diameter 

0.25 em at a wave length of 600 meters, that is t = 500 000, the value 
of x is 18.93, and from Table 8, a=0.037. 

p= I, ~ =3300, Ioglo 3300 =3.51851 
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(From Table 5) 

For zero frequency 

log. 3300 = 8.0590 
414 

12 

8.1016 

Lo =0.4 [8.102 - 1 +0.25] = 2.941 microhenry 

For j = 500 000 

. L=0.4 [8.102-1 +0.037]=2.856 microhenry 

a difference of 2.9 per cent out of a possible 3.4 per cent. 

245 

For an iron wire of the same length and diameter, assuming a 
resistivity 7 times as great as that of copper, and a permeability 

of 100, the val~e of x is ~lc; times as great as for the copper 

wire, or 71.5, and for this value of x, 

a =0.010 (Tp,ble 8) 

Lo =0.4 [32.10]'" 12.84 ph 

L =0.4 [8.102]=3.24 ph at 500000 cycles. 

The limiting value is L co = ;.84 ph. 

Two PAlU.LI.BL, ROUND WIRES-RBTURN CIRCUIT 

In this case the current is supposed to flow in opposite direc
tions in two parallel wires each of length l and diameter d. Denot
ing by D the distance from the center of one wire to the center· 
of the other, 

[ 
2D D ] L - 0.004 l 2.303 log1o d - T + pa 

The permeability of the wires being p, and a being obtained from 
(133) and Table 8, page 282. For low frequency a =0.25. This 
formula neglects the inductance of the connecting wire~ between 
the two main wires. If these are not of negligible length, their 
inductances may be calculated by (132) and added to the result 
obtained by (134), or else the whole circuit may be treated by 
the formula (138) for the rectangle below. 
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STRAIGHT RECTANGULAR BAR 

Let I = length of bar. 
b, c = sides of the rectangular section. 

r 21 (b +C)] 
L.=o.O()2 I L2.303 loglo b+c +0·5 +0.2235 -1-

The last term may be neglected for values of I greater than 
about 50 times (b +c). 

The permeability of the wire is here assumed as unity. 

RETURl'i CIRCUIT OP RECTANGULAR WIRES 

If the wires are supposed to be of the same cross section, b by 
c, and length I, and of permeability unity, and the distance be
tween their centers is D, 

. [ D 3 D (b+C)] 
L.=0.OO4 1 2.303 10g1o b+c +2 -1 +0.2235 -1- (136) 

---.l----
~~- I t 
c~E~~i! -FIG. I78.-The two conductors 

of a return circuit of rectan
gular wires 

For' wires of different sizes, the inductance is given by Lo = Ll + 
L2 - 2M in which the inductances Ll and L2 of the individual wires 
are to be calculated by (135), and their mutual inductance M by 
(174) below. . 

SQUARE 01' ROUND WIRE 

If a is the length of one side of the square and the wire is of 
circular cross section of dIameter d, the permeability of the wire 
being 1', 

L=0.oo8 a [2.30310g10 2;+ 2: -0.774+J.'~] (137) 

in which 8 may be obtained from Table 8 as a fUnction of the 
argument x given in formula (133). The value of ~ for low fre
quency is 0.25, and for infinite frequency is o. 
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RBCTAl'fGLB 0 .. ROUIm WJJlB 

Let. the sides of the rectangle be a and aU· the diagonal 
9 - ...J a' + a.,.s and £I = diameter. of the cross -section of the wire. 
Then the inductance at any frequency is 

L - 0.~2 1 [ (a + a l ) loglo 4~al - aloglo (a + g)- alloglo (al + g) ] 

+0.0041J.W (a+~) +2 (g+d/2) -2 (a+~)] (138) 

The quantity 6 is obtained by use of (133) and Table 8. Its 
value for zero frequency is 0.25, and is 0 for infinite frequency. 

JmCTAl'fGLB 0 .. RBCTAl'fG'OLAR-sECTlOlf W1RB 

FIo. 179.-RtlClanglc of rtICl4K
gv/4r 'Ulir. 

Assuming the dimensions of the section of the wire to be b 
and c, and .the sides of the rectangle a and al, then for nom;nag
netic material the inductance at low frequency is . 

Lo -0.00921 [(a+al) loglo :a;~ -a loglo (a+g) -al loglo (al +g) ] 

+0.004[2g_a~al+o'447 (b+C)J. (139) 

where 9 - ..J~a''''"""+-~~2. 
mD17CTAl'fCB 0 .. GROUImBD BOlUZOllTAL W1RB 

If we have a wire placed horizontally with the earth, which 
acts as the return for the current, the self-inductance of the wire 
is given by the following formula, in which 

l = length of the wire -
k = height above ground· 
£I = diameter of the wire 
" :a permeability of the wire 
I-constant given in Table 8, to take account of the effect of 

frequency (see p. 282). 

[ 4k {1+..j1'+d'/4}] L .. 0.004605 I loglod + log" 1+ ..jl' + 4k' 

+0.002 [ ..j1'+4k'- ..j1'+d'/4+pl6 -2k+{] 
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which, neglecting f, as may be done in all p~actica1 cases, ~ay be 

written in the following forms convenient for calculation: 

F 2h_ 
or ,<I, .. 

L=0.OO2 l [2.3026 log •• ~ -P+JJ.8 ] 

and for :h<l, 

L=0.002 l [2.3026 log,o f -Q+l'a] 

the values of P and Q being obtained by interpolation from 
Table 9, page 283. 

Mutual Inductance of Two Parallel Grounded J.-Vires.-The two 
wires are assumed to be stretched horizontally, with both ends 
grounded, the earth forming the return circuit. 

Let l = length of each wire 
d'" diameter of wire 

Then 

D = distance between centers of the. wires 
h= height above the earth 

. [~4h2+D3 {l+~l3+D3}] 
M=0.00460S l 10glO D +loglO l+~l3+D2+4h2 

.mT I 
•• , p.2 +0.002 l [~l'J+D'J+4h'J-~l'J+D'J+.D--vD2+4h3] (143) 

which, if we neglect ~'J and (~l may be expressed in the follow

·ing forms: 
2h . 

For 7<1, 

M=0.002 l [2.3026 log .. ;; -P+~] (144) 

and for ;h<l, 

. M =0.002 l [2.3026 log •• ~ -Q +~] (14S) 

the values of the quantities P and Q being obtained by interpo
lation from Table 9. 
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The expressions for the inductance of n grounded wires in pu
aUel involve the inductances of the single wires and the mutual 
inductances between the wires. Even in the case that the wires are 
aU alike and evenly spaced, these expressions are very complicated. • 

The following approximate equation, which neglects the resist
ances of wires, is capable of giving results accurate to perhaps 1 

per cent, for n wires of the same diameter evenly spaced. 
Calculate by equations (141), (142),' (144), or (45) the induc

tance Ll per unit length of a single wire and the mutual induc
tance Ml per unit length of any two adjacent wires using, of 
course, the actual length in the calculation of the ratios 
211 21 
T' Ci' etc. Then 

L I[Ll+(n-I)Ml k] - -0.001 _ n 

in which n is the number of wires in parallel and k is a function 
of n tabulated in Table 7, page 242. 

Esamlile.-An antenna of 10 wires in parallel, each wire 155 
feet long and -h inch in diameter, spaced 2.5 feet apart, and sus
pended at a height of 64 feet above the earth. Find the inductance 
at 100 000 cycles per second~ 

2h 128 
We have here -I ---0.826, and using this as argument in 

155 

Tab1e.9, P-o.6671. 
From (133) s-8.07, and thence from Table 8, a-o.087. 

~ -256 x 12X 3; ... 32 768, 10gl'~ -4.515 

211 128 ----51•2 
D 2.5 

Then, from formulas (141) and (144) 

Ll -0.002[4.515 X 2.3026 -0.667 +0.087] 
-0.01963 p.h per em 

M1 -o.002[I.709 X 2.3026-0.667 +0.016] 
-0.006568 p.h per em. 

4868610-58-17 
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From Table 7 we find for n:z 10, k = 2.05, so that the inductance 
as calculated by (146) is 

L [
0.01963 +9(0.006568) ] = 155 X 30.5 IO 0.00205 

-4727 [0.00582] =27.4 p.h. 

CIRCULAR llING 0 .. CIRCULAR SECTION 

If a = :mean radius of ring 
d = diameter of wire, the inductance at any frequency is, 

d 
except for values of - > 0.2, 

2a 

in which 8 will be obtained from (133) and Table 8, page 282. 
Its value for zero frequency is 0.25. 

TUBE BENT INTO A CIRCLE 

Let the inner and outer diameters of the annular cross section 
of the tube be d1 and d2 , respectively, and the :mean radius of the 

" " d 2 d 2 

" circle "a, then neglecting ~ an.d -t " a a 

[ 
16a d1

2 

L o =0.01257 a2·30 3 10g1o 7:;-1.75 - 2(d
2

2 -d
1

2) 

d1
4 

1 dzJ ( 8) +2·3°3 (d22 -d1Z)2 oglO d1 14 " 

For infinite frequency this becomes 

L«; =0.01257a[2.30310gl/:2a -2J 

68. SELF-INDUCTANCE OF COILS 

CIRCULAR cou. 0 .. CIRCULAR CROSS SECTION 

For a coil of n fine wires wound with the mean radius of the 
turns equal to a, the area of cross section of the winding being a 
circle of diameter d, 

(150) 
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This neglects the space occupied by the insulation between the 
wires. 

TORUS WITH SIl'fGLB-LAYBR WINDING 

A toms is a ring of circular cross section (doughnut shape). 
Let R = distance from axis to center of cross section of the winding 

a = radius of the turns of the winding 
11. =nwnber of turns of the winding 

FIG. lSo.-TorUl of Iing18 layer 
winding 

(151) 

TOROmAL COIL 01' RECTANGULAR CROSS SBCTlOK WITH SINGLE-LAYER WINDING 

A coil of this shape might also be" called a circular solenoid of 
rectangular section. 

tet"l =innei." radius of toroid (distance from the axis to inside 
of winding) 

'" = outer radius of toroid (distance from axis to outside of 
winding) 

h = axial depth of toreid. 
r 

Then Lo = 0.004606 11.' h loglO..! 
"1 

l 
t 

FIG. 18t.-Toroidal coil of rIC
tangular section witla singk 
layer winding 

The v~ue so computed is strictly correct only for an infinitely 
thin winding. For a winding of actual wires a correction may_be 
calculated as shown in Bulletin, Bureau of Standards, 8, page 
125; 1912. The correction is, however, very small. 
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An approximate value is given by 

L. _ 0.039t8 a'nl K 

where .-number of turns of the winding, a!"'radius of the coil, 
measured. from the axis to the center of any wire, b -length of 
coil-. times the distance between centers of turns, and K is a 

function of 2: and is given in Table 10, page 283, which was calcu

lated by Nagaoka. (See Bulletin, Bureau of Standards, 8, p. 
224, 1912.) For a coil very long in comparison with its diameter, 
K-I. 

Formula (153) takes no account of the shape or size of the cross 
section of the wire. Formulas are given below for more accurate 
calculation of the low-frequency inductance. The inductance 
at high frequency can not generally be calculated with great 
accuracy. Formulas which take account of the skin effect, or 
change of current dis1:noution with . frequency , have been devel
oped. The change is very small when the coil is wound with 
suitably stranded wire. The inductance at high frequencies 
depends, bowever, ~ on. the capacity of the coil, which is gen
erally not calculable.. If the capacity is known,' from measUre
ments or otherwise, its effect upon the inductance can be cal
culated by 

where L .. is the apparent or observed valuel' of the inductance, C 
is in micromicrofarads, and L in microhenries. The inductance 
of a coil is decreased by skin effect, and is increased by capacity. 
The changes due to these two effects sometimes neutralize each 
other, and in general, formula (153) gives about as good a value 
of the bigh-frequen~ inductance as can be obtained. 

Routna Wire.-The low-frequency inductance of a coil wound 
with round wire can be calculated to much higher precision than 
that of formula (153) by the use of correction terms. Formula 
(153) gives strictly, the inductance of the equivalent current 
sheet, which is a winding in which the wire is replaced by an ex
tremely thin tape, the center of each turn of tape being situated 
at the center of a turn of wire, the edges of adjacent tapes being 
separated by an infinitely thin insulation. The inductance of the 
actual coil is obtained from the current-sheet inductance as 
fonows: 
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PuttingL.-inductance of equivalent cylindrical current sheet, 
obtained from (153) 

Lo - inductance of the coil at low frequencies 
n-numberofturns 
a -radius of coil measured out to the center of the wire 

D-pitch of winding-distance from center of one wire 
to the center of the next measured along the axis 

b -length of equivalent current sheet - nD 
d - diameter of the bare wire 

'I11en Lo-L.-0.01257 na (A +B) microhenry (155) 
in which A is constant, which takes into account the difference in 
self-inductance of a turn of the wire from that of a turn of the 
current sheet, and B depends on the difference in mutual induc
tance of the turns of the coil from that of the turns of the current 
sheet. The quantities A and B may be interpolated from Tables II 

and 12, page 284, which are taken from Tables 7 and 8 of Bulletin, 
Bureau of Standards, 8, pages 197-199; 1912. (Sci. Paper 169.) 

Emmple.-A coil of 400 turns of round wire of bare diameter 
0.05 em, wound with a pitch of 10 turns per em, on a form of such 
a diameter that the mean radius out to the center of the wire is 
10 em. 

b D D . d 
a-IO, =n-40 , n·-4OO, -0.1, D-o.5 

The value of K corresponding to ~a -0.5 iso.8181 (Table 10). 

100 
L. -0.03948 (400)' - 0.8181 =0.03948 X 400 000 X 0.8181 

40 

log 0.03948 =- 2.59638 
log 400 000 - 5.60206 
log 0.8181 -1.91281 

4.11125 

- 12 919 microhenries 
-0.012919 henry 

EnteringTables II and 12 with ~ .... 0.5, n-400, we find 

A- -0.136 
B= 0.335 

A+B- 0.199 

The correction in (155) is, accordingly 

0.01257 (400) 10 (0.199) -9.99 microhcmries. 
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The total inductance is 12 9 I 9 - 10 = 12 909 microhenries. 
Example.-A coil of 79 turns of wire of about 0.8 mm bare 

diameter. The mean diameter is about 22.3 cm and, for deter
mining the pitch, it was found that the distance from the first 
to the 79th wire was 9.0 cm. 

We have, then, 

D 9·0 a = 11.15, = 78 =0.115, b =nD =79 XO·1I5 =9.12 

2a d 0.08 
-=2·445 -=--=0·7 b 'D «;>.115 

The value of K is given by Table 10 as 0.4772, so that 

L.=0.03948 (79)2 (11.15)2 0.4772 =1602.8 microhenries 
9.12 

log 0.03948 = 2. 59638 d For n=79 -=0.7 Tables II 
2 log 79=3.79526 'D ' 
2 log ILI5 =2.09454 and 12 give 

log 0.4772 = 1.67870 A. =0.200 
B=0·326 

log 9.12 =0. 95999 (A + B) =0. 526 

3. 20489 

The correction is 0.01257 X 79 X ILI5 X 0.526 =5.8 microhen
ries, and the total is 1597.0 microhenries. The measured in
ductance of this coil is 1595.5. 

con. WOUND WITH WIRE OR STRIP OF RECTANGULAR CROSS SECTION 

Approximate values may be obtained for a coil wound with 
rectangular-section wire or strip by using the simple formula 
(153). as already explained. More precise values for the low
frequency inductance could be calculated in the same manner 
as for round wire above, using different values for A and B. It 
is simpler, however, to use formula (156) below, which applies 
to the single-layer coil if the symbols are given the following 
meaning: a = radius measured from the axis out to the center of 
the cross section of the wire; b = the pitch of the winding D, 
multiplied by the number of turns n; c=w=the radial dimen
sion of the wire; t = the axial thickness of the wire. The cor
rection for the cross sectiQn of the wire is obtained by using 

formulas (161) and,(i62), using v=D' T.=b· 
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Emmple.-A solenoid of 30 turns is wound with ribbon U inch
by it inch thick" with a winding pitch of }{ inch to form a sole
noid of mean diameter 10 inches. 

I 
Here a=5X2.54= 12.70 cm, w=c='-(2.54) =0.635 em 

4 
I I 

b-30X-(2.54) = 19.05 cm, c/b=-, D=0.635 
4 30 

I 
t= 16(2.54) 

for the equivalent coil. Solving this by Rosa's formula (156), 
~ 4 b -using -b - -, K = 0.6230 (Table 10), - = 30 , Be = 0'3218, we find 

,3 C 
Lu = 182.55 ph. The value obtained by Stefan's formula (157) is 
very slightly in error, being 182.5. 

To obtain the correction, we h~ve '11= ; = I, T = ~, and therefore 
4-

2 
Al = log. --, =0.470 

1.2 5 

[
'29 ,28 27 26 

Bl = -2 -0.060+-0.018 +-0.008 +-0.005 
30 30 30 30 

+ .. '+='!O.OOIJ= -0.188 
30 

so that the correction is (0.01257) 30 (12.70) (0.282) = 1.35 ph, 
, and the total inductance is 183.9. 

INDUCTANCB 01' POLYGONAL COILS 

Such coils, instead of being wound on a cylindrical form, are 
wrapped around a frame such that each turn of wire incloses an 
area bounded by a polygon. 

No formula has been developed to fit this case, but it is found 
that the inductance of such a coil (when the number of sides of 
the polygon is fairly large) may be calculated, within I per cent, 
by assuming that the coil is equivalent to a helix, whose mean 
radius is equal to the mean of the radii of the circumscribed 
and inscribed circles of the polygon. That is, if l' = the radius of 
the circumscribed circle, Fig. 182 (which can be measured without 
diffitulty for a polygon for which the number of sides N is an 

even nuniber) , then the modified radius ao =1' cos' 2~ is to be used 

for a in the formulas (153) and (155) of the preceding section.G 

• For further information reprdinc poiYlOIlai coils merence may be made to Scientific Papers of the 
Bmau 01. StaDdarda No. 468. by F. W. Grover. Formulas uul Tabla fIX theCalc:uJation of the IIId\lCtaDce 
01. CoiI8 01. poly .... Form. "923. 
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Emmples.-The following table gives the results obtained by 
this m~od for some 12-sided polygonal coils, the measured 
inductance being given for comparison. For N -12, ao-O.983r. 

z.. z.. 
c.a r .. • D " .-11d8d --1M IJ/I 

A US 6.14 JS 0.12 7.1 61.0 'L7 

• &25 &10 • .12 1.0 l24. 7 l26.1 
C lLa lL2Z sa .m lLO laO aso.5 
D lLa 11.22 S4 .311 10.. 314.9 31 ... ' • 11. 97 11.71 M .211 11.1 1111.5 1115.5 
J' 11.05 lL71 117 .151 1&5 538 5117 

Different formulas are used for long than for short coils. For 
long coils of few layers, sometimes called multiple-layer solenoids, 
the inductance is given, approximately, by 

L . L 0.01 257n2Q,C( ,..,.. B ) 
u - • - b 0'''!I'3 + • 

PIc. x82.-PDlygD1IGl coil 

where L .... inductance, calculated by (153),·letting 
n = number of turns of the winding 

(156) 

a, - radius of coil measured from the axis to the center of 
cross section of the winding 

b -length of coil-distance between centers of turns, 
times number of turns in one layer 

c - radial depth of winding - distance between centers of 
two adjacent layers times number of layers 

B.-correction given in Table 13, page 284, in terms of the 
• b 

ratio -c 
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ValUe9 obtained by this formula are less accurate as the ratio 
cIa is greater, and may be a few parts in 1000 in error for values of 

this . d b F ults ratio as great asO.25, an a as great as 5. or accurate res 

a correction needs to be applied to La(see (159) below). 
The solution of the problem for short coils is based on that for 

the ideal case of a circular coil of recta.agular cross section. Such 
a coil would be reaHzed by a winding of wire of rectangular cross 

-b-

• f t 
I -t-__ 

AlIiS 

ct 
·FIo. J,83.-M.Ztipz.-lG",coiZwi", 

1IIitidittg 01 r"lGngtdor "'01' 
llelion . 

section, arranged in several layers, with an insulating space of 
negligible thjckness between adjacent wires. 

Let a-the mean radius of the winding, measured from the 
axis to the center of the cross section 

b - the axial dimension of the cross section 
c - the radial dimension of the cross section 
d - .Jbl + cl - the diagonal of the cross section 
,,-number of turns of rectangular wire. 

Then, if the dimensions b and c are small in comparison with a, 
the inductance is very accurately given by Stefan's formula, which, 
for b > c, takes the form 

La =-0.01 257a"lf( 1+ 3::1+ 9~al) log. 8; -11.+ 1::2111 . 
. ..I bl cl 

) 8a ~ ] -O.01257anl 2.3°",,1 + 32al+ 9002 logl. ([-1, + 100111 (157) 

where 11 and 11 are constants given in Table 14, page 285. 
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For disk or pancake coils, b <c, and the formula becomes 

32a 9 a I" a 
LU"-O.OI2S7 anJ

r
(I + b' ,+ 6

c
' ,) log. 8

d
a -11 + 6

C
' , 1.J 

/ b" c" ) 8a c" ] 
-O.OI2S7an2 2.303~ 1+ 32a2+ 96a' log10d-11 + I6a21' (158) 

in which 11 and 13 are given in Table 14, page 285. 
The constant 11 is the same function of both ble and elb, so that 

its argument, in any given case, is the ratio of the smaller dimen
sion to the larger; }'2 and }'. are functions of clb and ble, respect
ively, the arguments being not greater than unity in either case. 

Th~ error due to the neglect of higher order terms in ~ and ; in 

formulas (157) and (158) becomes more important the greater the 
diagonal of the cross section is, in comparison with the mean 
radius, but even in the most unfavorable case, elb small, the inac
curacy with values of the diagonal as great as the mean radius 
does not exceed one-tenth of I per cent. The accuracy is greater 
with disk coils than with long coils, and best of all when the 
cross section is square. 

For long coils (those in which the length b is greater than the 
mean radius a), the error of formula (157) becomes rapidly-greater. 
Incases where both dimensions of the cross section are large, in 
comparison with the mean radius, no formulas well adapted to, 
numerical computations are available, but this is not to be regarded 
as a case of practical importance in radio engineering. 

COIL 01' ROtll.'tD WIRE WOtll.'tD IN A CBAlm'EL 01' RECTANGULAR CROSS SECTION 

If we suppose that the distance between the centers of adjacent 
wires in the same layer is Du and that the distance between the 
centers of wires in adjacent layers is D", then the dimensions of the 
cross section of the equivalent coil with uniform distribution of 
the current over the cross section will be given by b = n1D l' e = n,D,. 
where n1 and n, are, respectively, the number of turns per layer, 
and the number of layers. 

The inductance of the equivalent coil calculated by formulas 
(156), (157), or (158), using these dimensions and the same'mean 
radius as the actual coil, is a very close approximation to the 
value for the actual coil, unless the percentage of the cross section 
Occupied by insulating space is large.G 

II For further information reprdinlr circular coils of rectanl(lllar cross section reference may be made to 
Sci ... tific Papers of the Bureau of Standards No. 455. by F. W. Grover. Tables for the Calculation of the 
lDduc:tance of Circular Coils of RectanllUlar Cross Section. 19". 
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When such is the case, the correction to the inductance, given 
in the following formula, may be added: 

4i.-0.01257 an [2.30 loglo ~+0.138+E] (159) 

in which D = distance between centers of adjacent wires 
d == diameter of the bare wire 
E .... a term depending on the number of turns and their 

arrangement in the cross section. Its value may with sufficient 
accuracy be taken as .equal to 0.017. The correction in (159) 
should, in any case, be roughly calculated, to see if it need be 
taken into account. 

Emmple.-Suppose a coil of winding channel b ... c .... 105 cm, 
wound. with 15 layers of wire, with 15 turns per layer, the mean 
radius of the winding being 5 cm. Diameter of bare wire = 0.08 cm. 

In this case formula (158) gives 

n"'225, d2 "'"'4.5, ~ _4.5 =0.18, ble= I, )'1 =0.8483, ),,=0.816 
a 25 

Lu'" (0.01257)(5)(225)2 [( I + 3(0.3)~~ (0'3)2} log. "JO~18 

-0.8483 + (0~~)20.816 ] 

log 8 = 0.90309 

1 log 0.18 .... 1.62764 

8a 
1.00375 log. d - 2.9478 

.17269 

.00104 
-)'1'" - .8483 

8a 8a 
loglod = 1.27545 2.93683 = log • (j 0.09 8 6 

~.I -

log,o 2.1<>4 =0.32305 
2 loglo 225· ==4.70436 

10gIO 0.01257'" '2.09934 
10gIO 5 -0.69897 

Lu = 6694 microhenries. 

3.82572 

2.104 

The correction for insulation is found from (159), as follows: 

D 0.1 5 . 5 5 
- -----, log --o.nn6gl, log --0.223 
d 0.08 4 10 4 -7 • 4 

• See Table 5. p. 241. • 

o. 138 
E-0.017 

0·378 
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The total inductance is 6697 microhenries.., 6.697 millihenries. 
The correction could, in this case, have been safely neglected. 
Example.-A coil of 10 layers of 100 turns per layer, mean 

radius - 10 cm, the wires being spaced o. J; cm apart. 
For this case n=IOOO, a=IO, b=IO, C=-I. 

Using formula (156) with 2: -2, K = 0.5255, blc ... 10 
--,-, 

L. - (0.03948) 1000 10 0.5255 = 207 400 microhenries. 
10 

For the correction, Table 13 gives for~ ... 10 

0.693 
B.=0.279 

0·973 

so that the correction = (0.01257)10" 100 .973 = 12 200 and the 
10 

inductance is 

Lv.-207 400-12200=195200 microhenries 
~ 195.2 millihenries. 

The formula (157) gives a value about one part in 900 higher 
than this.-

Ilml1cTAl'fCB 01' A I'LAT SPIRAL 

Such a spiral may be wound of metal ribbon, or of thicker 
rectangular wire, or of round wire. In each case, the inductance 
calculated for .the equivalent coil, whose dimensions are measured 
by the method about to be treated, will generally be as close ~ 
I per cent to the truth, the value thus computed being too small. 

If n wires, Fig. 184, of rectangular cross section are used, whose 
width in the direction of the axis is w, whose thickness is t, and 
whose pitch, measured from the center of cross section of one turn 
to the corresponding point of the next wire is D, then the dimen
sions of the cross section of the equivalent coil are to be taken as 
b-w, c-nD, and as before d-.Jlr+c'. 

The mean radius of the equivalent coil is to be taken as a = 
CIt + U(n- I)D,the distance a1 being one-half of the distance AB 
(see Fig. 185) measured from the innermost end of the spiral 
across the center of the spiral to the opposite point of the inner
most turn. 

The inductance Lv. of the equivalent coil is to be calculated 
using the above dimensions in (158), assuming for n the same 
number of turns as that of the spiral. 
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If round wire is employed, the same method is used for obtain
ing the mean radius a and the dimension c, but it is more con
venient to take b as zero, and use for the calculation of the induc
tanceof the equivalent coil the special form of (15S) which follows 
when b is placed equal to zero. 

{ Sa I c~ ( Sa 43)} L -0.01257 an' log ---+-- log -+-
• • c 2 9002 • C 12 

t 
c I . 

t 
c 

! 
PIG. 184.-Srctional view of jl41 

spiral1lH1f1714 with fMlal ribbon 
PIG. lSS.-SiM 'IMw of jl4t spiral 

. The correction for cross section may, in each case, be made by 
adding 0.01257 na (AI +B1) to the value of inductance for the 
equivalent coil. 

For round wires the quantities Al and Bl may be taken as 
equal to A and B in the Tables I I and 12, page 284, just as in the 
case of single-layer coils of round wire. 

In the case of wire or strip of rectangular cross section the mattel 
is more complicated on account of the two dimensions of the cross 
section. 

If we let ; -" and ~ - T, then the quantities involved in the 

calculation of Al and Bl may be made to depend on these two 
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parameters alone. The equations are then with sufficient accu
racy: 

J'+I J'+I 
Al -= log. -+ = 2.303 log10-+ J' .,. J' .,. 

B1 = -2 --312 +--31.+ --3u + ... +~lJl [
n-1 n-2 n-3 I J 

n n n • n 

in which 312, 31a, etc., are to be taken from Table 15, page 285. 
Example.-For a spiral of 38 turns, wound with copper ribbon 

whose cross sectional dimensions are 3/8 by 1/32 inch, the inner 
diameter was found to be 2al = 10.3 cm and the measured pitch 
was found to be 0.40 cm. 

,The dimensions of the equivalent coil of rectangular cross sec
tion are, accordingly, 

b = 3/8 inch =0.953 cm, 

a- 10·3 +.!.. 37 (0.4) = 12.55, 
2 2 

C"'38 x 0.40= 15.2 • 

For this coil blc=0.0627 which gives (Table 14) 3'1 -0.5604, 

d' Sa. 
3'. -0·599, aJ '" 1.472, log. d "" 1.886. 

Hence from (158), , 
L u'= (0.01257) (12.55) (38)2 [1.01 5(1.886) -0.5604+0.055] 

=323.3 microhenries. 
For this spiral J' = 2.38, .,. =0.198 

A I 3·38 
1==2.303 oglo 2.58 =0.270 

B . [37 ( ) 36 ) 35 ( ) 34 ( 1- - 2 38 0.028 + 38 (0.01 3 + 38 0.007 + 38 0.004) 

.. 33 32 31 30 ] + 38 (0.003) + 38 (0.002) + 38 (0.002) + 38 (0.001) + .. , 

= -0.112, Al +Bl =0.159 

and the total correction is (0.01257) (38) (12.55) (0.159) =0.95 ph 
so that the total inductance of the spiral is 324.2 microhenries. 
The measured value was 323.5. 

INDUCTANCE OF A SQUARE COIL 

Two cases present themselves 
(a) A square coil wound in a rectangular cross section. 
(b) A square coil wound in a single layer. 
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IlULTJPL:E-UYD. SQUAllB COB. 

Let a be the side of the square measured to the center of the 
rectangular cros.c; section which has sides band c, and let n be the 
total number of turns. 

Then 

Lu -0.008 an~{2.303 log .. b :c +0.2235
b 
!c +0.726] (163) 

If the cross section is a square, b -c, this becomes 

Lu-o.oo8anJ[2.30310g1oi+o.447~+0.033J (164) 

A correction for the insulating space ~tween the wires may be 
calculated by equation (159) if we replace 0.01257 an th~-ein by 

FIo. 186.-Mtdti/lI.-lG",. 
IqtUJre coil 'With 'Winding 
0/ recl4n91'lGr crO$l lec

lion 

..... ----Cl.--... 

·D I~ ~. 

~ 
b '\ " 
1\ '\ 

~. --

/ 
~ 

PlO. 187.-Singk.lGyn sqvare coil 

1 
0-

-- J 

0.008 an. This correction is additive, but will be negligible unless 
the insulating space between the wires is large. 

SlKOLZ-LAYD SQUAllB COB. 

Let a =- the side of the square, measured to the center of the wire 
n - number of turns 
D -pitch of the winding, that is, the distance between the 

center of one wire and the center of the next (Fig. 187) 
banD (See p. 252.) 
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Lo~o.oo8 an' [2.303 loglo i+O.726+0.2231 ~J 
-0.008 an [A +B] (165) 

in which A and B are constants having the same meaning as in 
(ISS) to be taken from Tables II and 12, if the wires are of round 
cross section. If the wire is a rectangular strip having a dimen
sion t along the axis of the coil and 'W perpendicular to it, calculate 
Lu by (163) and correct for cross section by (161) and (162) and 
Table 15, using 0.008 an (AI +Bl ). 

Example.-Suppose a square coil, 100 cm on a side, wound in a 
single layer with 4 turns of round wire, o. I em bare diameter, the 

" winding pitch being 0.5 em. 

In this case n .. 4 a-o.1 
D .... O.5 a-loo 

The main term in formula "(165) gives 

o.~ X IO<? X 16 [2.303 loglo I~ +0.726 +0.004] 

- 12.8 [3.912 +0.726 + 0.004] - 59.42 microhenries 

Entering Tables I; and 12, page 284, with Da ... (j.1 -0.2 and ~ - 4, " o~ 

A - -1.053 
B- 0.197-

sum=- -0.856 

0.008 an [-0.856]- -2.74 microhenries, 
so that Lu - 59.42 +2.74 - 62.16 microhenries. 

This result may be checked by computing the self-inductance 
Ll of a single turn and the mutual inductances M" of the indi
vidual turns, and summing them up. 
Thus we find 

4 L 1- 22•65 
6Ml ,-21·74 
4M1S-12.29 
2M14 - 5.50 

62.18 microhenrles. 

Formula (165) applies only when the length b is small com
pared with the side of the square a. 
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JmCTAlfGULAll COB. OJ' JmCT.AlfGULAll CROSS SBCTIOlf 

Let the sides of the rectangle be a and tit, the dimensions of the 
cross section band c, and the number of turns n, g- ..faa +a1

2 

[ 
2~ a 

La -0.00921 (a + tit) n" log 10 b +c - a+a
1 

log 10 (a+g) 

- a:1
t1t log II (tit +g) ]+0.004 (a+tIt) n" [2(~) 

I (b+c)J 
-;+0,447 (a+aJ (166) 

Correct for cross section by (159) for round wire. 

SllfGD-UDR JmCT.AlfGULAll COB. 

Let a and tit be the sides of the rectangle, D the pitch of the 
winding, b-nD, and n the number of turns. Then 

II' 
D~ ~ 

........ 

r 

f 

r 
1..-0.00921 (a+aJ n"[IOg,o 2~-a:tIt logll.(a+g) 

- +a1 log 10 (tit +g)] +0.004 (a +(1) nJ [ 2+
g 

a tit . a tit 

I b ] ---0.447 -- -0.004 (a+ n .) n (A +B) 
2 a + tit -. 

where A and B are to be taken from Tables I I and 12, if the coil 
is wound with round wire. If wound with strip, take b - nD and 
c -radial thickness of strip. Calculate L. by (166) and correct 
for cross section by (161), (162), and Table 15. 

4868610-'8-18 
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nAT UCTAlfGULAll COIL 

Let ao and a' 0 be the outside dimensions of the coil, measured 
between centers of the wire, D the pitch of the winding, meas
ured between the centers of adjacent wires (Fig. 189), n the num
ber of complete turns, d the diameter of the bare wire, c-nD. 

g-diagonal- .,ja~ +a,.~,a-=ao- {n- I)D, a1 =a'o- {n- I)D. 

Then 

where . . r 2aa,. 
La = O.0Q92 10 n L (a+a1)log10c - a log1o(a+g) 

-a110g1o(a1 +g)J + 0.004 n{2g-a:a1 +O •447 cJ (168) 

and A and B are constants to be taken from Tables II and 12 
for round wire. If the coil is wound with rectangular strip, put 
b-width of the strip, and c-nD, and calculate La by (166) 
using for A andB the valuesA 1 and B10f (161) and (162) Table 15. 

I'LAT SQUARE COIL 

If ao be here the side of the square, measured between centers 
of ~o outside wires, and a=ao- (n...,. I)D, the nomencla.ture 
being as in the previous section, 

---0.0,-----

D - ~ ~. I 
.. 
c: 

r 
FIo. 18c).-:-Flat .squaT' coil. 

Lo=Lu-0.008 n a (A +B) 
in which 

La-o.oo8n~a [2.303 log" ~+0.2235 ~+0.726 ] (169) 
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For round wire the constants A and B are given in Tables II 
and 12. If the coil is wound with strip proceed as for rectangular 
fiat coils of strip, above. 

Example.-A coil of 4 turns of 0.22 cm stranded wire was found 
to have au .... 102 cm, the pitch of the winding being D = 2.25 cm. 
H~e • 

a .... 102 - 3 X 2.25 =95.25 
c =4 X 2.25 =9.0 

L. ==0.008 X 16 X 95.25[2.303 loglo 95.
2
5 +0.2235 9.

0 
+0.726J 

9.0 95. 25 

-l6xo.762 [2.359+0.021 +0.726]=37.87 p.h 

For 

n=4 and Dd = 0.22 =0.098, Tables II and 12 give 2.25 .. 

A = - 1.767, and B =0.197 

the correction is 0.008 X 4 X 95.25 (- 1.570) so - 4.79 p.h so 
that Lo=37.87 +4.79=42.66 microhenries. 

The measured value, uncorrected for lead wires was 44.5 
microhenries. 

DOUBLE J'LAT RBCTAl'GtlLAR con. 

Su<::h a,coil consists of 'two similar fiat,· rectangular coils, such. 
as are treated in the preceding sections, placed with their axes 
in the same straight lme, and their planes at a distance x apart. 
The two sections 6f such a coil may be used either singly, or in 
series, or in parallel. 

The general method of treatment is to obtain the inductance 
Ll of the single sections by formula (168) or (166), as described 
in the preceding sections, and the mutual inductance of the two 
sections, as shown below. 

Then when used in smes L' = 2 (Ll + M), and when used in 

parallel L" _ Ll + M. 
2 

To obtain the mutual inductance, formula. (183) or (184) for 
two equal, parallel rectangles or squares, multiplied by the prod
uct of the numb~ of turns of the two, should be used, putting 
for the dimensions of the rectangles a and al as defined und~ 
(i68) and (169) and for the distance D in (183) or (184) a mod
ified distance r given by the expression 

r='kc, c=nD, (x/c small) 
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in which 

When % is not small in comparison with c, r will have to be cal
culated by the equation 

. ( % C 3) r (r) 2-tan -1..: __ 
log" r-:; logll %+.!. I-""i log,o (c"+r) + c % 2_ (171) 

,,- 2 c 2.30 3 

When the distance % between the planes of the coils is chosen 
equal to the pitch D of their winclings, the calculation of their 
inductance, when joined in series, may be obtained in a simpler 
~er. Putting b '"'" 2D and n l - 2n, the number of turns of the 
two windings in series, 

L' .... 0.008 nl'a [2.303 log,o b:c +0.2235 b!C +0.726 J 

+0.008 n.a [2.303 log,o ~ + 0.153 J (172) 

for a square coil, and 

L' -0.009210 ~,[ (a + a.) log,o ~~~ -a Ioglo (a+g) 

-a,log,o (al +g) ]+0.004 n1'[29 - a~a.+O'447(b +c) J 

+0.004 n.(a+a1) [2.30310glo~ +0.153J 

for a rectangular coil 

g=~a'+al" d-diameter of bare wire. 

Emmple.-As an example of the use of these formulas, take 
the case of an actual coil of two sections, each being a fiat, square 
coil of 5 turns of 0.12 em. wire, wound with a pitch of D = 1.27 
CD1, the distance of the planes of the coils being %-1.27 CD1. 

The length of aside of the outside turn was 101 CD1. 

Putting n=5, a=IOI -4X 1.27=95.9, c-SX 1.27-6.35, and 
dID-o.l, formula (16g) gives Ll-66.28+6.14-72.42ph, for a 
single section. 
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To obtain the mutual inductance, we find by (170) for 
S 1.27 -----0.2 
C 6.35 

2 .. 303 logll k- 2.303Xo.04 (-0.699) +0.2'" - ~ - ~(0.04) - .!..(0.ooI6) 2 2 12 

- -0.0644+0.6283- 1.5 -0.06-0.0001 

- -0.9962 

loglok- -0.4326 - Y·5674 
k -0.3693 and r -0.3693 X 6·35 - 2.344 

Putting this value of r in place of D in (184) with a -=95.9 

M -0.008 X 5 X 5 [2.303 X 95.9 10glO (191 .8 ~ 95.93) + 135.62 
231.5 2·344 

-191.86+2.34J-56.82 p.h 

For th~ two coils in series, then 

L' - 2 (72.42 + 56.82) .... 258.5 ph. 

and for the parallel arrangement 

L" ... 72 .42 + 56.82 - 64.6 ph 
2 

The inductance of the coils in series may also be found by 
putting a-95.9, b=6.35, c-2.54. ", ... 10 in (163) and (159) and 
we find L-239.8 +18.8 -258.6 p.k in agreement with the other 
method. 

69. IIlJTUAL nmuCTAl'ICB 

The foll~wing formulas for mutual inductance 
hold strictly only for low frequencies. In gen-. 
eral, however, the values will be the same at high 
frequencies. 

TWO PAllA,um 'WDtES OR BAllS SIDE BY SIDE 

Let I-length of each wire or bar. 
D - distance between centers of the wires. 

.l 
D 

1 
The following expression is exact when the FIG. Igo.-Two paro'

wires have no appreciable cross section, but is "I wiru lith by lide 

sufficiently exact even when the cross section is large if I is 
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great compared with D. Within these limits the shape is im. ... 
material. 

(174) 

[ 
21 D] 

=0.0()21 2·30 3 1oglo D - I +7 nearly. 

TWO WIRES END TO ElfD WITH THEIR ADS IN LImI 

Let the lengths of the two wires be land m, their radii being 
supposed to be small. Then, 

[ 
l+m l+m] M -0.002 303 lloglo -1- + m loglo-m 

t 
t 
Tn 

t 
z 

j 
1 1 

1 1 
FIG. I9I.-T'IlIO 'Wires end to end 

in la1M Itraight line 
FIG. 192.-Two 'Wires in la1M straight 

line but leparated 

TWO WIRES WITH THEIR .ADS Il'f THE SAME STRAIGHT LIl'fE BUT SEPARATE]) 

Let their lengths be 1 and m and the distance between the nearer 
ends be Z. 

M =0.002303 [(l +m+Z) logl. (l+m+Z) +Zloglo Z

- (l +Z) loglo (l +Z) - (m +Z) loglo (m +Z)] 
(177) 
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·TWO WDlES WITH ADS m PAll.unu. LIlfES 

If AD, AD', AC, AC', etc., represent the distances shown in 
the figure, the general formula is 

Dr-------AX-----,-;-/mD 

/ m , 
/ , 

c1h- -/--'C 
I * . ,I ,"J • J , / 

8 -L----'--,L--, B' / /./" 
1 

A 

I I /"~,,, 
I /J'/ 
/"", . 
I,' ~ I.' " 11,~' ----

. FIo. 193.-T'II1O 'llJiru 'llJitlt _ in I'arallellinu 

. [ {AD +AD' AC -AC'} 
M -0.001151 1l0gl. AD -AD' X AC +AC' 

{
AD +AD' BD -BD'} 

+m 10g1o AD-AD'X BD+BD' 

{
AD+AD' AC-AC' BD-BD' BC+BC'}] 

+Z 10gl. AD-AD'X AC+AC'X BD+BD'X BC-BC' 

-0.001 (AD-AC-BD+BC) 

the distances being AD'=l+m+Z, AD=.Jx'+(l+m+Z)', etc. 
This formula holds for Z =- 0, but not when one wire overlaps on 
the other. 

When they overlap. as in Fig. 194, 

in which M L.. is to be calculated by the general formula, using 
Z - 0 and putting the segment PV for l and ST for m, while for 
Mit the length VR is put for l and WT for m with Z=o. The 
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mutual inductance Mil of the overlapping portions is obtained 
by (174). ' 

R 
------------ ~ 
e. ~ 

V ------. S 

p 
PIa. 194.-T'II1O 1IIiru 'lllill G1tIU itS /HmJu., 

li_; G /lGr,""w C/JI, of Fig. 193 

Special Cases.-For the· case shown in Fig. 195 

M-o.ooI [2.303ZI~I<Z+~)+D~.JD:t+1'1 (ISo) 

t 
1 

~D ~D 
_______ e.&. 

t .1 

I .1 
"2 

} 
----------

PIa. 195.-T'II1Owiru1lliIluuu", /HmJU.Z. PIa. 196.-T'II1O 'llliru 'lllill '"'" itS /lorG'"'li_. 
Ii-,· GMllIer /'Gr,""lGr C/JI, of Fig. 193 'lllilloulfUl of.acl 0" 1lI,_ /'Ir/llfUlicww 

and for the wires of Fig. 196 

[ 
12Z+.JD:t+4P) I I . 

M-O.OOI 4.60S11og1\ Z+1/V+z:t --yD +4l:t 
(181) 
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273 

Putting for the lengths of the two wires 21 and 211 (21 the shorter) 
and for their distance apart D 

M -0.002 [2.30 3(2l)logI0{l+ll +-v'~+IJJ+D'} 

mOl " '{l+11 +~(l+lJ'+D' 1 
... p.2. +2·30 3(ll +1)10g1. ll-l+~(ll-l)'+DJ f (182) 

+~(ll-l)'+D'- ~(l+lJ' +D:lJ 
TWO -oUAL PAR AI un RBCTAlfGLBS 

Let a and as be the sides of the rectangles and D the distance 
between their planes, the centers of the rectangles being in the 
same line, perpendicular to these planes 

(183) 
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TWO EQl1.AI. PARALLEL SQl1AlUES 

If a is the side of each square and D is the distance between 
their planes, then the preceding formula becomes 

M -0.01842 [a 10glo{::~~J:~JX ~~}J (184) 

+0.008 [ ..j2aJ + DJ - 2..j aJ + V + D] 

1ItITU.u. 1lm1l'CTAl!I'ClI: 0., TWO RBCTAl!I'GLES Il'f TIm SAKB PLAlm WITH THEIR 
SIDES PAlUTlBF 

M = (Mil +Mss +M. +MJ7) - (MIl +Mn +M. +M47) (185) 

2. 

7 

6 8' 3 

4 
FIG. IgS.-Two rectanglu in the same plane 

. with their sidu parallel 

the separate mutual inductances being calculated by formula 
. (182), if the sides are symmetrically placed, and by (182) and 
(178) if that is not the case. 

If the rectangles have a common center M 1S =Mss, M.=M27 , 

MI. =MSSl Mn =Mf.7 and for the case of concentric squares, we 
have 

(186) 

TWO PAlULLBL COADAL CIRCLES 

This is an important case because of its applica1:ility in calcu
lating the mutual inductances of coils (see below). 

Let a;"'the smaller radius (Fig. 199)' 
A = the larger radius. 
D = the distance between the planes of the circles. 

Then 



Radio Instruments and Measurements 275 

must be calculated, and. 

where F may be obtained by interpolation in Table 16 for the 

l' calculated value of ~ (p. 28~). 
. 1'1 • 

r1.=the longest distance between 
the circumferences. 

"2 = the shortest distance between 
the circumferences. 

TWO COAXIAL cmCULAR COILS 0 .. RECTANGULAR 
CROSS SECTION 

If the coil windiD.gs are of square, or 
nearly square, cross section, a first ap
proximation to the mutual inductance is 

(188) 

where n1 and n, are the number of turns 
on the two coils and Mo is the mutual 
inductance of two coaxial circles, one 
located at the center of the cross section 
of one of the coils and the other at the 
center of the cross section of the other . 

. Thus, if 

.... '" 
~ " .. 'l!. .... .. ,' 

~" , \ 
I \ A , \ 
I , 
I \ 

Q.' \ I \ 
~D--' I \ , 
I \ , 

I \-- I 
\ , 

\ 
\1'1 

\ 
\ 
\ , , , , . \ 

\ 
\ 
\ 
\I 

" FiG. y.99.-Cross sections of two 
paralkl coaxial circles 

t 
i 

t 

i 
a = mean radius of one coil, measured from 

the axis to the center of cross section, 
A = mean radius, similarly measured, of the 

other coil, 
D = distance between the planes passed 

through the centers of cross section of 
the coils, perpendicular to their com
mon axis (Fig. 200). 

the value M 0 will be computed by formula 
. (187) and Table 16, using the values of a, A, 
and D, just defined. 

FIG. 2oo.-Two paral- If the cross sections of the windings are 
kl coaxial coils u;ith square, this value will not be more than a 
windings of rectangu- few parts in a thousand in error, even with 
lar cross section 

relatively large cross sectional dimensions, 
except when the coils are close together. 
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A more accurate value for coils of square cross section may be 
obtained by supposing the two parallel circles to remain at the 
distance D, but to have radii 

a,. _nil + b;1 J) and AI .... A(I + b'A' :a) 
"\ 24 a 24 

where bl and b, are the dimensions of the square cross sections 
corresponding to the coils of mean radius a and A, respectively. 

When the co.rrection factors in (189) are only a few parts in 
1000, the values of 'rJ'ru and hence F, are very little affected, and 
the fractional correction to the mutual inductance, to allow for 
the cross sections, is approximately equal to the geometric mean 
of the fractional corrections to a and A, so that an estimate of the 
magnitude of the correction to the mutual inductance may be 
gained with little labor. 

With rectangular cross sections the error from the asswnption 
that the coils may be replaced by equivalent filaments at the 
center of the cross section is more important than in the case of 
coils of square cross ~on and rapidly increases as the axial 
dimension of one or both of the Cross sections is increased, in rela
tion to the distance D between the median planes. The error 

. may , easily, be as great as 1 per cent ·or more in practical cases. . 
An estimate of the magnitude of the error, in any case, may be 

made by dividing the coils up into two or more sections of, as 
nearly as possible, square cross section, arid assuming that each 
portion of the coil may be replaced by a circular filament at the 
center of its cross section. 

Suppose that coil A is divided into two equal parts, and replaced 
by two :filaments 1, 2, while coil B is likewise replaced by two 
filaments 3, 4, then, assuming that each filament is associated 
with a number of turns which is the same fraction of the whole 
nUmber of turns in the coil as the area of the section is to the 
whole cross sectional area (one-half in this case) we have 

in which M u is the mutual inductance of the two circular filaments 
1 and 3, etc. 
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For a discussion of more accurate methods for correcting for 
the cross section of coils, the Ieader is referred to Bulletin, 
Bureau of Standards, 8, pages 33-43; 1912. 

If the coils are of the nature of solenoids of few layers, it is 
best to use the formulas for the mutual inductance of coaxial 
solenoids given in the next section. 

Example.-5uppose two coils of square cross section 2 em on 
a side, the radii being, a - 20, A - 25, and the distance between 
their median planes being D-Io em (Fig. 201). I_ .-Further, suppose that one coil has 100 turns and 1 
~ other 500· 7!' I • 

1(1 _~)2 +(~): ao 1 ",_·V 25 25 .J0 •
20 1 "1 (I ~)2 (~)2- 3.40-0.24253 -

, + 25 + 25 10 

From Table 16 we find, corresponding to this 

value of !:!, 
. "1 

F=0.OIII3.Therefore, from (187) 
Mo -0.011 13.J25 X 20 =:0.2489~ 

and 

FIo. 20I.-E%GWI
pI. uf two ;anll. 

"' COIJ%i41 coiu 
M - n1n,M'o'" 100 X 500 X 0.2489 with wi1lllif191 

= 12 445 microhenries uf f'.clG"9"lof' 
. crOll netio" -0.012445 henry. , 

If we take account of the cross sections we have from (189) 

~1 - 20 ( I + 24 ~22cY) = 20 (1.00042) 

Al - 25 ( I +( 225)' :4) = 25 (1.00027) 

so that the correction factor to the mutual inductance will be of 
the order of about --/1.00042 X 1.00027, or the mutual inductance . 
should be increased by about 3.5 parts in 10000 only. 

Example.-Fig. 202 shows two coils of rectangular cross section. 
For coil P, a-20, bl -2, CI -3, ~ -600. For coilQ, A -25, b,-4, 
Ca - I, ftt - 400 and D - 10. If, first, we replace each coil by a 
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circular filament at the center of its cross section, we have the .. 1--· /' same value of M 0 as in the previous example, and 

i 1 M = 600 X 400 X 0.2489 microhenries. 
as 

'0 More precise formulas, involving a good deal of 
computation, show that the true value is 

so that the approximate value is about 3.8 parts in 
1000 too small. 

Each coil is then subdivided into two sections 
and filaments p, q, r, s, imagined to pass through 

FrG.202.-AfIOther h t f . f h f h bdi 0 . examPle of Fig. t e cen er 0 cross section 0 eac 0 t ese su VI· 

200 sions: The data for these filaments are as follows: 

RadIu. I'IJamag I • I 
p 19. 25 pr 19.25 

CI 20. 75 ,. 19.25 

r2ll car 20. 75 

825 Q. 20.75 

We find then 

A D 

25 9 
25 11 

25 9 
25 11 

---

rtlr, 

0. 236S 
.2722 
.2135 
.2506 

--

I 
0.01140 

•. 009872 
.01255 
.01077 

M 600 {
Oo2501+0.2I66+0.2858+o.2452} 600 

... X4OO . 4. = X4ooXO.24942 

a result which is 1. 7 in 1000 too small. 
The increase in accuracy is hardly commensurate with the 

increased labor. 
KOTUAL mDUCTANCB 01' COAXIAL SOLBNOIDS NOT CONCENTRIC 

Gray's formula, given for this case, supposes that each coil 
approximates the condition of a continuous thin winding, that is, 
a current sheet. 

2% 
&-- :;(e:___ t""--....... 
A I -----, --- 21 _ . fl. :---r: ___ ::'i_ ..... i , --. 
... t : ----"":L~- 0 I (J _.-1.... • ......-__ • __ .-/--._ .-.---,-.~--.--!---:kc:::AXJS 

; • ;. I I 
I 1-------%I;---;! 
I. I I i I 

I I 
~-----------x:_---------_~ 

Fro. 203.-C~lloleftOids fIOt ctn/Unw 
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Let ,,-the smaller radius, measured from the axis of the coil 
to the center of the wire 

A -the larger radius, measured in the same way 
2l-length of the coil of smaller radius -number of turns 

times the pitch of winding 
2% -length of the coil of larger radius, measured in the same 

way 
fit and 11, - total number of turns on the two coils . 

D - axial distance between centers of the coils 
x..-D-% rl-~x.."+A" 
~-D+s r,-~%·l+A" 

Then 

in which 

( 5 Z' Z") J. =a"l --10-:+4-
.... 2 a' a4 

This formula is most accurate for short coils with relatively 
great dis(:3nce between them. In the case of long coils it is some
times necessary to subdivide the coil into two or more parts. 
The mutual inductance of each of these parts on the other coil 
having been found, the total mutual inductance is .obtained by 
adding these values. 

Emmple.-
---20.5:5-

1 r-: ------r, 
"~I :-12.1 14.·.~ 
JI I +1---- __ 

I I I 1 I i ~I--------------~I 

-·--I.7.~a----"~ 

Flo. 204.-E-J1r. 0/ COG%iGllo~ fIOi ",_me 

3-20·55 A -6.44 fit - IS 
21 -27.38 " -4.435 11,-75 

Distance between the adjacent ends of the two solenoids -7.2 cm. 
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Then 

Ci,.cuJq,,. 0/ the Bu,.eau 0/ Standa,.ds 

St -20.89 
~-41·44 

leaKa-0.04294 
leaK.- .01827 
leaK,- .OOSI9 

0.06640 

(a'A'~n,) . andM -0.009870 l 0.06640 - 1·069 microhenries 
. 2% 2 

log 0.oog870-3.99432 
2 log a -1.29378 
2 log A - 1.61778 
log fit", -3.0SIIS 
log 0.06640 -2.82217 

2.77920 
2.75024 

0.02896 -log M 

log 2X- 1.31281 
log 2l - 1.43743 

Dividing the longer coil into two sections C and D of 37 and 38 
turns, respectively, and repeating the calculation for the mutual 
inductance of these sections on the other coil R (Fig. 204), 

. For M., 
IeIK I - 0.04889 
leaK. - ·oo6S2 
leaK, - .oooos 

0.OSS46 

For MaD 
leaKl-O.OIISS 
leaK. - .00061 

0.01216 

and M-M.,+MaD-0.8917+0.19S6-1.087 ph. 
Further subdivision showed that this last value is not in error 

by more than 5 parts in 10 000. 

The criterion as to the. necessity of subdivision is the rapidity 
with which the terms le"Ku leaK., etc., fall off in value. In the 
:first case /e.,K, and 1eJ(. are not negligible. The expressions for 
these quantities are not here given because they are laborious to 
calculate, and it is easier to obtain the value of the mutual induc
tance by the subdivision method. 

COAZlAl., COlfCmrnuC BOLmlOms (OUTD COIL TID: I.OlfG:at) 

The formula here given holds, strictly, only for current sheets. 
The lengths of the coils should be taken as equal to the number 
of turns times the pitch of the winding in each case. Then the 
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mutual inductance of the current sheets is not appreciably differ
ent from that of the coils. 

to Let a.- Smaller radius 
A .... larger radius 
2x=-equivalent 

length of outer coil 
21-eq uiv alent 

length «;>f inner coil 
g-.,Jxa -tA:t -diag

t I ,~ 

: -21-/' 
A,,,, : " 
~' 0.' ,~I 

I 1 ,,1 

• j I <' : 
.: 1 

: I • 
• 1 : :' , 
I 

onal. • 

Then 
FIo. 2oS.~ouiGI COfIUnme IOl4moids, ""tercoil 

being longer 

M 0.01974 a'nl 1Z:a[ +A:ta,( _ .!.)~ 
.. 9 1 89' 3 4 a' 'J 

This formula is more accurate, the shorter the coils and the greater 
. the difference of their radii, but in most practical cases the accu

racy is ample. In many cases the second term in (192) is negli
gible, and it is a good plan to make a preliminary'rough calcula
tion of this term to see whether it will need to be considered. In 
the case of long coils. and of coils of nearly equal radii, the terms 
neglected in this formula may be as great as 1 per cent. A crite-

a:tA' 
rion of rapid convergence is, in general, the smallness of 7' but 

t)1e ~tude of the coefficient ( 3 - 4 :') and the corresponding 

coefficients of terms neglected in (192) may in some cases modify 
this condition for rapid convergence materially. 

Example.-

1tt ... 300 1Z:a .... 200 

a'1tt1Z:a 0.01974 ---1198.5 
9 

M - 1198.5 (I + .0011 5) ... 1199.9 microhenries. 

For the case, howev~, where 
2X-30 a-2 

21- 2 4 A-S 

486861 0-~8-19 
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a'A' I ( 1') although the value of 7" - 5000 only, _ the coefficient 3 - 4 a' 

... 141, (the length of the coil is great compared with its radius) so 
'A' that the term in a g' is -0.0282, and investigation of the com-

plete formula shows that the succeeding terms are -0.0127 and 
. -0.0048, so that their neglect will gi,ve an error of over 1.5 per 
cent. (For prec!sion calculations see Bull., Bureau of Standards, 
8, pp. 61-64, 1912, for the complete formula.)(Sci. PaperNo. 169.) 

COl'fCZRTlUC COAVAJ SOLElIOlDS (OUTBR COIL TBlI: SBOIlTBJl) 

--~-r-T"l- --;; 
:2:.t f ,/ .. t 

A 

1 
+ 1 J'> 
Go I ,,'1 

_i~, ___ +---I~'_,l __ +-_ 
1 ,-

I' I 
I -, 

FIo. 206.-C0GSia1 co_Inc IOlnuJitU. otdn coil bring shorter 

In this case we have to put g=~I'+A'J, and the fonnula is 

M=0.01974--1 - . -- 3-4-a'Jn~[1 +A'Ja'( x'J)Q 
9 8g' _ a'J 

which is rapidly convergent in most cases. 

70. TABLES FOR INDUCTANCE CALCULATIONS 

TULB 8.-Values of & in Formulas (132), (134), (137), (138), (10t0), (141), (142), ad 
(147), _ Ca1c:u1atiDg Inductance of Straight Wires at Any Frequency 

• , • , 
0 0.250 12.0 0.059 
o.S .250 14.0 .050 
LO .:M9 16.0 .044 
LS .347 11.0 .03!1 
2.0 .340 30.0 .035 

2.S 0.221 25.0 0.021 
1.0 .211 30.0 .024 
I.S .191 40.0 .0175 
4.0 .1715 50.0 .014 
4.S .154 &0.0 .ou 
5.0 o.l3lI 70.0 0.010 
6.0 .116 10.0 .OO!I 
7.0 .1110 90.0 .001 
1.0 • OBI 1110.0 .1107 
'.0 .071 co .000 

10.0 .070 
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TABLE 9.--ConataDts P md Q in J'ormuJu (141), (142), (144), md (145) 

2l P 
, 

Q • p 
, Q 

T !Ii T 21 

.0 0 0 1.0000 0., 0.5136 0.6 1.291a 
0.1 0.0975 0.1 1.0499 .7 .5840 .7 1.3373 
.2 .1900 .2 1.0997 .a .6507 .a 1.3819 
.3 .2778 .3 LI41!1 .• 9 .7139 .9 1.4251 
.4 .3608 .4 1.1975 1.0 .7740 1.0 1.4672 
.5 .4393 .5 1.2452 . 

TABLE 10.-Valuea of K for Use in Formula (153) 

Dial .. 
]{ DIff_ce 

Diameter 
]{ DUI_ 

Dialetu 
]{ DUlenmce LapIa lADItIl IAD&th 

. 
0.00 1.0000 -0.02" 2.00 0.5255 -0.0118 7.00 0.2584 -0.0047 

.05 .ml 203- 2.10 .5137 112 7.20 .2537 45 
•. 10 .95H 197 2.20 .50Z5 107 7.40 .2491 43 
.15 .9391 190 2.30 .4918 102 7. GO .2441 42 
.20 .9201 185· 2.40 .4816 97 7.l1li .Z406 40 

0.25 0.9016 -0.0171 2.50 0.4719 -0.0()g3 8.00 0.2366 -0.0()g4 
.30 .SS38 173 2. GO .4626 89 8.50 .2272 S6 
.35 .8665 167 2.70 .4537 85 9.00 .2185 79 
.40 .8499 162 2.80 .4452 az 9.50 .2106 73 
.45 .8337 156 2.90 .4370 71 10.00 .2033 .............. 

0.50 0.a181 -0.0150 3.00 0.4292 -0.0075 10.0 0.2033 -0.0133 
.55 .8031 146 3.10 .4217 72 11.0 .1903 113 
.GO .7885 140 3.20 .4145 70 12.0 .1790 !IS 
.65 .7745 136 3.30 .4075 67 13.0 .1692 87 
.70 .76()g 131 3.40 .4008 64 14.0 .1605 78 

0.75 0.7471 -0.0121 3.50 0.3944 -0.0062 15. 0 0.1521 -0.0070 
.80 .7351 123 3. GO .3882 GO 16.0 .1457 63 
.85 .7Z2l 118 3.70 .3822 58 17.0 .13!14 ,58 
.90 .7110 115 3.80 .3764- 56 18.0 .1336 52 
.95 .6995 111 3.90 .3701 54 19.0 .1214 48 

1.00 0.6884 -0.0107 4.00 0.3654 -0.0052 20.0 0.1236 -0.0085 
1.05 .6777 104 4.10 .3G02 51 22.0 .1151 73 
LI0 .6673 100 4.20 .3551 49 24.0 .1078 63 
1.15 .6573 !IS 4.30 .350Z 47 26.0 .1015 56 
1.20 .6475 !14 4.40 .3455 46 28.0, ."59 49 

L25 0.63S1 -o,oogl 4.50 0. 34()g -0.0045 30.0 0."10 -0.0102 
1.30 .6290 89 4. GO .3364 43 35.0 .0801 80 
1.35 .6201 S6 4.70 .3321 42 40.0 .0728 64 
1.40 .6115 14 4.80 .3m 41 45.0 .0664 53 
1.45 .6031- al 4.90 .3238 40 50.0 .0611 43 

1.50 O.S!I5O -0.007!I 5.00 0.3198 -0.0076 GO. 0 0.0528 -0.0061 
1.55 .5871 76 5.20 .3122 72 70.0 .0467 4S 
1. GO .5795 74 5.40 .3050 69 80.0 .0419 38 
1.65 .5721 72 5. GO .2981 65 90.0 .0381 31 
1.70 .564!I 70 5.80 .2916 62 100.0 .0350 ............. 
1.75 0. 5579 -0.0061 6.00 0,2SS4 -0.005!I 
1.80 .5511 67 6.20 .m5 56 
1.85 .5444 65 6.40 • Z73!I 54 
1.90 .5379 63 6. GO .2685 52 
1.95 .5316 '1 6.80 2633 49 
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TABLE ll.-Values of Correction Term. A in Formulas (155), (165), (168), and (169) 

, 
.A DI1Iereuc:e 

, 
.A DI1IerllDc:e 

II 
.A DUferllDc:e D Ii D 

LOO 0.557 -0.051 0.40 -0.359 -0.052 0.15 -1.340 -0.069 
0.95 .506 54 .38 .411 54 .14 1.409 74 
.90 .452 57 .36 .465 - 57 .13 1.483 80 
.15 .394 61 .34 .522 61 .12 1.563 87 
.80 .334 65 .32 .583 64 .11 1.650 96 

0.75 0.269 -0.069 0.30 -0.647 -0.069 0.10 -1.746 -0.105 
.70 • ZOO 74 .28 .716 74 .09 1.851 .118 
.65 .126 80 .26 .790~ 80 .08 1.969 .133 
.60 .046 87 .24 .870 87 .07 2.102 .154 
.55 - .041 95 .22 .957 '96 .06 2.256 .173 

0.50 -0.136 -0.041 0.20 -1.053 -0.051 0.05 -2.439 -0.223 
.41 .177 43 .19 1.104 54 .04 2.662 .7.88 
.46 .220 44 .18 1.158 57 .03 2.950 .405 
.44 .264 47 .17 1.215 61 .02 3.355 .693 
• 42 .311 41 .16 . 1.276 64 .01 4.048 ................ 

~---

TABLE 12.-Values of Correction B in Formulas (155), (165), (168), and (169) 

Number of B Number of B tums.n tuma,n 

1 0.000 40 0.315 
2 .114 45 .317 
3 .166 50 .319 

," 4 .197 60 .322 
5 .218 70 .324 

6 0.233 80 0.326 
7 .244 90 .327 
8 .253 100 .328 

·9 .260 150 .331 
10 .266 200 .333 

15 0.286 300 0.334 
20 .297 400 .335 
2S .304 500 '.336 
30 .308 700 .336 
35 .312 1000 .336 

TABLE Il.-Values of B. fot Use in Formula (156) 

b B. b B. C e 

1 0.0000 16 0.3017 
2 .1202 17 .3041 
3 .1753 18 .3062 
4 .2076 19 .3082 
5 .2292 20 .3099 

6 0.2446 21 0.3116 
7 .2563 22 .3131 
8 .2656 23 .3145 
9 .2730 24 .3157 

10 .2792 25 .3169 

11 0.2844 26 0.3180 
12 .2888 27 .3190 
13 .2927 28 .3ZOO 
14 .2961 29 .3209 
15 .2991 30 .3218 



Radio Instruments and Measurements 

TABLE 14.-Constants Used in Formulas (IS7) and (158) 

tic ore'" Jl DUrenaC8 I c'" I ,. DUrenace lJlc ,. DUrore 

ace 

0 O.SOOO 0.0253 0 0.125 0.002 0 0.597 0.002 
0.025 .5253 237 ·· .. 0:05··· ····:rz,··· ............ ........... ............. .05 .5490 434 5 0.05 .m 3 

.10 .5924 316 .10 .132 10 .10 .602 6 

0.15 0.6310 0.0342 0.15 0.142 0.013 0.15 0.601 0.007 
.20 .6652 301 .20 .155 16 .20 .615 9 
.25 .1I!I53 Z66 .25 .171 20 .25 .624 9 
.30 .7217 230 .30 .192 23 .30 .633 10 

0.35 0.7447 0.0191 0.35 0.215 0.027 0.35 0.643 0.011 
.40 .7645 171 .40 .242 31 .40 .• 654 11 
.45 .7816 144 .45 .273 34 .45 .665 12 
.50 .7960 121 .50 .307 37 .50 .677 13 

.. 55 0.Il0l1 0.0101 0.55 0.344 0.040 0.55 0.690 0.012 
.60 .8182 13 .60 .384 43 .60 .702 13 
.65 .8265 66 .65 .427 47 .65 .715 14 
.70 .1331 52 .70 .474 49 .70 .729 13 

0.75 0.1313 0.0039 0.75 0.523 0.053 0.75 0.742 0.014 
.80 .1422 ·29 .80 .576 56 .80 .756 15 
.15' .1451 19 .15 .632 59 .15 .771 15 
.90 .1470 10 .90 .690 6Z .90 .716 15 

0.95 0.8480 0.0003 0.95 0.752 0.064 0.95 0.101 O.OlS 
1,00 .1413 ............... 1.00 .816 ···········1 1.00 .816 ........... 

- I I 

TABLE IS.-Values of Constants in Formula (162) 

Valu .. 01 all vatu .. eI a.1 

• 
.--0 I. 0.1 .0.3. 1 . 0.5 I' 0.7 o.g 

• 
:0·~~1~ -----------------

0 0.114 0.113 0.106 0.092 0.061 0.030 0 0.022 0.020 0.014 0.004 
0.5 .090 .089 .015 .070 .049 .020 '0. 5 .021 • illll .014 .004 
1.0 .064 .064 ;059 .050 .034 .013 1.0 .019 .018 .013 .004 
1.5 .047 .046 .043 .036 .025 .009 2.0 .015 .015 .010 .003 
2.0 .035 .035 .032 .027 .018 .rm 4.0 .001 .001 .005 .002 

3.0 .022. .022 .020 .017 .011 .004 6.0 .005 .005 .004 .001 
4.0 .015 .015 .014 .012 .001 .003 10. 0 .003 .003 .002 .005 
6.0 .001 .001 .001 .006 .004 .002 

8.0 .006 .006 .005 ,004 .003 .001 
10. 0 

I 
.004 .004 .004 .003 .002 .001 

I 
-. -

Valu .. ola .. Vatu .. 01 a .. . 
I 

• I 
~-o 0.3 0.6 o.g .... 0 0.1 0.5 I~ --- --- ---

0 0.009 0.009 0.006 0.002 0 ".005 0.005 0.004 0. 001 
1 .009 .001 .006 .002 5 .003 .003 .002 .001 
3 .rm .006 .004 .001 10 .002 .002 .001 .000 
5 .004 .004 .003 .001 

10 .002 .002 .001 .000 I 
Vatu.-ellt, Valu .. 01 al7 Vatu_ol'.1 

• • • I ~-O 0.5 0.9 T-O 0.5 0.9 .... 0 0.5 0.9 and 0.1 and 0.1 and 0.1 -------- --- ----- ---------------
0 0.003 0.003 O.OOl 0 0. 002 0.002 0. 001 0 0.002 0.001 0.000 
5 .002 .002 .000 5 

I 
.002 .001 .000 5 .001 .001 .000 

10 .001 .001 .000 10 .001 .001 .000 10 .001 .001 .000 

NOTIC.-The maximum values of all further values of the "s are 0.001 01' Iesa. 
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TABLE 16.-ValuesofF in Formula (187) for the Calculation of the lI/[utualJnductance 
_ of Couial Circles 

rr/ll ~ 

o - co 
0.010 0.05016 
.011 - 4897 
.012 4787 

0.013 4687 
.014 4594 
.015 4S07 
.016 4426 
.018 4278 

o.~ 0.04146 
.022 4027 
.024 3918 
.026 3818 
.028 3725 

0.030 3639 
.032 3558 
.034 3482 
.036 3411 
.038 3343 

0.040 0.03279 
.042 3218 
• 044 3160 
.046 3105 
.048 30SZ 

0.050 0.03001 
• CleO 2775 
.070 2584 
.OID 24ZO 
.090 2276 

... 100 0.02148 
-.11 Z03Z -
.12 1928 
.13 1832 
.14 1743 

... 15 0.01661 
.16 1586 
.17 1515 
.18 1449 
.19 1387 

... 20 0.01328 
.21 1273 
.22 1221 
.23 1171 
.24 _ 1124 

~25 0.010792 
.26 10366 
.27 10.009958 
.28 9570 
.29 9199 

\ 

DIII_ rr/ll ~ Dlllereuce rl/n p 

-0.00120 0.30 0.0081144 -0.000341 0.80 0.0007345 
109 .31 - 8503 '328 .81 6741 
100 .32 8175 314 .82 6162 

.33 7861 302 .83 5607 
-0.00093 .34 7559- 290 .84 5076 

87 
N- 0.35 0.007269 -0.000280 0.85 0.0004569 

148 .36 6989 270 .86 4085 
13% .37 6720 260 .87 3625 

.38 6460 249 .88 3188 
-0.00119 .39 6211 241 .89 2775 

109 
0.005970 -0.000232 100 0.40 0.90 0.0002386 

93 .41 5738 225 .91 2021 
86 .42 5514 217 .92 1680 

.43 S297 , 210 .93 1364 
-0.00081 .44 5087 202 .94 1074 

76 0.45_ 0.004885 -0.000195 
~~~~ 71 0.95 

68 .46 4690 189 .96 
64 .47 4501 183 .97 3710 

.48 4318 178 .98 2004 
-0.00061 .49 4140 171 .99 703 

58 0.50 0.003969 -0.000166 1.00 0 
55 .51 3S03 160 

~.00008107 53 .52 3643 156 0.950 
51 .53 34S7 150 _ .952 7613 

.54 3337 146 .954 7131 
-0.00226 .956 6661 

191 0.55 0.003191 -0.000141 .958 GZ02 
164 .56 3OSO 137 
144 .57 2913 ,133 O. 960 0.00005756 
128 .58 2780 128 .962 53ZO 

.59 2652 125 .964 4899 
-0.00116 _966 4490 

104 0.60 0.002527 -0.000120 .968 4093 
- 96 .61 2407 117 

89 .62 2290 113 0.970 0.00003710 
8Z ·.63 2177 109 .972 3340 

.64 Z06S 106 .974 2984 
-O.oeo75 0.65 0.001962 -0.000103 .976 Z643 

71 .978 2316 
66 .66 1859 99 
62 .67 1760 96 0.980 0.00002004 
59 .68 1664 93 .982 1708 

.69 1571 90 .984 1430 
-0:00055 0.70 0.001481 -0.000087 .986 1168 

52 .71 1394 84 .988 926 
50 .72 1310 81 
47 .73 1228 _ 78 0.99() 0.00000703 
45 .74 1150 76 .992 S02 

.994 326 
-0.000425 0.75 0.0010741 -0.0000731 .996 177 

408 .76 10010 704 .998 062 
38S .77 9306 680 
371 .78 8626 653 
355 .79 7973 628 

DESIGN OF INDUCTANCE COILS 

71. DESIGN OF SINGLE-LAYER COILS 

Dlllerence 

-0.0000604 
579 
555 
531 
507 

-0.0000484 
460 
437 
413 
389 

-0.0000365 
341 
316 
290 
Z63 

-0. 00002351 
Z046 
1706 
1301 
703 

.............. 
-0.00000494 

482 
470 
458 
446 

-0. 00000436. 
421 
409 
397 
383 

-0.00000370 
356 
341 
3Z7 
312 

-0.00000296 
278 
262 
242 
223 

-0.00000201 
177 
148 
115 
62 

The problems of design of single-layer coils may be broadly 
classified as of two kinds. 

(I) Where it is required to design a coil which shaH have a 
certain desired inductance with a given length of wire, the choice 
of dimensions of the winding and kind of wire to be used being 
unrestricted within rather broad limits. This class of problems 
of design includes a consideration of the question as to what 
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shape of coil will give the required inductance with the minjmum 
resistance. 

(2) Given a certain winding form or frame, what pitch of 
winding and number of turns will be necessary, if a certain 
inductance is to be obtained. 

In the following treatment of the problem the inductance of 
-the coil will be assumed as equal to that of the equivalent cylin-

, ~cal current sheet. This is ailowable, since,' in general, the 
correction for the cross section of the wire will not amount to 
more than I per Cent of the total inductance, an amoUnt which 
may be safely neglecte~ in making the design. The formulas to 
be given may, of course, be used for making a calculation of the 
inductance' of a given coil. Nevertheless, since their practical 
use is made to depend upon the interpolation of numerical values 
from a graph, for accurate calculations formulas (153) and (155) 
should be used. 

The inductances of coils of different size, but of identical shape, 
and the sante number of turns, are proportional to the ratio of 

,their linear dimensions. Every formula. for the inductance 
should', accordingly, be capable of expression in'terms of some 
~ingle chosen linear dim¢nsion, all the other dimensions occurring 
in the formula in pairs in the form of' ratios. . 

Two formulas are here developed, the first applicable, to the 
solution of problems of the first class, giving the inductance in 
terms of the totat length of wire 1, the second for problems 
presupposing a winding frame of given dimensions. Both show 
the dependence of the inductance on the shape of the coil. 

Coil of Minimum Resistance.-The fundamental relations of the 
constants of a coil are ' 

a' 
L.-41r'J'n'7iK cgs units 

the constant K being a function of the shape factor 2b
a

, diameter 

+ length (Table 10, p. 283). 
The expression for the inductance may be wr~tten as 

L._
21r:zn

K 

and n may be eliminated by substituting for it the expression 

n ... ~ lb =v rr, 
, 21raD V 15' 
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obtained by multiplying together the two expressions involving 
n above. There results, then, 

or 

. C2iil K L.=lV 7r bI,)" cgs units 

/1 K I~ t- F' . h· () 
La = .JD lOOOV 'II" b = .JiJ nucro enrles. 194 

FIG. iZ07.-(Z) Variation of F 'With different ratios of coil dianum to length; (2) 'lIGriatiom 
of " 'With ratws of dianuter to length 

To aid m the use of this formula the curve of Fig. 207 has been 

prepared, which enables the value of F - I~.J 7r 2: to be obtained 

2a ' 
'for any desired value of Ii' The formula (194) and the curve 

enable one to obtain with very little labor the approximate value 
of the inductance which may be obtained in a coil of given shape 
with given 1 and D. On the same figure is also plotted the factor 

11 "" ~ b as a function of 2ba (see example below). 
7r2a ' 
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Coil Wound on (;iwn Form.-1'o obtain the second formula, we 

~bstitute for n its value ~, and 

b' a' r(2a)1 b L.-4r - -K -2a - - K cgs units D'b D 2a 
or 

L. - (2Da~1 r 1. KJ microhenries (195) 
l0002a 

and, finally, 

(196) 

~G. 208.~ Variat""' all au Ioglo/1JJi1h ~ 

To aid in making calculations the ~urves of Fig. 208 have been 

prepared, which give the values of / and loglo /-loglo [x;: 2
b
aJ 

for different values of 2ba. The value of loglo / is plotted, rather 

than that of f, for large values of 2b
a

, to enable values to be inter

polated with greater accuracy. 
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From formula (194) and Fig. 207 it is at once evident that 
with a given length of wire, wound with a given pitch, that coil 
has the greatest indUctance, which has such a shape that the 

ti diameter 6 . tel Or btain il f ra 0 length - 2.4 approxuna; y. , to 0 a co 0 a 

certain desired inductance, with a minjmutn resistance, this 
relation should be realized. - However, although the inductance 

. dhninlsheS rather rapidly for longer coils than this, changes in 
the direction of ptaking the coil shorter relative to the diameter 
are not important over rather wide limits .. Naturally, other 
considerations may modify the design appreciably. These other 
considerations include the distributed capacity of the coil and 
the variation of resistan~ with frequency. 

. Example.-Given the pitch of lVinding, the shape of the coil (2b
a
)

and the inductance, to determine the length of wire necessary, the 
dimensions of the coil and the number of turns. 

/' , 
.y----!- D 2a 6 L' '.' b . ~UllJ.1llg =0.2 em, b - 2., • = 1000 IDlcro ennes; 

By formula (194),tl_-1000..;0.2, (the value of F=0.001322 being' 
, , '. 0. 001322 . .' . . 

log 1000=3. 
)4log 0.2 - 1.65052 

10gF 

3/2 log l 
)4 log l 

log l 

2.650 52 

=3. 12123 

=5.52 92 9 
= I.S43 10 

=3.68619 . 

taken from the curve of Fig. 207) or 
l=4850 cm. The number of turns may 
be obtained immediately from the relation 

n =~.J 2!a = v ~ and the graph of". 

-Here n~.J4850 (0.350) =54.5 turns, and b=nD=lo.9 cm, while 
0.2 . 

2a -='2.6 X IO~9 = 28.3 cm. 

If the pitch of the winding had been assumed greater, or a coil of 
much larger inductance were required, the design of the coil wotiId 

I call for larger dimensions~ and cases may arise where the design 
may prove unsatisfactory, because the coil would be too large. 
·The effect of changing the length and pitch, the shape being taken 

constant, may be seen from (194), which shows that L.O( J1, so 

that a given fractional increase in the length of the wire is more 
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effective in increasing the inductance than the same fractional 

decrease in _the pitch. The number of turns depends on ~ the 

shape of the coil being kept the same. 
Example.-Formula (194) will also enable the question to be 

answered as to what pitch must be used if a given length, of wire 
is to be wound with a certain shape of coil to give' a desired 
inductance. If the pitch comes out smaller than the diameter of 
the proposed wire, the assumed. length of wire must be increased. 

Suppose that an inductance of 10 000 microhenries is desired 

with 50 meters of wire, the valu~ of 2: being taken as 2.6, as before. 

Then 

.JD ItF · (5000)10.001322 D 8 - r .. , or .... 0.0021 em, 
l.Ja 10 000 

which is manifestly impracticably small. 
The maximum inductance attainable with the given length of 

wire could be found by solving (194) for L with the smallest 
practicable pitch substituted forD, that value being used for F, 
which corresponds to the assumed ratio of diameter to length. 

Example.-Suppose we have a winding form of given diameter 
24 -- 10 cm, how many turns of ~e ~ have to be used for an 
inductance of lOOOp.h if the winding pitch is taken as 0.2, and 
what will be the axial length of the winding? ' 

From (196) 
1000 

/- X -250rloglJ=I.398 1000 0.04 . 

From F~g. 208 this cOI7esponds to a value of 2: -0.225, or b 

must be 45 em, and the numberofturnsn-D
b _45 -225. Sucha 0.2 

coil would be too long to be convenient. A smaller pitch should 
be used. -

ExampZe.-Suppose we have given the same winding form, and 
we wish to find what pitch is necessary for an inductance of 
looo~h, in order that the length of the coil shall not be greater 
than the diameter. 

For 
2
b
a_ t , /=148 (Fig. 208) 

and by (196) 
J (2a)S 1000 

D - LJ = 1000 X 148 or D .... 0.082 
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This is a pretty close winding, showing that the \\ . uding form has 
rather too small a diameter for a coil of this inductance. 

Example.-To find the diameter of a winding form to give an 
inductance of lOOOp.h, with a shape ratio 2: - 2.6, the pitch being 

chosen as 0.2cm. 
From (196) we have (2a)S =LJ)3. 

The value of / for 2: -2.6 is (from Fig. 208) given by loglo t= 
2.75 or /=565 approximately. Therefore (2a)s= 1000 X 0.04 X 
565, or 2a = 28.2 cm, which will give b = 10.85, n = 54.2. 

If, instead, the shape is assumed to be given by 2b
a ~ I, then 

log /=2.17 or /=148. 

The values of / taken from Fig. 208 are not so precise as could 
be calculated from the equation (195), but the accuracy should 
suffice for this kind of work. 

72. DESIGN OJ' KOLTIPLE-LAYER COlLS 

For purposes of design we may neglect the correction for cross 
section of the wire, formula (159), and operate on formulas (157) 
and (158) alone. 

Two forms of equation have been found useful, the first involving 
the length of wire in the coil and the second the mean radius of 
the coil. 

Suppose that the length of the winding l, the distance between 

the centers of adjacent wirt's D, shape of cross section !!., and the 
. c 

shape ratio of the coil £, are given. We obtain an expression for a 
n by multiplying together the fundamental equations, 

n = bc = 1!f .£.)3 and n3 = _P_ 
D' C\D (211"a)' 

which involves ratios of known quantities only. 
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In equation (158) the factor 4ran'=2ln, and if the'value of n 
just ~ound,' be introduced, we have :finally for e> b 

L-~j;(~)I(~)lIOg. 8-log. ~-ilog.(1 + ::)-Yl 
+ 1~,{'.+i(1 +3 ::)[log. 8ea -i IOg.(I + ::)]] 

and for b>e 

~2 l.~e)l(b)i[ 'e b I (e') 'L- - - - - log 8-log --log ---log 1+--11 

... 2 D a e·· a • e 2 • b'.I'l 

c' b'{ I( e')[ 8a b I (e')~nJ 1100, e2 Yi+2 1+ 3b' log. c-log.c-i log. I+b, 'j 

PIo. 1I09.-Valuu of (G)fo, giWfl1lGluu of.E.. aflll!!, 
a c 

Both of these equations xnay be written in the fomi 

L l' G • h • - 15' nucro ennes 

in which G is a factor whose value for given values of £ and ?!. may a e 
be taken from the curves of Fig. 209. 



, 
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When l is known 

From these curves one can see that, for a square Cross section, 
ble = I, the inductance of a given length of wire is a :maximum for 

a value of E. equal . to about ~ I.nvestigation shows that this 
I a 3 

point is, more exactly, cIa =0.662; that is, for a mean diameter of 
coil == 3.02 times the side of the cross section. FUrther, for a given 
resistance and shape of coil, the square cross section gives a greater 
inductance than any other form. 

FIo. 2lo.-VClluu 0/ (g)lo, giwa 'Val_ of ~ and ~ 

The second design formula supposes that the dimensions a, c, 

and ~ of the winding form are given, together with the pit~h of the c . 
winding. The expressions (157) and (158) for the inductance may 
then be written . 

b
2(C)4 ~L=0.01257acJ 15 gmicrohenries 
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The curves of Fig. 210, which give 9 for different values of 

£. arid ~ allow of interpolation of the proper value in any given 
a .c 
case. 

Example.-Suppose we have a wire of such a size that it may be 
wound 20 turns to the centimeter, and we wish to design a coil to 
have an inductance of 10 millihenries, to have a square cross 
eection and such a mean radius as to obtain the desired inductance 
with the smallest resistance (smallest length of the wire). 

The latter condition requires that ~~0.662. The given quan

tities are D=0.05 cm, ble=-I. From Fig. 209 we find that G=
It 

0.000606, so that (200) becomes 10 000 = r-)I 0.000606, from 
\0.05 

which 1-6458 em or 64-58 meters of wire. 

2/3 log D-=I .13265 From the fundamental equation (201) 
107 

log 0.606 .... 7.21 753 

S/310g 1=6.35018 
1/3 fog {= 1.27004 

- 2 log 1=7.62022 
log 1=3.810II -1.80 

be (1.19P 
and thence b -e =0.662 X 1.80 - 1.19, and n =D2'" --- 570. - 0.0025 

This coil is rather too small to allow of its dimensions being 
accurately measured. 

If. wire of double the pitch is used, the design works out with 
the following results 

1-=85.22 meters 
n-432 

which is more suitable. 

e=b=-2.08 

Example.-We have a form whose dimensions are 2a = 10, e - 3, 
b = 2.4, wound with wire of such a size that there are 10 turns per 
em; that is, D-o.I. What is the inductance obtained and what 
length of wire is used? 

be 3X2.4 
11.=-----720 

D' 0.01 
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From Fig. 2~0 the interpolated value of 9 for ~=0.8, c:/a=0.6 is 

1.54 ,(calculated clir~y from (158) = 1.552). Accordingly,. 
----1 

L -0.01257 X 5 X 720 X 1.54 = 50 160 ph. 
= 50.16 millihemies. 

The length of wire is I = 21r' an = 10 1r' 720-= 22 600 em 
= 226 meters. 

Emmple.-The same formula might be used to. answer the ques
tion, How many turns would have to be wound (completely filling 
this cross section) in order to obtain a. desired inductance, say 20 
millihenries. From (203), 

L 20000 
11.'= = =206 500 0.01257 ag (0.01257) 5 (1.54) 

or n woUld be 454, which would mean that 

bc 7.20 
D'--=-=O.OI58 

454 454 

or D=0.I26, so that the wire wouid have to wind about 8 tUrns 
to the centimeter. 

The skin effect and capacity between the layers of the wire are 
larger in this kind of coil than in the other forms previously con- . 
sidered. A multiple layer coil is therefore to be regarded as unde
sirable in radio work, and if it be used the cross section should be 

- made small relative to the mean radius. 

73. DESIGN OF FLAT SPIRALS 

The design of a flat spiral differs from that of a multiple layer 
coil in that the actual width b of the tape used (not b/c) is sup
posed to be a given quantity. 

The fundamental equations are 
\ 

c I 
n=-- and n=--, 

D 21r'a 

which, on mUltiplication, give 

n=-J21r '~D 
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Flo. 2II.-Value of (H) far g\'I1e7& 'I1aluu of ~ 
• c 

The factor H, which may be determined from the curves of Fig. 
211 is a function of cIa and blc. The latter quantify may be 
expressed in terms of the known quantities by the equation 

!!. _ b r;:; -f- !§. 
c "1m Va 

Accordingly, the curves are plotted with H as ordinates, cIa as 

. abscissas, and b .JfJ as paranieter. 

An important deduction which may be made from the curves is 
that for the maximum inductance with a given length of tape the 
ratio cIa should be about U, which means that the opening of the 
spiral should have a radius nearly as great as the dimension across 

486861 0-~8-20 
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the tunis of the spiral. This point in design is in agreement with 
the practical observation that turns in the center of the spiral 
add a disproportionate amount to the high-frequency resistance of 
the spiral. 

Emmple.-Find the length of tape 0.6 em wide, wound with a 
pitch of 0.6· em; ~o give an inductance of 200 ph, assuming such 
proportions that cIa-I. Work out the design. 

Since I is not known, :the ,parameter b .Jfi is not known. 

Assume a value of 0.1 for the latter. Then for the value cla- I 
the curve (Fig. 2iI) gives H -0.00123. 

Thence r._2OO..[c):6 or 1-3287 em. With ~ value of I, the 
0.00123 

IIlrS!£. parameter is 0.6 .J 211' or 0.0339, to which the-value H -0.00128 
: •• ]).2 1972 

\ corresponds (wi~ ~ - I). Repeating the calculation of I with this 

value of H, we find 1-3370 em as a second approximation. The 
. -' next approximation gives a p8.rameter of 0.0335 and the values of 

H and I are sensibly unchanged. 

Using this parameter in {206} , !-0.0335 or c- 0.6 - 17.9 and 
, c 0.0335 

the value of a - 17.91ikewise. The ~umber of turns will be n =- i 7
6
.9 o. 

-about 30. / 
Emmple.-We have 17.50 meters of tape 1 em wide, which we 

wind with a pitch of 6.5 em, to such a shape that cIa -0.8. ' 

Here D .i.o.5, 1- 1750 em, b- I. The parameter is .J8
2

11' -0.0847, 
/ ' 75 
to which, for cIa -0.8, H -0.001248 cOITeSp011ds. 

L- {~50}fo.001248 - 129.2 p.h , 
0·5 

b 0.0847 b' • { } c - ..;o.s - 0·0947, Y equatiOIi 206 

I 
c- - 10.56 em. 

0·0947 
10.56 a---- 1 3·2 0.8 

and the number of turns, n - 10.56 - 21 nearly. 
0·5 
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Emmple.-The problem may arise as to how closely the tape 

in the 'preceding case woutd have to be wound, still keeping ~ ... 0.8, 
\ . 

to obtain an inductance of 200 -p.h. 
Changing the pitch D will change the parameter of the curves, 

and hence H. The changes in the latter will not be important, 
for small.changeS in D, so that to a:first approximation the induc

. tance will change inversely as..[i5. . 
Therefore· 

f7J = 129.2, or D"'0.2086'cm. VO:S 200 

Calculating the parameter' with this' value we :find 0.1312, 
and thence H -0.001216, so that the' second approximation is 

{i5 .. (1 750)1(0:001216), and D =0.1981) and another appro~a-
. 200 '_ . , ' 

tion is 0.197, the parame~er being 0.1346. The dimensions are 
found from 

b 0.1346 
-- 1- -0.150 5 c "\,0.8 

, c 
a-- .... 8·30 

0.8 

'I 
c---=6.64 

0.150 5 

n - 6.649 - 34 nearly. 
0.197 

mGH-FREQUENCY RESISTANCE 

'14. RESISTANCE 01' SDlPLE COlIDUCTORS 

Two principal causes act to increase the resistance of a cir
cuit carrying a current of high frequency, above the value of 
its resistance with direct current, viz, the so-called skin effect 
and the capacity between the conductors. This section deals ex
clusively with the skin effect or change of resistance caused by 
change of current distribution within the conductor. (See sec. 3.) 

Unfortunately', formulas for the skin effect are available only 
for the most simple circuits; and for other very common cases in 
practice only qualitative indicatiOns of the DUlgniwde of the 
mcrease in resistance can be given. 

In what follows 
R -the resistance at frequency f 
Ro - the resistance with direct current or very low frequency 

alternating current. 

./ 
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The quantity of greatest practical interest is not R, but the 

resistance ratio :0· Given this ratio fOr the desired frequency and 

the easily measured direct-current resistance, the high-frequency 
resistance follows at once. 

The skin effect in a conductor always depends, in addition to 
!!'!Or - . - f2iii . 

s •• P.2the thickness of the conductor, on the parameter VP' in which 

,,-permeability of the material, I=frequency of the current, 
p-the volume resistivity in microhm-cms, so that as far as skin 
effect is concerned, a thick wire at low frequencies may show as 
great a skin effect as a thin one at much higher frequency. 

The skin effect is greater in good conductors than in wires of 
high resistivity, and conductors of magnetic material show an 
exaggerated increase of resistance with frequency. 

CYlindrical. Straight Wires~-· For- this case accurate values of 
the resistance ratio are given by the fonnula and tables here 
given. 

If d is the diameter of the cross section of the wire in em, the 
quantity . 

%=1('-1 /2P./ ~ I 
~ P 1000 

must be calculated (or, in the· case of copper, obtained for the 
desired frequency from Table 19,P.3II and formula (2Q9». Know-

ing the value of %, the value of :0 may be taken at once from Table 

17, page 309, which gives the value of ~ directly for a wide range 

of values of x. 
Table 19 gives values of 

mol" 
aee p.2 Ao-o.or.0 71{f (208) 

for a copper wire at 200 C, 0.1 em in diameter, and at various 
frequencies. The value of % for a copper wire of diameter d in 
em is 

For a material of resistivity p and permeability p., the parameter 
x may also be simply obtained from the value which holds for a 
copper wire of the same diameter, by multiplying the latter value 

by .Jp.~. 
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The range of Table 19 may be considerably extended by remem

~g that " is proportional to .Jfor.Ji, where ). is the wave 
length. . 

Table 18, page 310, will be found useful, when it is desired to 
c;letermine what is the largest diameter of wire of a given mate
rial, which has a resistance ratio of not more than I per cent 
greater than unity. These values are, of course, based on certain 
assumed values of. resistivity; te~.1perature changes and differ
ences of chemical composition wi!! slightly alter the values. In 
the case of iron wires p. is the effective permeability over the 
cycle. This will, in general, be impossible to estimate closely. 
The values given show plainly how important is the skin effect 
in iron wires. 

For a resistatice ratio only' one-tenth per cent greater than 
unity the values in Table 18 should be multiplied by 0.55, and 
for a 10 per cent increase of the high-frequency resistance the 
diameters given in the table must be niultiplied by I. 78. 

The formulas above given apply only to wires which are too far 
away from others to be affected by the latter. For wires near 
together, as, for example, in the case of parallel wires forming a 
return circuit, the mutual effect of one wire on the other always 

increases the ratio :0'. No formula for calculating this effect is 

available, but it is only for Wires nearly.in contact that it is impor
tant. At distances of 10 to 20 em the mutual effect is entirely 
negligible. 

Tubular Conductors.-The resistance ratio of tubular conduc
tors iil which the thickness of the walls of the tube is small in com
parison with the mean diameter of the tube, may be calculated 
by the theoretical formula for an infinite plane of twice the thick
ness o£ the walls of the tube. 

The value of the resistance ratio for this case may be obtained 
directly from Table 20, page 31 I, in terms of the quantity 

where 
13 -X'l'.,j2, 

'I' - the thickness of the walls of the tube in em 
x-the parameter defined in formula (207). 

For copper tubes the parameter 130 may be obtained very 
simply from the values of "0 in Table 19, page3II, and the relation 
80 - IO.,[i'l' Cle • 
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For values of fJ greater than 4 no table is necessary, since we 
have simply, with an accuracy always greater than one-tenth of 
1 per cent, 

R 
--fJ Ro 

(211) 

Sufficient experimental evidence is not available to indicate an 
accurate method of procedure in the case of tubing where the 
ratio of diameter to wall thickness is not large. Measurements 
with tubing in which this ratio is as small as two or three indicate 

that approximate v;Uues o~ :0 for this case may be calculated by 

using forT, in the calculation of the parameter fJ, a value equal to 
two-thirds of the actual thickness of the walls of the tube. 

Tubing which is very thin in comparison witli 'its radius has, 
for the same cross section, a smaller high-frequency resistance 
than any other single conductor. For this reason galvanized
irim pipe is a good form of conductor for some radio work, the 
current all flowing in the thin layer of zinc. A conductor of 
smaller resistance than a tube of a certain cross section is obtained 
by the use of very fine strands separated widely from one another; 

. there are practical difficulties, howeve(, in making the separation 
great enough. . 

In a return circuit of tubular conductors the distance between 
the conductors should be ~ept as great as IO ot 20 cm. For tubular 

I cOnductors neatly in contact the resistance ratio may be double 
that for a spacIng of a. few centimeters. 

j-+- 'vi -----, 
I /"4_,,-
--------.l--f_ t 

r-LT 
~------~------~.-~ 

• 

FiG. 2I2.~ro.r.r .r«:tWn of .rtrip cond1lCtor.rforming a "tum circuil with fI4"O'Ut .ruifacu 
in 1M .raffUI plam 

Strip Conductors.-If two strips form together a return circuit 
and they are so placed that there is only a small thickness of 
dielectric between the wider face of one and the same face of the . 
oilier (Fig. 212), the resistance ratio may be calculated by formula 
(210), using for T the actual thickness of the strip. 



/ 
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, As the thickness of the insulating space between the plates is 
increased, the accuracy of the formula decreases, but the error 
does not amount to more than a few per cent for values of this 
thickness as great as several centimeters. 

t 

~'-'_'vI_--+-j-1 ~i ~ w-~ 
I I I:------....:,~-. - T 

PIo. 2J:3.~rorllCliotl of dri~ CMldtIC#qr,/oiwNfIg II ta,. cin:ail'lllillt w. l'I.1/acu in 
, 1M IGtM ~la1N 

For a return cireuit of strips placed with their wider faces in 
the same plaJie (Fig. 213), no formula is available. This is an 
unfavorable arrangement. As the distance t is reduced below a 

few centimeters the ratio -: ' in~ rapidly and With the strip!; 
_ , 0 

verY close together may be as gteat as' twice the value for the 
arrangement of Fig. 212. 

For single strips-that is, for retitm. circuits in which the 
distance between the conductors is so great that there is no 
appreciable mutual effect between the conductors-formula (210) 

is inapplicable owing to "edge effect"-the effect of the magnetic 
field produced by the current in the center of the strip upon the 
outer portions of the cross section. 

Thus the resistance ratio ;0 is greater in a wide strip than in a 

natTOW one 'of the same thickness, and in every case the resistance 
ratio is greater than for the two juxtaposed sulps of Fig. 212. 

For :0 between 1 and loS, the increase over' formula (210) is 

usually not greater than 10 per cent. 

Strips of square, or nearly square, cross section have values of ~ 
not very different from those wluch hold for round conductors of 
the same area of cross section, the values being greater for the 
square strip than for the round conductor whose diameter is equal 
to the side of the square. 

Simple Circuits of ROund or RectanguJar Wire.-The ratio of the 
resistance at high frequencies to that with direct current may be 
accurately obtained from Table 17, page 309, for circles or rectangles 
of round wire and in fact for any circuit of which the length is 



Circular of the Bureau of Standards 

great compared with the thickness of the wire, provided no con
siderable portions of the circuit are placed close together. In the 
latter case, the resistance ratio is somewhat increased beyond the 
value calculated by the previous method and by an amount which 
can not be calculated. 

The resistance ratio for a circuit of wire of rectangular section 
may be treated by the same method as for a single strip. If por
tions of the circuit are in close proximity, the preCautions men
tioned for two strips ne&,( together (p. 303) should be borne in mind. 

75. RESISTANCE OF COILS 

Single-Layer Coil; Wire of Rectangular Cross Section.-The 
only case for which an exact formula is available is that of a 
single-layer winding of wire of rectangular cross section with atJ. 

insulation of negligible thickness between the turns, the length of 
the winding being assUmed to be very great Compared with the 
mean radius, and the latter being assumed very great compared 
with the thickness of the wire. . 

If R = the resistance at high frequency 
Ro -= the resistance to direct current 

l' = the radial thickness of the wire 
b = the axial thickness of the wire 
p = the volume resistivity of the wire in microhm-cm 

Po = the volume resistivity of copper 
JJ = the permeability of the wire 

D = the pitch of the winding, 

then :0 may be obtained directly from Table 20, page 311, having 

calculated :first the quantity fJ = 101'.,j2 A., in which a. =0.1985 M. . ~i 
Values of o.~ for copper are given in Table 19, page 311, and the 
value of a. for any other material is obtained from 0.0 by the relation 

a. -= 0.0 ~. For values of fJ greater than are included in Table 

20 we have simply f = fJ. 

In practice the ideal conditions presupposed above will not be 
realized. To reduce the value calculated for the idealized wind
ing corrections need to be applied: (I) For the spacing of the 
wire, (2) for the round cross section of the wire, (3) for the curv
ature of the wire, (4) for the finite length of the coil. 



Con-~ction Jor Pitch oj the Winding.-To~e into account the 
fact that the pitch of the winding is not in general equal to the 
axial breadth of the wire an approximation is obtained if for ~ 
the argument 

fJ' - fJ~ is substituted. 
I 

. R 
For values of' D greater than about 3b the values of Ro thus 

obtained are too small. 
Con-ection Jor the ROUM Cross Section oj the Wire.-For coils 

of round wire only empirical expressions are known, and ;more 
experimental work is desirable. 

,To obtain an accuracy of perhaps 10 per cent in the resistance 
ratio the following procedure ;may be used: 

Calculate first by (210) and Table 20, page 311" the resistance 

ratio ::', supposing the coil to be wound with wire of square 

cross section of the same thickness as the actual diameter, taking 
into account the correction for the pitch of the winding. Then 

the resistance ratio ~ for a winding of round wire will be found 

by the relation 
R [R1-Ro1 
Ro = 1 +0·59 Ro' J 

Effect oj Thickness, oj t!ze Wire.-Although formula (210) holds 
only for a coil whose diameter is very great in comparison with 
the thickness of the wire, the error resulting from non-fulfillment 
of this condition will, in practical cases, be small compared 
with the other corrections and ;may be neglected. 

Con-ection Jor Finite Length oj the Coil.-For short coils the 
resistance ratio is greater than for long coils of the same wire, 
pitch, and radius, due to the appreciable strength of the magnetic 
field close to the wires on the outside of the coil. 

No formulas are available for calculating this effect, but 
experiment seems to show that for short coils of thick wire at 
radio frequencies the resistance ratio may be expressed by 

R A B 
Ro - ..fi.+).J 

in which the first term represents the value as calculated by the 
formulas of the preceding section for long coils, while the con-
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stant of the second ~enn has to be obtained by experiment. At 
iong wave lengths the :first term will predominate, but at very 
short wave l~gths the second term ;may be. equal or even larger 
than the first. 

For-round copper wires we may obtain the. constant A by the 
relation A = 15 500 dRo• 

Multiple-Layer Coils.-For this case- no accurate formulas have 
been derived. Experiment shows that the resistance ratio is 
muc:t greater for a multiple-layer coil than for a single-layer coil 
of the same wire. Furthermore, the capacity of such a coil has, 
as already pointed out, a large effect on the resistance of the 
coil. Consequently, it is usually impossible to calculate even 
an approximate value for the change of resistance with frequency. 
At very high frequencies losses in the dielectric between the wires 
;may cause an appreciable increase in the effective resistance of the 
coil. . This effect is proporo(;mal to r. 

76. STRANDED WIRE 

The use of conductors consisting of a number of fine wires to 
reduce the skin effect is common. The resistance ratio for a 
stranded conductor is, however, always considerably larger than 
the value calculated by Table 19, page 311, and Table 17, 
page 309, for a single one of the strands. Only when the strands 
are at impracticably large distances from one another is this 
condition even approximately realized. 

Formplas have been proposed for calculating the resistance 
ratio of stranded conductors, If but although they enable quali
tattvely correct conclusions to ~ drawn as to the effect of chang
ing the frequency and some of the other variabl~, they do not 
gi~e numerical values which agree at all closely with experiment. 
,The cause for this lies, probably, to a large extent in the impor
tance of small changes in the arrangement of the strands. The 
following general statements will serve as a rough guide as to 
what ;may be expected for the order of :magnitUde of the resist-

- ance ratio as an aid in design, but when a precise knowledge of 
the resistance ratio is required in any given case it should be 
measured. (See methods given in .sections 46 to 50.) 

Bare Strands in Contact.-The resistance ratio of n strands of 
bare wire placed parallel and making contact with one another is 
found by experiment to be the same as for a round solid wire 

• See refOftllca n. to 123 of the BibUopapby. 
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which has the same area of cross section as the sum of the cross
sectional areas of the strands; that is, n times the cross section 
of a single strand. This will be essentially the case in conductors 
that are in contact and are poorly fusulated, except that at high 
frequencies ih~ additional loss of energy due to heating of the 
imperfect contacts by the passage of the current from one strand 
to another may raise the resistance still higher. 

InsUlated Strands .-As the distance between the strands is 
increased, the resistance ratio falls, rapidly at first, and then 
more slowly toward the limit which holds for a single isolated 
strand. A very moderate -thickness of insulation between the 
strands will quite materially reduce the resistance ratio, provided 
conduction in the dielectric is negligible. 

Spiraling or tWisting the strands has the efiect of increasing the 
resistance ratio slightly, the distance between the strands being 
unchanged. / ' 

Transposition of _ the strands so that each takes up successively 
all possible positions in the cross section-as for example, by 
thorough braiding-reduces the resistance ratio but not as low 
as the value for a single strand. 

Twisting together conductors, each of which is made up of a 
_ number of strands twisted together, the resulting composite con
ductor being twisted together with other similar composite con
ductors, etc., is a common method for transposing the strands 
in the cross section. Such conductors do not have a resistance 
ratio very much difierent from a simple bundle of well-insulated 
strands. 

The most efficient method of transposition is to combine the 
strands in a hollow tube of basket weave. Such a conductor is 
naturally more costly than other forms of stranded conductor. 

Effect of Number of Strands.-With respect to the choice of the 
number of strands, experiment shows that the absolute rise of 
the resistance in ohms depends on the diameter of a single strand, 
but is independent of the -number of strands. Since, however t 
the direct-current resistance of the conductor is smaller th~ greater 
the number of the strands, the resistance ratio is greater the 
greater the number of strands. Reducing the diameter of the 
strands reduces the resistance ratio, the number of strands remain
ing unchanged, but to obtain a given current-carrying capacity, 
or a small enough'total resistance, the total cross section must 
not be lowered below a certain limit, so that, in general, reducing 
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the diameter of the strands means an increase in the number of 
strands. 

With enameled strands of about 0.07 mm bare diameter twisted 
together to form a composite conductor the order of magnitude 
of the resistance ratio may be estimated by the following procedure. 
Calculate by Table 19, page 31 I, and Table 17, page 309, the resist
ance ratio for a single strand at the desired frequency (this value 

. of R/Ro will lie very close to unity), and carry out the same calcu
lation for the equivalent sc;>lid wire, whose diameter will of course 
be dm, where n - the number of strands and d = the diameter 
of a single strand. Then the resistance ratio for the stranded 
conductor will, for moderate frequencies, lie about one-quarter 
to one-third of the way between these two values, being closer to 
the lower limit. This holds for straight wires up to higher fre
quencies than for solenoids. (See critical frequency mentioned in 
second paragraph b~ow.) Not ·all so-called litzendraht is as good 

. as this by any means. For a woven tube the resistance ratio may 
be as low as onertenth of the way from the lower to the upper 
limits mentioned. 

Coils of Stranded Wi"e.-In the case of solenoids wound with 
stranded conductor, the resistance ratio is always larger than for 
the straight conductor, and at high frequencies may be two to 
three times as great. It is al-,iJreciably greater for a very short 
coil than for a long solenoid. 

For moderate frequencies the resistance ratio is less than for a 
similar coil of solid wire of the same cross section as just stated, 
but for every stranded-conductor coil there is a critical frequency 
above which the stranded conductor has the larger resistance 
ratio. This critical frequency lies higher the finer the strands 
and the -smaller their number. . For 100 strands of say 0.07 mm 
diameter this limit lies above the more usual radio frequencies. 

This supposes that losses in the dielectric are not important, 
which is the case for single-layer coils with strands well insulated. 
In multiple-layer coils of stranded wire, dielectric losses are not 
negligible at high frequencies. 
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'fl. TABLES POR RESISTAlICE CALCULATIONS 

TABLE 17.-Ratio of High-Frequency Resistance to the Direct-Current Resiatance 

[See fonDUlaa (001), (...a), azul (_)] 

.Jl DUI_ 
R DUI_ 

R DUI_ lIi .-= lIi -= lIi a;-

0. 1.0000 0.0003 5.2 2.114 0..070 14.0. . 5.2O!I 0..177 
0.5 1.0003 .0004 5.4 2.114 .070 14.5 5._ .176 
.6 LOOO7 .0005 5.6 2.Z54 .070 15.0. $.562 .353 
.7 LOOlZ .0009 5.1 2.3Z4 .070. 
.1 1.00Z1 .0013 6.0. 2. 3M .06!l 16.0. 5.915 0.353 
.9 LOO34 .0011 6.2 2.463 .070 17.0. 6.261 .353 

11. 0. 6.621 .353 
LG LOO5 0.003 6.4 2.533 0.070 19.0. 6.974 .354 
1.1 1.001 .003 6.6 2.603 .070 zo.G 7.328 .353 
1.2 1.0.11 .004 6.1 2.673 .070 
1.3 1.0.15 .005 7.0. 2. 743 .070 21.0. 7.611 0.353 
L4 1.DZO .006 7.2 2.113 .0.71 22.0. 1.034 .353 
1.5 L0Z6 .007 7.4 2 ..... .0.70. 23.0. 1317 .354 

24.0. 1.741 .353 
L6 1.033 0. OM 7.6 2.954 0.070. 25.0. 9.094 .353 
1.7 1.042 .0.10. . 7.1 3.0.24 .070 

26.0. 9.447 1.1 1.052 .0.12 1.0. 3.094 .0.71 0. 70. 
1.9 L064 .0.14 1.2 3.165 .070. 21.0. 10..15 .71 
2.0. L07I .033 1.4 3.235 .071 30.0. 10..16 .71 

32.0. 11.57 .70 
2.2 1.111 0..041 1.6 3.306 0..0.71 . 34.0. 12.27 .71 
2.4 1.152 .049 1.1 3.376 .070. 36.0. 12. 91 0..71 
2.6 LZ01 .056 9.0. 3.446 .071 
2.1 LZ56 .062 9.2 3.517 .070 31.0. 13.69 .71 

3.0. L311 .067 9.4 3.517 .071 40.0. . 14.40 .70. 
42.0. 15.10. .71 

3.2 L315 0.071 9.6 3.651 . 0.070 44.0. 15.11 .7l 

3.4 L456 .073 9.1 3. 721 .071 . 46.0. 16.52 0. 70. 
3.6 1.529 .074 10..0. 3.799 .176 41.0- 17.22 .71 
3.1 1.603 .075 10..5 3.975 .176 50.0. 17.93 3.54 
4.0. L671 .074 11.0. 4.151 .176 60.0. 21.47 3.53 

4.2 L7S2 0.074 11.5 4.327 0.177 
70.0. 25.00 3.54 

4.4 1.126 .073 12.0. 4.504 .176 10.0. 21.54 3.53 
4.6 1." .on 12.5 4.610 .176 90.0. 32.07 3.54 
4.1 1.971 .on 13.0. 4.156 .177 100.0. 35.61 ........ 
5.0. 2.043 .071 13.5 5.033 .176 ex> ex> 
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311 

TABLE It.-Valuea of the Arpmeat cr. for Copper WIn 0.1 em Diameter aDd 

ResJstirity 1.724 Jlic:rohm.-c:ms (f1.o~0.01f1l1.,ff) 

• ). • ). 

-=~ 
.. ~ ..... c::.:r ... DIII __ 

1II1t .. 

.: o.lon 0.CM4a ............ 30000 20M 0.229 fOlIO 
.1514 .OMI ............ 110 000 z.6Z4 .210 5000 

3CIO .1155" .0217 ............ 70000 1.134 .195 4ZI6 
- 400 .2142 .C1Z51 ............ 10 000 3.029 .114 3750 - 5110 .2395 .02ZII ............ 110000 3.213 .174 3333 - 0. .. o.OZ10 ............ 100 000 3031'1 0.7151 3000 

7110 .2134 .0195 ............. 150 000 4.141 .642 2OQO 
100 .aDZ!I .01It ............ aao 000 4.7110 .565 1500 
100 .3Z1S .01'14 ....... _ ..... 258 000 5.355 .511 1ZOO 

1000 .331'1 .1_ ... _ ....... 3CIO 000 5._ .311 1000 .. 0.47110 0.10715 . ........... 333 333 &'1" 0._ 100-
3000 .5116 • D!IoI ............ 375 000 &.564 .452 100 
4OQO .''174 • 0791 ............ 4ZI 570 '1.012 .561 7110 
5000 .7573 .0723 ............ 500 000 '1.573 .723 1500 

_000 ... .IM 500 .. ..... 0.-' . ........... 
7IlOO .- .0619 .............. 7110 000 L!IID 0.315 ... 
1000 .9579 .0511 ............ 750 000 9.275 .304 400 
1000 1.01. .055 ............ 100 000 9.579 .511 375 

100 000 10.1' .55 333 
10000 Lon 0.241 30·000 . 1000000 to. 71 2.41 3CIO 
13000 1.312 .2CIZ 20 000 
10 000 1.514 .341 15000 1500000 11.12 5.43 200 
3D 000 1.155 .- 10000 3000000 11.55 ............ 100 
40000 2.142 .2$3 7500 

TABLE 2O.-V ..... of :. for U .. with :rormula (210) 

II 
/I 

-R 
DIIlenaoe /I 

II DIII_ /I 11; :a. a:-
D 1.000 ........... 1.0 1.011 0.037 2.5 2.4'17 0.111 
0.1 1.000 ........... 1.1 1.123 .047 2.' 2.511 .109 
.2 1.000 ........... 1.2 1.170 .05!1 2.7 1.697 .• 106 
,.3 1.001 ........... 1.3 1.229 .011 2.1 2.101 .104 
.4 1.00z "'0:.'" 1.4 1._ .CIIO 2.9 z.!I07 • lOS 
.5 - La 1.5 1.371 .CIIO 3.0 3.010 .101 

0.55 I •• .004 I.' 1 ..... O.O!II 3.1 3.111 0.101 
.110 1.012 .004 1.'1 1.566 .106 3.2 3.212 0!19 
.15 1.011 .ODS 1.1 1.'72 .111 3.3 3.311 .0!19 
.70 I.CIZ1 .007 1.9 1.713 .115 '.4 3.410 .0!19 
.75 I.CIZI •• 2.0 1._ .11'1 3.5 3.50!1 .0!19 

0.10 1._ o.oot 1.1 20m 0.11'1 3.. 3._ 0.0!II 
.15 1.045 .011 2.2 2.132 .117 3.7 3.701 .091 
.ID 1.057 .013 2.3 2.241 .115 3.1 3.104 .091 
.95 1.070 .011 2.4 2.364 .113 3.9 3.90Z .O!II 

1.00 1.1111 ....... " ... 1.5 2.4'17 .111 4.0 4.000 . .......... 

errol' .e. Pea 
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MISCELLANEOUS. FORMULAS AND DATA 

78. WAVE LEBGTIi AIm FREQUENCY OF RESONANCE 

).om = 1.8838 X 1011-JLC (cgs electromagnetic units) (214) 

-JL cgs electromagnetic C cgs electrostatic (215) 

).m =0.05957 -JL cgs electromagnetic C micromicrofarad (216) 

= 1.884 -J L microhenry C micromicrofarad (2 17) 

=- 1884 -JL microhenry C microfarad (218) 

-59570 ..JL millihenry C microfarad (219) 

- I 884000 ..JL henry C microfarad 

159.2 

f- ..JL henry C microfarad 

50 33 
..J L millihenry C microfarad 

159200 
- ..JL microhenry C microfarad 

1000 . 
~-~~====~~==~~ -JL henry C microfarad 

31620 
- :jL millihenry C microfarad 

1000000 
-JL microhenry C microfarad, 

I 211" 
T----f ~ 

).._ 2.998 X 10' 
. f 

1.884 X 10' -----'---
'" 

(220) 

(221) 

(226) 

(228) 
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79. JlISCELI.ANEOUS RADIO :rORIIULAS 

When units are not specified, international electric units are 
to be understood. These are the ordinary units, based on the 
international ohm and ampere, the centimeter and the second. 
Full information is given on electric units in reference No. 152, 
Appendix 2. 

Current in Simple Series Circuit.-

I E 

~R3+(~L-:cY 
PhaseAng~-

t 
~L--

- R ~ in simple series circuit. (232) 

Sharpness of Resonance.-

Current at Parallel Resonance.-

Coefficient of Coupling.

k- X .. 
..JX1X, 

ER 
I=R3+~V 

M 
- for direct and inductive coupling ",L1 La 

=-~ for capacitive coupling. C. 

Power Input in Condenser-

(233) 
(See p. 37.) 

(234) 
(Seep. 39.) 

(237) 
(See p. 49.) 

P -0·5 X IO-tNCEo' watts (238) 

for C in microfarads, Eo in volts, and N .... number of charges per 
second. 

486861 O-S8-21 
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Power Loss in Condenser-

P -MCEJ sin '" 

Condenser Phase Difference-

y,-rMC 

for y, in radians, l' in ohms, C in farads. 

rC 
Y,-0.1079 >: degrees 

for .1' in ohms, C in micromicrofarads, ~ in meters. 

rC 
y, - 389. ):"" ~onds 

for l' in ohms, C in niicromicrofarads, ~ in meters. 

0.001 ~ 
l' - Y, x --c x 1000 x 0.154 ohms (243) 

for y, in minutes, C in microfarads, ~ in meters. 
Energy Associated with Inductance-

1 
W--LP 

2 

Inductance of Coil Ha'Uing Capacity: 

L 
L a =I_w2CL 

for C in farads, L in the denominator in henries. 

La -L (I + 3.553 ;;) approximately (246) 

for ~ in meters, C in micromicrofarads, L in the parentheses in 
microhenries. This formula is accurate when the last term is small 
compared with unity. 

C",rrent Transformer-

Audibility-

11 '!:lI + aR,) 
r,-~I wL, 

(248) 
(See p. 166.) 
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N at'Ural Oscillations oj Horizontal A ntenna.-

II 99 r;::;--T 
~---'VCoLo, m- I, 3, 5, .... 

m . 

31 5 

for ~ in meters, Co - capacity in microfarads for uniform voltage, 
L.-inductance in microhenries for uniform current. 

ApJwwimate Wave Length of Resonance Jor Loaded A ntenna.-

~- I884 .JCo( L+~") (250) 

where L - inductance of loading coil in microhenries and other 
quantities are as in preceding formula. 

Radiation Resistance· of an A ntenna.-

R - 1580 (~J ohms 

where h - height from ground to center of capacity, and h .and ~ 
are in the same units, and ~ is considerably greater than the fun

. damental wave length. 
Electron Flow From Hot Filament.-

where I.-electron current in miJ]jamperes per centimeter' of fila
ment surface, T - absolute temperature, and A and b depend on 
metal of filament; for tungsten A - 2.5 X 101°, b - 52500 .. 

Electron C'U"ent in 3-Electrocle T'Ube.-

I.-Ie (E.+k,lIJt (253) 
where E. - plate voltage, 11, - grid voltage, k, - amplification con
stant. 

Resistance M eamrement by Resistance-V aria-tion Method Using 
Undamped EmJ.-

Resista?ICe Meamrement by Resistance-Variation Method Using 
Imp.lse Excitatwn.-

I' 
R-R1p}.I,' (255) 

Resistance M eamremem by Reactance-Variation Method Using 
Undamped emJ.-

I' 
R-Xl Ir'~I" (256) 

where Xl-change of reactance between the two observations of 
current. Various particular cases of this formula are given in 
section So. 
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Natural Frequency of Simple Series Circuit.

I I I R' 
f= 27rV CL - 4L' 

I 
'" = ---;===;==;~ 

,jCL~I +(2:J 
Number of Oscillations to Reduce Current to I Per Cent of Initial 

Value in Wave Train.-

Logarithmic Decrement.-

" 1 11 a. u- og-=-
"I, t . 

='lr- =7rR~=7rR -R J" wL . L 

- sharpness of resonance 
= 7r X phase difference of condenser or coil, the 

resistance being in one or the other 
average energy dissipated per cycle 

... 2 X average magnetic energy at the current maxima 

R}' 
8 =0.00167 T {261} 

for R in ohms, }. in meters, L in microhenries. 

8=5918 RC 
}. 

for R in ohms, }. in meters, C in microfarads. 

8=3.I4I6R-Ji 

for R in ohms, C in microfarads, L in microhenries. 
Current at resonance Produced by Slightly Damped emf Induced in 

a Circuit.-

Decrement Measurement by Reactance-Variation M ethod.-

8' +8= C,-C1 f1? 
'lrC,+C1V~ 

(See p. 187 for variations of this fonnula.) 



Radio Instruments D:nG M easu1'etlumU 

ao. PROPERTIES OJ' JlBTALS 

TABLE 21 

1IJcmIua- T==r SpecIllc IIeCaI _tlm.en 
.ZOOC .ZOOC cnmtJ 

Ad-. Seeeaa .. • ...... 
~ .................................. 2.1121 0. 003!1 2.70 
~ ................................•... 41.7 .0036 6.6 

BlllmutIL ••••••••••••.••.• : •...•••••.•.••••.• 120 .004 9.1 

Brua. ••.•••••.••........•................... 7 .002 1.6 

c:.dmlum ••••••••••••.•••••••••••••••••••.•• 7.6 .0031 1.6 

CaDdo. See l.'OcJuoma. 
CIJDuut •••••••••••••••••••••••••••••••••••••• 17 .0007 1.1 
eaa .. n ...................................... 411 .00001 1.11 
Copper, 1UIDeIlIed •••••••••••••••••••••••••••• Ln41 • 003!13 1.19 
Copper, bard-dnaWII ••••••••••••••••••••••••• L771 .003IZ 1.111 
Bareb. See CoutmtIIa. 
BzcelJD •••••••••••••••••••••••••••••••••••••• 92 .00016 1.9 
a-.uv.,11 per ~ ••••••••••••••••••• 33 .0004 1.4 
a-.uv.,30percat. SeeCaa" " •• " 
Go1cl •••••••••••••••••••••••••••••••••••••••• 2.44 .00342 19.3 
!aJa. See Caa .. • ... ·jI 
I4NI. See Caa ..... UII 
Ina, 99.111 per ceiIt pal'II ••••••••••••••••••••• .10 • 0050 7; • 

Ina. SeestML 
r...4 ......................................... 22 • 003!1 lL4 
Kapeldum ••••••........•....•••..•.•••.... 4.6 .004 L74 
Ma"paln ........................................ 44 .00001 1.4 
KercuIJ' ••••••••••••••••••••.•.•.•....••••..• 95. 713 • 0008!1 13. 546 
KolJbdeDum, dzaWII •••••••••••••••••••.•••• 5.7 .004 !I.O 
MOD. metal •••••••••••••.•••.••.••..••••... 42 .0020 1.11 
1'Ocm-................................... 100 .0004 1.2 
.lc.II:eL •••••••••••••••••••••••••••••••••••••• 7.1 .006 1.11 
~ .................................. 11 .0033 12.2 
PIIMpbor 1mIIIze ••••••••••••••••••••.••••••.• 7.1 .0011 1.11 
Platlllum ••••••••••••••••••••••..••..•.••...• 10 .003 21.4 
SIhv ••••••.••••.•......•................... 1. S!I .0031 10.5 
StoIeJ, B. B. B ••••••••••••••.........•••.•. " 10. 4 .005 7.7 
Steel" B.B ••••••••••••....•.•....•....•••••• lLII .004 7.7 
SteeJ. SlemMg-lIIutIIl •••••••••••••••••••••• 11 .003 7.7 
Stole!, IIImpa_ ............................ 70 .001 7.5 
SuperJar. SeeCIbau. 

T..ue 

~~ 

30 000 
............. 
............. 

70000 
............. 

150 000 

120000 
30 000 

60 000 

95 000 

150 000 

20000 

............. 
3000 

33000 
150 000 

0 
............. 

160 000 
150 000 

120 000 
19000 

25 000 
50 000 
42000 

53 000 
51000 

100 000 
Z30 000 

TOIItoIlaIII •••••••••••..••••................•. 15.5 .0031 16.6 ............. 
TberJo ••••••••••••••.••••..••..•.•...•••••.•• 47 .00001 1.2 ............... 
Tbr •.•.•.•••••••••••••....................... 11.5 .0042. 7.3 4000 
TwIp&eD, dzaWII •••••••••.••••••..•••.•••••• 5.6 .004S 111 500 000 
ZIIlc ••••••••••••••••••....••••••.••••••.••.•• 5.1 .0037 7.1 10000 

MeUlq 

~ 

659 

630 
271 

900 

321 

1251 
11!1O 

1013 

1500 

1100 

1013 

1530 

327 
651 
910 

-31.11 

2500 
1300 
1500 

1452 
1550 

750 
1755 

960 
1510 
1510 

1510 

1260 

ZI50 
........... 

Z32 
3000 
419 

The resistivities given in Table 2 I are values of p in the equa

tion Ro = ~, where I = length in centimeters and s = cross section in 
s 

square centimeters. This formula gives the low-frequency or direct
current resistance of a conductor. For the calculation of resist
ances at high frequencies, see Tables 17 to 20, pages 309-3 I I. 

486861 0-58-22 
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The values given for resistivity and temperature coefficient of 
copper are the international standard values f~ commercial 
copper. Any departure from this resistivity is accompanied by 
an inverse variation in the temperature coefficient. This is true 
in a general way for other metal elements. In the case of copper 
the resistivity and temperature coefficient are inversely propor
tional, to a high degree of accuracy. 

The "temperature coefficient at 20OC" is CIa in the equation 
Rt.-R20 (I +4J:t-20D. In some cases the temperature variation 
does not follow a straight-line law; in such cases ~ applies only 
to a small range of temperature close to 20°. Steel is an example. 
the resistance rise at high temperatures being faster than propor
tional to temperature. 

Constantan and the other wires (Advance, etc.) having substan
tially the same properties, are alloys of approximately 60 per cent 
copper and 40 per cent nickel. They are used in rheostats and 
measuring instruments. 

German silver is an alloy of copper, nickel, and zinc. The per 
. cent stated indicates the percentage of Dickel . 

. Manganincontains about 84 per cent ~per,I 2 per cent man
ganese, and 4 per cent nickel. It is the usual material in resist
ance coils. Its very small thermal electromotive force against 
copper is one of its main advantages. The similar alloy, therlo, 
is used for the same purposes. 

Monel metal is an alloy containing approximately 71 per cent 
nickel, 27 per cent copper, and 2 per cent iron. 

NOTICE 

Appendices 1 and 2, pages 319 to 333, have been 
purposely omitted from this printing because the material 
is out-of-date. 

Appendix 3, "Symbols used in the Circular", has been 
transposed from page 334 to page 2. 

An errata, listing the pages and corrections, is also 
printed on page 2. 
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